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PREFACE 


During the five years which have passed since the first edition of 
this book the most astonishing developments liave taken place both 
in the theoretical and in the experimental branches of nuclear 
physics The discovery of the neutron completely changed our 
views on the nature of the fundamental constituents of heavy nuclei 
it made possible the general statistical model of Heisenberg in wluoh 
heavy particles only aie consideied On the other hand, the discovery 
and investigation of induced negative and positive j8-activities, the 
closer study of the continuous j8-spectra, ami a formulation of the 
theory of ^-disintegiation as developed In' Fermi gave us a new 
insight into the relation of heavy and light elemental y pai tides and 
the emission of elections by radioactive nuclei Finally, widcsjiread 
cxpeiimental reseaich into different types of artificial nuclear trans- 
formation has brought this part ol nuclear physics to a stage almost 
comparable with that of our jiresent knowledge of molecular re- 
actions, thus providing a large amount of new inioimation concern- 
ing the interior of the nucleus and throwing some light on the origin 
of the chemical elements in the universe 
All this made it necessaiy to rewrite the whole book completely, 
inci easing its volume more than twice, though even this would still 
be too small an increase, if all the available evidence concerning 
nuclear structure and transfoiinatious weie to be discussed In fact, 
whereas in writing the first* edition the authoi fell unhajipy because 
there were not enough expei imenial facts' and theoietical calcula- 
tions, he now feels that thijre aie perhaps too many 

Something must be said at the outlet about the general develop- 
ment of nuclear theoiies In the case of the simplest nuclei such 
as the deuteron and lesn rigorously for the third isotope of 

hydrogen (^H^) and the two isotopes of hehiim (;jHe'* and ^He^), the 
appropiiate wave equation for the two-, three-, or four-body jiroblem 
may be solved by faiily straightforward me^/hods Such calcula- 
tions, which are based on the assumption of strong attractive fofees 
between elementary heavy particle-^, decreasing rapidly with in- 
creasing distance, lead to results which are in good agreement with 
experiment (evidence frominass defects, photoelectric disintegration 
of the deuteion, scattering and recombination in collisions between 
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neutrpne and protons, etc ) We might even conclude thaji the theory 
of the simplest nuclei is not much more difficult than t'ne theory of 
the simplest atoms 

On the other hand, the theory of complex nuclei presents many 
more difficulties for mathematical solution We have to deal here 
with a large collection of particles interacting with one another 
through very strong forces this makes the problem much more com- 
jilicated than that of a complex atom, m which the interaction 
between any two electrons may be considered as small compared 
with the forces due to the central body Briefly, the theory of com- 
plex nuclei IS difficult mathematically precisely because everything 
is of the same order of magnitude and nothing can be neglected , m 
this respect it is analogous to the theory of liquids in which, as is 
well known, all attempts to follow a strictly rigorous treatment have 
practically been abandoned 

Nevertheless there are many features ol the spontaneous and in- 
duced ti ansforraations of complex nuclei which do not depend upon 
fa'ctoTS very closely connected with the nuclear interior They may 
be discussed with sufficient accuracy in teims of potential barriers 
corresponding to Coulomb lorces, and with the help of the jirinciple 
nl the conservation of angular inomentum (involving an additional 
potential barriei foi centrifugal lorces) Such considerations are 
more oi less independent of any particular conceptions legaidmg 
internal structure Oiiginally, whenever the attempt was made to 
take structural considei ations into account, it was always assumed 
that each separate nuclear paiticlc could be consideied as moving in 
the average statistical field due to the rest of the nucleus Now the 
ajiplicability of tins treatment, winch is, very successful in the case 
of complex atoms (methods of Thoinas-Peimi and of Hartree), is 
very questionable whei'e complex nuclei arc concerned As already 
indicated, the difference lies in the stiong inteiaction and exchange 
ol enoigy between the constituent parts ol a heavy nucleus 

Tn his lecent ciitical investigation of this subject Bohr {Nature, 137 
(l!t3(i), 344) especially stresses this point of view Accorchng to him 
the division ol a complex nucleus into ‘the particle in question’ 
and ‘the rest of the nucleus’ — lepresented by a certain distribu- 
tion of potential energy — is not suited to the proper description of 
nucleat jilienomena Instead, in the treatment of complex nuclei, 
we should take into account all particles, continuously interchanging 
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the availail')le energy amongst themselves Thus the process of sub- 
stitutional 'transformation, for example, should be considered not as 
the direct smgle collision of an incident particle entering the nucleus 
with one of the nuclear paiticles, resulting in the ejection of the latter, 
but rather as the capture of the incident particle, in such a way that 
all its kinetic energy is distributed amongst the other nuclear par- 
ticles, followed by the splitting of the nucleus into two (or more) 
jiarts, in accordance with the available energy and the piobability 
of such siilittmg (as defined by the coriesponding potential barrier) 

This point of view is of particulai importance foi the jiiocesses of 
collision between complex nuclei and neutrons where, on account of 
the absence of C’oulomb potential barriers, the probability of reaction 
IS entirely determined by intramieleai conditions As we shall see, 
collisions between complex nuclei and neutions are just those for 
which calculations, made on the basis oi the himjilified repieseiita- 
tioii of the nucleus by <i ‘potential hole’, are in disagi cement with 
experimental evidence, failing, foi example, to exjilain the absence 
of resonance phenomena in the scattering of slow neutrons in spite of 
the occurrence of such jihenomena in lespect of radiative capture 
(Chaj) XI) Bohr has, howcvei, .succeeded in showing, by means of 
general considerations, that thi.s disagreement can be removed if we 
treat nuclear iiioeesbes m the moic' eomjilicated w.iy indicated 
above 

Accoiding to Ihis new radical point of view most of the previous 
calculations concerning nuclear juoces.ses must be abandoned oi 
consideialilv' changed At*]iiescnt, liowever, ngoious mathematical 
methods foi tieatment of the meclianicar.sy.stem with very stiong 
mutual inteiactions aie Ucking, the po.ssibibty being not excluded 
that such methods will nevei be available in a t ufficiently simple form 
In view' of this fact it may be eonsideied as .still permissible to use 
to a ceitain extent the old methods of calculation, remembering, 
howevei, that the lesults obtained in rhis way may on certain points 
be veiy rough indeed As tlie maiiusiript ot the piesent bopk was 
essentially finished befoie the ciitical investigations of Bohi appealed, 
onfy very few apjilications of the new tieatment could be included 
in the text 

In the present book no attempt has been made to go rigorously 
through all the mathematifflal calculations concerning different nuclear 
processes, the mam aim being to consider questions of principle 
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concerning nuclear structure and to understand the differjjnt nuclear 
processes from the point of view of the present quantunf theory 
Returning to the experimental results they are given with suffi- 
cient completeness in the book to provide a good idea of nuclear 
properties and a general basis for theoretical considerations, but no 
attempt has been made to include all the material at present avail- 
able Ror further details concerning experimental methods as well 
as for particular facts, the reader is referred to An Introduction to 
Nuclear Phy6icii,\iy'^ Feather (Camb Umv Press, 1936) 

Finally, the author considers it his pleasant duty to express his 
gratitude to Dr Feather for hrs important help in the preparation of 
the present book, both in the matter of the revision of experimental 
data and also as legaids orthography and conventional idiom 
Thanks are also due to Dis Blackett, Dee, and Feather, who supplied 
the cloud-cliaiiibei ])liotogidphs of v.nious nucleai tiansfoimations 


GEOROK WASHINGTON UNIVEESITY, 
WASHINGTON D C 

1 May 1936 
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VALUES OF PHYSICAL CONSTANTS 
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ELEMENTARY PARTICLES AND THE CONSTITUENT 
PARTS OF ATOMIC NUCLEI 

1. Introduction 

Since 1911, when Rutherford first put forward the nuclear model of 
the atom, research in atomic physics has progressed in two different 
directions 

For the one part physicists have been occupied with the investiga- 
tion of the arrangement and motion of the extranuclear electrons 
and the explanation of the main physical and chemical properties 
of the elements along these lines Through the efforts of Bohr and 
his school the quantum theory of atomic structure has been brilhantly 
developed Now, supplemented by quantum mechamcs, as worked 
out by Heisenberg, Schrodinger, and Dirac, it is practically complete 
— ^in so far as its formal aspects are concerned On the other hapd, 
increasing attention has been paid to the problem of the nucleus ft 
became clear at an early stage that the nucleus could not be regarded 
as an elementary particle, in its turn it had to be assigned a rather 
complicated structure The discovery of radioactive phenomena and 
their interpretation, due chiefly to Rutherford, in terms of the 
spontaneous disintegration of atomic nuclei showed that the nuclei 
of certain heavy elements, at least, are unstable These change 
naturally into lighter nuclei with the emission of particles and the 
liberation of large amounts of energy Rutherford also succeeded, 
as early as 1919, in producing in a number of light elements, ‘arti- 
ficial’ transformations of usually stable nuclei by bombarding them 
with fast particles In this way a new and very productive epoch 
in physics began, and for .the first time it became possible to obtain 
direct information concerning the internal structure of nuclei 

The first requisite for a theory of nuclear structure is a knowledge 
of the elementary constituent parts from which the nuclei of the 
different elements are built up Originally, electrons and protons 
were regarded as the only possible fundamental units and, on this 
assumption, Gamo w attempted to develop a satisfactory nuclear 
model He assumed that whenever possible a-particles are formed 
withm the nucleus (each 'oc-^article contaimng four protong and 
two electrons), so that not more than three protons (0, 1, 2, or 3 
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according to the particular nucleus) are present in a free state 
This IS a natural assumption since in general the budding energy 
of an a-particle (— 2He^+4jHi+2e = 26 8 x 10“ e v ) is large com- 
pared with the energy of binding of the a-umts in the nucleus (for 
example, for carbon, the total binding energy for three a-particles 
would be 6 7x 10® e v ) The presence of a certain number of un- 
bound electrons (up to 28 for the heaviest nuclei) must also be 
admitted On this pictuie, for example, the constitution of the 
aluminium nucleus jsAl^’ is j Calculations of binding 

eneigies were made by considering as a first approximation the heavy 
nuclear constituents only and postulating, in addition to repulsive 
forces, forces of attraction between them decreasing very rapidly 
with increasing separation The model then possesses many points 
of analogy with a small drop of liquid in which the distribution of 
density and potential is almost uniform, except that both quantities 
vary rapidly through the surface layer of the drop On this model 
the nuclear radius is proportional to the cube root of the mass 
ol the nucleus, and calculation shows that the total energy of the 
system decreases at first with increasing mass, passes tlirough a 
minimum, and finally increases again when the effect of the repulsive 
Coulomb forces becomes all-important In this calculation the elec- 
trons were omitted merely for sake of simplicity, but it must not be 
forgotten that serious difficulties, both theoretical and experimental, 
are encountered by any theory which assigns to them individual 
existence m the nucleus For the fundamental relation 


A = 2TThjp, 


( 1 ) 


between the de Broglie wave-length A of a particle and its momentum 
p, may be employed to restate the conchtion of applicability of the 
ordinary non-relativistic wave equation (p me), in the case of a 
particle of mass m moving in a legion of geometrical dimensions I, in 


the form 


l> 2TThlmc 


( 1 ') 


Now, when the protonic mass is substituted for m in the right-hand 
side of (!') a value 1 3x 10“^® cm is obtained — roughly an order of 
magnitude smaller than the accepted values of nuclear radu — but 
when the electromc mass is employed these accepted values are 
exceeded by a factor of several hundreds It must be concluded, 
therefore, that whilst a non-relativistic treatment is sufficient for 
protons or heavier particles, smee these particles move mside the 
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nucleus with velocities small compared with the velocity o^ hght, 
nuclear electwins approach very near to that hmiting velocity and so 
require a relativistic quantum theory for the description of their 
motions Such a generahzation of wave mechamcs for the relativistic 
case was given by Dirac and has proved very useful in the description 
of many relativistic features of electron motion, notably those which 
are involved in the theories of the fine structure of spectral hues, the 
magnetic moment of the electron and the nature of the positron, but 
it 18 of no help in the present situation Tor, in Dirac’s generalization, 
as in ordinary wave mechamcs, electrons are considered as mathe- 
matical points in which the whole of the charge is concentrated 
However, energy considerations show that this charge must be dis- 
tributed throughout a finite region of which the minimum dimension 
IS given by the so-called classical radius of the particle, 

^•ciass = (2) 

If the dimensions of the region in which the particle moves are not 
large compared with this, unknown effects, due to the mtcrpenetffgj- 
tion of the particles in one another’s structure, will arise Thus the 
limit of appheabihty of any theory which neglects the charge dis- 
tribution IS given by the condition 

?>e*/mc2 (2') 

Substituting numerical values, the classical radii of the proton and 
the electron are obtained as 15x10"^® cm and 2 8x10“^® cm, 
respectively, and, of these, the classical electron radius is the same 
as the distance between nuclear particles - For the description of 
electron behaviour within atomic nuclei, therefore, a more elaborate 
yet unknown theory is stilLiequired It is hardly likely that it can 
be obtained, on the basis of the general ideas of wave mechanics, by 
some more subtle relativistic generalization than that given by Dirac, 
since it has been shown that Dirac’s equations represent the only 
possible relativistic ally invariant wave equations fulfilhng the funda- 
mental conditions of quantum theory It appears that future theory 
must give up the description of the electron as a particle in favour of 
some other description which may well differ m pomt of view from 
Dirac’s present theory as radically as the jnodern wave mechanics 
differs from the old postulates of Bohr 

The foregomg have been theoretical considerations, from thfi more 
directly experimental side it 'Should be noted that in all processes 
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in which nuclear electrons are intimately mvolved, extraordinary 
features are exhibited, some of which appear to contfodict notions 
■which are common to the classical and relativistic wave mechamcs 
of a particle Certain of these features will be treated more fully m 
later chapters 

Whilst, therefore, nuclei were regarded as constituted of heavy 
particles and electrons with strong mutual mteraction between them, 
it had to be admitted that nothing could be said concerning the 
behaviour of the electrons involved It might reasonably have 
appeared impossible, on account of this restriction alone, to have 
put forward any satisfactory theory of nuclear processes whatever, 
but strangely enough, this was far from the case. For it proved 
possible to describe all processes in which electrons were not im- 
mediately concerned in terms of a non-relativistic theory which 
completely ignored any influence which they might have upon 
phenomena Successful descriptions were offered of such processes 
as the emission of heavy particles or radiation from nuclei in sponta- 
rteous or conditioned (‘artificial’) transformations Thus an absence 
of intrusion of nuclear electrons in heavy particle phenomena was 
set in evidence which naturally called for an explanation It was 
suggested that the ‘disobedient’ electrons might be tightly bound 
to heavy particles, to be set free only in the processes of j3 disintegra- 
tion Actually, this came very near to what is currently accepted for 
the truth 

Another difficulty for the hypothesis that nuclei are constituted of 
Q!-particles, not more th/in three protorwi, and electrons, arises from 
a study of the experimental values of nuclear binding energies | 
These may be calculated, for any assuiped nuclear structure, from 
the exact atomic masses of the different species In Table BJ is 
given the complete list of the nuclei for which exact mass determina- 
tions have been made by Aston and by* other investigators The 
binding energies calculated on the hypothesis that the maximum 
possible number of a-particles is present in each nucleus are 
plotted against this in Fig 1 It is immediately obvious that 
any curve which may be drawn through the points presents un- 
expected pecuharities m_ the region which belongs to the heavier 
elements Here a general mcrease of internal nuclear energy with mass 
number is observed, but more detailed examination shows that the 

t G Gamow, Proc Roy Soc 126 (1930), 632* 


J At the end of the book 
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region in question may be resolved into a number of smaller dopiams 
m each of whi«h the nuclear energy decreases as the mass number of 
the nucleus increases The portion of the figure occupied by the 
heavy radioactive elements forms the only exception to this rule, 
showing increase of energy with increase of mass number That the 
general trend of the second half of the curve is similar to that in the 
radioactive region is due, as is evident from the figure, to a number 
of sudden jumps in nuclear energy at definite points in the curve 
These jumps must receive further consideration, they are the pecuh- 
arities which have already been referred to If they are disregarded. 



then throughout the whole of Fig 1, except for the radioactive 
elements, the internal energy of the nucleus decreases as the mass 
number increases, to cxtracfi a heavy partible from any of these 
nuclei then requires that work shall be done on the system All the 
speeies are stable species, theitlore, for this type of change Likewise 
the figure exhibits the instabihty of the radioactive nuclei agamst 
a-particle emission The discontinuities, on the other hand, do not 
correspond to known instances of instabihty in elements of mass 
number less than 207 To this extent they are anomalous and un- 
explained Rutgersl pointed out that they would not occur at all if 
the imtial assumption of the maximum possible number of nuclear 
a-particles were suitably modified For, if two alternative constitu- 
tions be postulated for a given nucleus, identical in every respect, 
except that one of the a-particles m one structure is replaced by 


t A I Biutgers,'>,N^afure, 5 March 1932 
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four protons and two electrons in the other, then the bijiding energy 
calculated on the basis of the first assumption is obviausly less than 
that corresponding to the second by the energy of binding of protons 
and electrons to form an a-particle Now this bmding energy is 
known (26 8X 10® e v ) and corresponds fairly closely to the magm- 
tude of the energy jumps in Fig 1 The explanation appeared 
reasonable, therefore, that the discontmmties under discussion are 
evidence for the failure of the maximum number of a-particles to 
form at certain stages of the nuclear synthesis No reason was 
suggested for this failure, however, and the explanation remained 
merely a formal one From the experimental side, whilst the bulk 
9 f evidence favoured the suggestion, the data were neither sufficiently 
precise nor complete to determme all the species in which a fresh 
^--particle might be regarded as faihng to form, nor, in particular, to 
fix the hghtest species in whieh the effect occurred The descending 
energy curve charactenstic of the lighter elements of itself tends to 
mask possible discontinuities of the type in question 
' At this stage the difficulties of a particular nuclear model have 
been explored and hypotheses noted which were suggested in an 
attempt to get rid of them A much more natural general explanation 
was forthooimng when the existence of another nuclear particle — the 
neutron^ — was proved Tins explanation wiU now be considered 
f 

2. The neutron-proton nuclear model 

Early in 1932 it was shown by Chadwick that the very penetrating 
radiation emitted by beryllium and certain other light elements when 
bombarded by a-partieles consists of electrically neutral material 
particles of mass about equal to the ma^s of a proton These particles 

( have been called neutrons Since neutrons were obtained from a 
great many hght elements it was natural to assume that they jilay 
an important part in nuclear structure" Introducing neutrons as 
nuclear constituents it became possible, as will now appear, to 
ehmmato the two mam difficulties which the earher model encountered 
— and to achieve this a model constructed from neutrons and protons 
only vias proposed On this model the number of protons, N^, is 
evidently given duectly by the atomic number Z, and the number 
of neutrons, N^, by the difference between the mass number A and 
the atomic number Takmg, as previpusly, the aluminium nucleus 
ijAP for example, its constitution us now 13p+147i The nucleus 
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thus being formed from heavy particles only, it is evident that the 
ordmary wav5 mechamcs may be applied to the description of all 
nuclear processes m which t he emissio n (or absorption) of electrons 
does not take place V Conversely, when these processes do occur, they 
must be regarded as resulting from the transformation of a neutron 
into a proton (or vice versa) inside the nucleus {n -> p+c, p -> n+a) 
— admitting that for their detailed understandmg a further develop- 
ment of theory is necessary 

The difficulty concerning nuclear binding energies also disappears 
when the neutron-proton model is used, as was pointed out by 
Professor D D Ivanenko f In fact, if a-particles be introduced into 
the new scheme as subsidiary nuclear units, as before, and the maxi,- 
mum possible number of such particles (constituted of two protons 
and two neutrons) be postulated, stable^ nuclei must be regarded as 
constituted of a-particles, neutrons, and not more than one proton » 
For the alummium nucleus 13 AP’, for example, the structural formula 
becomes &(x-\-2n-\-lp In this case the number of a-particles is the 
same as was given by the original hypothesis (p 4) For heavier 
nuclei, on the other hand, the neutron-proton model does not admit 
of the formation of as many a-particles as the electron-proton model 
allows For bismuth, 8361^®®, in particular, instead of 62a:-|-22e-f-lp 
the new model gives 41a-)-44«.-(-lp Here is the natural interpreta- 
tion of the ‘dissociation’ of a-jiarticles in certain heavy nuclei, which 
appeared to be indicated by the binding energy curve In Fig 2, 
binding energie s calculated on the new basis are plotted against the 
mass numbe r and, for ease of comparison, pthc curve of Fig 1 is 
also reproduced (dotted line) In the new plot no marked discon- 
tinuities appear and the energy cuive descends monotomcally until 
the region corresponding to the heavy radioelements is reached 

In order to explain the stabihty of nuclei built up from neutrons 
and protons it is necessary, of course, to admit the existence of certain 
attractive forces between these constituent particles which over- 
balance, at small distances, the electrostatic repulsive forces between 
individual protons It was shown by HeisenbergH that the relative 
numbers of neutrons and protons m existing nuclei (as evidenced in 
the relation between mass number and atomic number) provide data 

D D Ivanenko, ^ATo/wre, 130 (1932), 892 

I For these species A — 2Z ^ 6 

II W Heisenberg, Za / Phya 77 ^932), 1, 78 (1932), 156, 80 (1933), 587 * 

3096 18 c> 
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frojn which the comparative values of these attractive forces (neutron- 
neutron, neutron-proton, and proton-proton interactions) may be 
deduced For, consider nuclei with the same total number of particles 
= A = constant), but different atomic numbers Then, 
since NJNj, = (A — Z)jZ, the ratio of the numbers of neutrons and 
protons will be different from one of these nuclei to the next Let the 
mutual potential energies corresponding to the attractive forces for 
the three above-mentioned combinations of particles be — Inn(^)’ 
—I {f), and —Ipp{f), respectively, t where f is the average distance 



between such pairs of particles m the nucleus The potential energy 
due to the Coulomb repulsion betweeji two protons is then -|-e^/r 
The relative number of neutrons and protons for the most stable 
nucleus of given mass number will be determined by the condition 
that, for A constant and Z varying, tlie nuclear binding energy is 
<i inaximurn (internal energy of the nucleus a minimum) Now, 
considering each of the three interactions, n-n, n-p, p-p, separ- 
ately, since the contribution to the total intra-nuclear energy from 
each IS negative, it is obvious that, in isolation, each would tend to 
increase the number of corresponding parrs of particles in the nucleus 
Thus the n-n mteraction would tend to increase the number of 
neutrons up to the hmit = A, Np {= Z) ^ 0 Similarly, on ac- 
count of the p-p interaction acting alone, the number of protons 
would increase until = 0, Np (= Z) = A, whilst, finally, for the 

t The negative sign is used to emphasize the attractive character of the forces 
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n-'p attraction alone^ the state of least energy would obviously, be 
given by Z = ^/2 The repulsive Coulomb forces between 

protons, on the other hand, being associated with positive potential 
energy, tend to dunimsh the number of protons in any nucleus 
Since, for existmg nuclei, the numbers of nuclear neutrons and 
protons are approximately equal,| it is evident that the main part 
of the nuclear binding energy cannot be ascribed to n-n interaction, 
otherwise neutrons would greatly predominate Thus n-p forces 
play the predominating role in the nuclear structure, while the 
n-n and p-p forces are either vanishingly small or approximately 
equal to each other, thus showing no effect on the relative number 
of the two kinds of nuclear particles In fact we shall see later 
that the forces between like particles amount to roughly a half 
of neutron-proton forces The relative increase in the number of 
neutrons in heavier elements may then be due either to the pre- 
dominance of n-n forces over p-p forces, or to the Coulomb repulsion 
between protons (Coulomb lepulsion predominating oyevp-p attrac- 
tion at the mean distance f) The latter alternative appears preferable* 
since the existence of large Coulomb forces are required to explain 
the details of the spontaneous emission of positive particles (a-par- 
ticles) by heavy nuclei The above conclusions are summanzed, there- 
fore, by the inequahties 

Inp{f) > Inn{r), Ipp{f) , 4n(^) = (3) 

They are m good agreement also with more particular evidence, that 
supplied by the simplest existing nuclei Here the combination of 
one neutron and one pioton lepresenta if stable nucleus (iH®, 
deuteron), whereas the force# between two neutrons or two protons 
are unable to keep these particles together and the systems and 
aHe^ arc, hitherto, unknown 

3 . The nature of the neutron -proton interaction 

It has already been mentioned that it is necessary in describing 
j3- disintegration to speak of the transformations of a neutron into 
a proton, or of a proton into a neutron, with the simultaneous 
emission of an electron or a positron, as the case may be In this 

f Z = A/2 for even mass numbers less than 40, and, although this relation then 
becomes less exact, oven for the heaviest elements the discrepancy is not more t]ian 
about 30 per cent 
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connexion the question has frequently been raised (whether the 
neutron should be considered as a complex particle, biiilt up &om a 
proton and an electron, or a proton regarded as formed from a 
neutron and a positron If the first point of view be accepted, then 
the emission of a positron must be regarded as a complex process 
consisting in the formation of an electron pair (e-j-a) and the sub- 
sequent binding of the negative electron to a proton Accepting the 
second point of view an analogous explanation must be given for the 
emission of a negative electron In either case the explanation is not 
very satisfactory, on this account 

It must be remembered, however, that the difficulties already 
(Jiscussed (§ 1), concermiig the description of electron behaviour in a 
restricted region of space, still apply, and great care must be exercised 
in the formulation of any question regarding the complexity of 
neutron or proton in such models, which are themselves based upon 
old conceptions Naturally, nothing can be stated with certainty, 
before a complete theory has been worked out, concerning the 
Structure and mutual transformations of neutrons and protons, but 
it seems very hkely already that the question ‘which of these two 
particles is the siiujile one’’ has no physical meaning Rather, 
neutrons and protons should be considered merely as two different 
states of the ‘fundamental heavy particle’, subject to transformations 
from one to the other with the emission or absorption of energy and 
the liberation of (negative or positive) charge 

From such a point of view it appears reasonable, according to 
Heisenberg"!" and Majorana,J to consider the atti active force between 
neutron and proton as due to the exchange of electric charge between 
them in the same general way as in Hc'tler and London’s theory of 
the interaction between hydrogen atom and hydrogen ion || The 
analogy must not be followed too closely, however, smee the 
bchavioui of electric charge m the present pioblem cannot be 
desciibed by the same simple set of wave equations as in the case of 
interaction between atoms On the other hand, it gives immediately 

t \V Heiijonberg, 1 c 

X E Majorana, Zs f Fhys 82 (1933), 137 

II In this theoiv the foroes between H and H"*" are explained as due to the exchange 
of an electron between the two hydrogen nuclei If th© frequency of exchange is 
aj(r), for a distance r between the nuclei, the additional energy due to this exchange 
will be huj As shown by Heitler and London, t}^ variation of exchange energy with 
distance coireaponda, m this particular cose, to an attractive force very rapidly 
decreasing witli increasing distance 
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certain resulte which are in good agreement with known facta con- 
cerning nuclei • The most important property of such exchange forces 
18 that, unhke ordinary forces (the introduction of which mto nuclear 
theory was attempted by Wignerf), they show the phenomenon of 
saturation, each particle being able to interact only with a given 
number of other particles This property of exchange forces is 
extremely important for the construction of a nuclear model, as 
otherwise it would be impossible to explain the well-established 
facts that nuclear radu vary approximately in proportion to the 
cube root of the mass number (the nuclear density bemg constant) 
and that the nuclear binding-energy is represented roughly by a Imear 
function of the mass number To illustrate this, let us consider th§ 
nucleus as constructed from a given number N of particles, inter- 
acting with ordmary forces If Tq is the nuclear radius, the quantized 
velocity of each particle will be inversely proportional to Tq, and the 
total kinetic energy of the system will be proportional to Njrl If 
now a IS the range of forces between nuclear particles (analogous to 
the ‘radius of action’ of molecules m hquids) each particle will mter* 
act with all other particles inside the volume a®, so that the total 
potential energy of the system will be proportional to —N^I{a)a?lr\, 
where l{a) gives the average interaction potential up to the distance 
a between the particles The last expression changes at least as 
rapidly as 1 /rj (for Tq > a) and it can easily be seen that no stable state 
(minimum of total energy) can be reached so long as > a This 
leads us to the wrong conclusions that all nuclei have the same radius 
(equal to the range of the nuolear forces) and that the binding energy 
increases at least as fast as the square of themuclear mass In order 
to obtain correct results it wpuld be necessary to introduce a strong 
repulsion between nuclear particles at small distances (‘rigid radu’), 
and this seems rather an inelegant assumption 

The introduction of exchange forces showing the phenomenon of 
saturation removes the above difficulty, as now, whatever the number 
of particles inside the ‘sphere of action’, the particle m question can 
interact only with a given number of other particles The number 
of protons with which a given neutron can mteract and vice versa 
(the number of possible valency -bindmgs between these two particles) 
depends on the special assumptions concerning the type of exchange 
which takes place between* these two particles In his original 
I E Wigner, Phys Rev 43 (1933), 252 
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hypothesis Heisenberg assumed (by analogy with molecular mter- 
actions) that only the exchange of electric charge takes place 
between neutrons and protons (Fig 8 a) which leads to a single 
valency between these two particles This hypothesis was modified 

by Majorana who supposed that 
both charge and spm of the particles 
are exchanged (Fig 86) in which 
case one obtams a double valency, 
each neutron being able to bind 
two protons and vice versa From 
the first hypothesis it would follow 
that a deuteron {n < — p) would 
represent a saturated shell, whereas 
according to the second hypothesis 
the shell wiU be completed only for 
an a-particle (Fig 3) The experimental fact that a-particles and 
not deuterons possess an exceptionally high stabibty speaks definitely 
in favour of Majorana’s type of exchange. 

4 The possible existence of negative protonsf 

After the discovery of the positive electron, which was predicted in 
Dirac’s theory, the dissymmetry previously existing in the problem 
of the elementary particle has practically disappeared It is true 
that many more negative electrons than positive electrons are 
observed in our common experience, but this may now be regarded 
as merely the local pecuharity of the part of the universe in which 
we are hving Dissymmetry still exists, however, m the matter of 
heavy particles, in order to get rid of which it would be necessary to 
postulate the existence of negative protons in addition to neutrons 
and positive protons These negative protons would be symmetrical 
to positive protons with respect to neutrons, their relation to ordinary 
protons would not, it will be shown, be analogous to that between 
positrons and electrons on Dirac’s theory This conclusion may be 
reached as follows Bohr has shown that Dirac’s equations may be 
applied — with all the consequences which follow from them — to any 
particle, only if its radius is small compared with the length STrS/mc, 
where m is the mass of the particle in question This condition is 
easily fulfilled for an electron, as m this case 2TTh Jmc = 2 4 x lO-^® cm , 
t G Gamow, Phys Rev 45 (1934), 728, Nature, 135 (1935), 858 
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a value muclf larger than the electron radius On the other hand, 
inserting the proton mass, ^/nhJMc = 1 3x 10“^® cm , and here the 
radius of the free proton is most probably of the same order of 
magmtude f This means that a proton may not be considered as an 
elementary particle from the point of view of Dirac’s theory — a con- 
clusion in good agreement with the currently accepted assumption 
that a proton may spht into a neutron and a positron, if subject to 
sufficiently strong fields It imphes, in addition, that certain other 
consequences of Dirac’s theory do not necessarily apply the magnetic 
moment of the proton need no longer be smaller than that of the 
electron in the ratio of the masses of these particles (actually, experi- 
ments by Stern and others show that it is not), and there is no longet 
any reason for the existence of ‘Dirac’s holes’ for protons, with the 
connected phenomena of an nihil ation 
Thus the negative proton is to be regarded —if its existence be 
assumed — merely as an independent particle subject to intertrans- 
formation with a neutron involving the emission of an electron or ^ 
positron, as the case may be The possible transformations between 
neutrons and protons (positive and negative) are then summarized 
by the following scheme (Fig 4) 
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Aa concerns the interaction Between the neif^ly introduced particle 
and other particles, general symmetry relations indicate that the 
forces between a negative prtiton and a neutron, and between two 
negative protons, must be identical with the corresponding forces 
for positive protons Thus and Ip_^_ = Con- 

cermng the interaction between a positive and a negative proton, 
however, symmetry relations provide no information whatever, and 
a special hypothesis is required for the form of the potential energy 
Ip+p- t Some mforraation may be obtained from considerations of 
general stabihty similar to those of § 2 It has there been concluded 
that two different factors operate to deter min e the AjZ ratio for 

t Compare Chapter IX , • 

% This IS the potential energy over and above that correaponding to the Coulomb 
attraction between the two charges 
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stable nuclear species an attraction between neutrons and protons, 
tending to make the numbers of these two types of particle equal 
(Z = Aj2), and the Coulomb repulsion between protons, tending to 
dimimsh the number of protons Through the interplay of these 
factors stable nuclei may result which contain shghtly more neutrons 
than protons — as stable nuclei actually do If, however, negative 
protons are admitted as nuclear constituents the situation becomes 
more complicated and the state of mimmura energy will depend, 
amongst other things, upon the unknown forces corresponding to 
the potential 1^+^^ Let it be assumed as a tnal hypothesis that 
these forces are so small that they may be neglected Then, carrying 
through the original argument and including the forces correspond- 
ing to Inp-< Ip-p-, well as the Coulomb forces, the stable state 
becomes that in which = Al2, — A ji Here the 

number of neutron-proton (p+ or p-) bindings is a maximum and the 
Coulomb energy a mmimum {Z = — Ap_ = 0) In such a case, 

for each value of A the most stable state would correspond to Z = 0, 
•and all nuclear sjiecies would be isotopes of the neutron Since this 
18 contrary to known facts it is obvious that the initial hypotheses 
require revision If the hypothesis of a negative proton be not 
abandoned, therefore, the assumption that is neghgible is 

evidently incorrect To assign to this potential energy a. negative 
sign (attraction at small distances between negative and positive 
protons) merely ' aggravates the situation, the only possible as- 
sumption IS that of a strong repulsion between these particles 
(positive potential enfrgy) overcoraiag their Coulomb attraction 
when the distance is amrill Only in this case will the equdibnum 
number ol negative protons m any njicleus remain within reason- 
able limits 

An interesting consequence of the introduction of negative protons 
as nuclear units is the possibility of constructing isomeric nuclei, 
with both atomic numbei and mass number the same for each, differ- 
ing one from the other in the matter of internal structure only This 
would occur, for example, if a pair of neutrons were replaced by two 
protons, one positive and the other negative Such isomeric nuclei 
would differ, of course, as regards binding energy and spm, and, if 
they were unstable species, in their mode of dismtegration also The 
tranlsformation of one isomer into the' other (following the mternal 
process n-\-n with bberation, or absorption, of energy in 
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the form of ytradiation, should hkewiae be considered a possihihty, 
although the probability of such a spontaneous (exothermic) double 
process may be shown (see Chap VII) to be very small indeed The 
corresponding half-value period might well be of the order of millions 
of years 

This suggestion of possible isomerism amongst nuclei appears at 
the present time to be definitely of use only in a limited number of 
cases Nevertheless, experimental data are accumulating so rapidly 
to-day that it is well to bear in mind its potentialities in a wider field 
Foremost amongst the weU-attested cases is the branching of 
UXi, discovered many years ago by Hahn The accepted transforma- 
tion scheme here is as follows 
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According to this scheme the nucleus UZ is isomeric with UX^, both 
having the same atomic number (91) and the same mass number 
(234) These two nuclei, however, have manifestly different 
properties the mean energy of the primary ^-particles of UZ is 
very much less than that of the ^-particles of UXj, and the half- value 
periods are 6 7 hrs and 1 14 min , respectively It might be imagined, 
of course, that UX 2 is merely UZ 111 an excited state, but on any 
reasonable assumption it appears impossible to understand how such 
a state should persist for so ],ong If, on the other hand, these two 
nuclei be regarded as isomeric m the sense which has just been 
defined, no further difficulty arises, for the j3-^ branching at UX^ 
may then be explained in terms of the two different possibilities for 
emission of a negative electron {n ->■ andp“ ^ n-\-e) 

A second possible example of nuclear isomerism may also be taken 
from amongst the heavy elements If the report of Aston be finally 
confirmed it must be assumed that the species gjPb®^® is present to 
the extent of 0 08 per cent in ordinary lead This apparently stable 

t To postulate a metastable state in this case la to encounter similar difficulties 
(cf Chap IV), for, even if y-radiatioA is prohibited, the excited nucleus will discharge 
its energy directly by mteraction with one of the extranuclear electrons 

3696 18 
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species IS then isomeric with the well-known j3-act},ve substance 
RaD. It is possible that similar isomeric pairs will be found in which 
the unstable nucleus is known only through its production in con- 
ditioned transformations (‘artificial radioactivity’) So far, however, 
no definite example has been accorded general acceptance 
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miCLEAR BINDING ENERGY AND STABILITY LIMITS 


1 Structure of the simplest nuclei 


Owing to the fact that we have not at present an exact expression for 
the interaction between neutrons and protons (function I{r)), the 
theory of even the simplest nuclei, such as the deuteron (= n-{-p), 
the nuclei {=2n-[-\p) and ,He^ (=ln+2p), and the a-particle 
jHe^ (= 2n-{-2p), cannot be worked out in such detail as is possible 
in the case of the hydrogen atom m atomic theory However, as was 
indicated by Wigner,| one can obtain very interesting results con* 
ceming the structure and binding energies of these nuclei by adopting 
rather general hypotheses as to the laws of interaction In fact, the 
values of binding energy obtained are somewhat insensitive to the 
exact details of the nuclear potential function employed, so long as 
the graphical representation is of the form of a narrow liole with moss, 
or less steep walls (rapid decrease of l{r) with distance) Starting 
with the problem of the deuteron, Wigner took for the interaction 
energy between neutron and proton the expression 


(>» 

which fulfils the above-mentioned conditions and has the advantage 
that the corresponding wave equation possesses an analytic solution 
Here 7(0) is the value of the jpotential energy foi r = 0 and p corre- 
sponds to the half-breadth of the potential hole A graphical repre- 
sentation of such an interaction energy is given by the thm line in 
Fig 6 for the special valuesj 

p = 0 050x10-12 cm , 7(0) = 0 114Xi¥c2 


(the reason for choosing these values will appear later) In Wigner’s 
original treatment of the problem he assumes the forces between 
neutron and proton to be simply ordinary central forces As we have 
seen, however, this interaction must be considered, according to 
Majorana, as due to certain exchange forces originating in the ex- 
change of charge and spin between the particles Thus the wave 


t E Wignor, Phya Rev 43 (1933), 252 

J Here and m the following page# the numerical values differ from those given m 
Wigner’s original paper, they are calculated for the new value of the binding 
energy = 0 0024 M U , whereas Wigner accepted the old value 0 0016 M U 
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equation for a deuteron must be written in the form 

~ -^{*1 ®2)'J''(*2‘^l! ^l°’2)i (2) 

where Xj and are the apace and spin coordinatea of the neutron 
and X 2 and the corresponding coordinates of the proton | 
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If, in (2), we make the substitution 

Y(xi(Ti, a'jdj) = (3) 

(r, 6, (/>) being sphencS,! polar coordinates describing the relative 
positions of the particles and ^Im spherical harmonics of order I, we 
find that u{r) must satisfy the equatiofl 


nyi d"- 

Jlf \r dr* 


(rw) — 


?(«+!) 

-rZ 
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( 4 ) 


It IS obvious that the problem with Majorana’s exchange forces is 
equivalent to the problem with ordinary central forces, except that 
for even values of I the forces are attractive and for odd values of 
I repulsive In so far as Wigner considers only the fundamental state 
of a deuteron, for which he adopts 1=0 (see, however, p 61), the 

t Assuming ordinary central forces between the particles (Wigner’s original 
hjpotheais) wo should ha\e. for the nglit-han^l side of (2) /(aii — Xj)'Y(®i Oi, Oj), 
whilst, with exchange of charge only (Heisenberg’s hypothesis), for the same expres- 
sion /(i,-i.)'L(-r,a„ 



Chap II, § 1 STRUCTURE OF THE SIMPLEST NUCLEI 21 

problem here resolves itself into a simple case of a central force 
Assuming 1=0, we obtain 

= 0 (5) 


The solutions of this equation for I(r) given by (1) were investigated 
by Eckart The lowest energy -level is 


E 
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( 6 ) 


and the corresponding wave function is 
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where 

II 

. 

(8) 


The solution of the wave equation for the values of 7(0) and p aS* 
specified above is shown by the dotted line in Fig 6 It will be noticed 
that the wave function spreads over a much wider region than the 
potential energy of interaction, from which it follows that the mean 
potential energy I has a much smaller value than 7(0) It is also 
possible to show that the mean kinetic energy E^,„ differs only very 
slightly from the absolute value of the mean potential energy, the 
value \I/E ^,„ \ tending to umty for small values of p (i e for a narrow 
potential hole) > 

Inserting the value for the binding energy of the deuteron 
(2 25 X 10® e V ) in the form = EjMc^ = 0 0024, we obtain from 
equation (6) the relation between the depth and the breadth of the 
potential hole This relation is represented graphically in Fig 7 by the 
light line From this we cannot obtain 7(0) and p, separately, however 
to do so we must use the binding energy of some other nucleus, 
for example of the a-particle Comparing the binding energy of 
the deuteron (0 0024J7c^) with the corresponding values for the 
d-particle (0 0300Mc^) and heavier nuclei, we first notice the extra- 
ordinarily low value of deuteron binding energy with respect to that 
of other nuclei This fact was explained by Wigner by makmg use of 
the above-mentioned result that for small values of p the potential and 
kinetic energies of the deuteron are almost compensated In fact we 
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must- remember that in the deuteron we have one interaction energy 
(n > 2 )) and two kmetic energies (n andp), whereas m the a-particle 


there are four interactions 



and four kinetic energies {2n 


and 2p), and the same is generally true for heavier nuclei the number 
of interactions is approximately equal to the number of particles, on 
account of the double valency of neutrons and protons Now it is 



easy to understand that if, due to thermal] interaction -radius p, the 
potential energy of the deuteron is almost completely compensated 
by the kinetic energies of the two conitituent particles, this cannot 
be the case for the a-particle and for heavier nuclei, in which the 
potential energy must play the prevailing role Wigner calculated 
that in order to obtain the correct ratio for the binding energies of 

ii;-particlc and deuteron =12 5) one must accept for p the 

\U j 

value 0 050 X cm This leads, according to previous considera- 
tions (formula (6)), to the value 0 114 M U for /(O) Thus we have 

/(O) = 169X 10-«erg = 106 x 10+® e v , 

* p = 0 050 X 10,”^® cm 

In ordei to show that the results which are obtained do not 
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depend upon the special choice of the interaction potential /(O), 
Wigner earned out the calculations for the deuteron with a somewhat 
simpler expression for the interaction f 

I{r) = ae-*'" (9) 

For this interaction, however, the wave equation cannot easily be 
solved analytically and numerical calculations of the eigenvalues 
have therefore been carried out by Wigner in this case J To compare 
these calculations with those made on the basis of the interaction 
function (1), it is necessary to find the correlation between the 
coefficients a and 1/6, on the one hand, and 7(0) and p, on the other, 
so that the two curves of potential energy against distance fit as well 
as possible 

The best approximation can be obtained if we adopt a = 1 4/(0) 
and 1/6 = 1 6p, as can be seen from Fig 6, where the potential (9) 
with the above values of coefficients is plotted (heavy line) together 
with the potential ( 1 ) The heavy hne in Fig 7 gives the plot of o/ 1 4 
and (1/6) /I 6 which, as can be seen from the figure, follows very' 
closely the relation between 7(0) and p as obtained from the formula 
(6) The values of a and 1/6 which fit the observed ratio of mass 
defects A jHe^/A become now 

(1 = 0 lOOMU = 238xl0-«erg = 148xl0+8e v , 

1/6 = 0 08x 10~^^cm 

Finally, we should mention that, by choosing another law of inter- 

7(r) = (10) 

we may obtain approximate Correspondence with the two previous 
expressions if a = 0 64a = 0 97(0) and 1//3 = 1 7(1/6) = 2 7p (com- 
pare Fig 6) The values of « and 1//3 calculated by Feenberg so as to 
give the correct binding energy of the deuteron are shown in the 
following table 


(X 

0 130 

0 065 

0 041 

1 0 029 

1 0 022 

MU 

1/^ 

0 11 

0 16 

1 0 22 

j 0 27 

i 0 33 

X 10“^* cm 


■f This interaction law, on account of its simplicity, is usually accepted nowadays 
m most of the calculations with nuclear models 

t An analytic solution of the wave* equation for the mteraction law (9) has recently 
been given by Massey and Mohr (see ref p 26) 
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The broken hne m Fig 7 represents the relation between a = a/0 02 
and 1/6 = (l//3)/l 7 obtained m this way 

The above results show that, to the degree of accuracy at present 
attainable, we can take any mathematically convement expression 
for I{r) provided it represents forces very rapidly decreasing with 
the distance between the particles 

The structure of the other simple nuclei, 

iH®(= 27i+lp), 2 He^(=lM.+ 2^)), and 2 He^(= 2n-\-2p), 

has also been discussed by Wigner and later in more detail by Feen- 
berg t Accepting the Major ana type of exchange force (exchange 
of charge and spin), we must write, for such a many -particle problem, 
'the equation 

= ( 11 ) 

where T" is a function of the coordinates of all particles in question 
and Pn^p, the operator corresponding to the exchange of space 
•tfoordinates between the n^^th neutron and the p/th proton For /(r) 
Feenberg has employed the expression (10) As a first approxi- 
mation we may represent the wave function Y as the product of 
different wave functions involving the relative distances between 
particles 

Thus, for the three-body problems and 2 He^) we may write 

Y = 'F(r23)T-(r23)T(ri2), (12) 

where the indices 1 and 2 refer to the two similar particles (neutrons 
m and protons in'jHe^) and the index 3 refers to the reraaimng 
particle (proton in and neutron in 2 Hc^) In the four-body pro- 
blem of an a-particle we have * 

T = 'F(r23)T(r,4)'F(r23)T(r24)T(ri2)'F(r„), (13) 

where 1 and 2 refer to neutrons and 3 and 4 to protons The total 
energy of the system is given by 

E = j J YIPV* dw, ( 14 ) 

where H is the Hamiltonian operator for the problem (the operator 
in equation (11)) For the wave functions T Feenberg adopts the 
expressions ( 15 ) 

t E Feenberg, Phys Rev 47 (1935), 850 
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Here Ti denotes a wave function which depends on the relative 
distance between two dissimilar particles (such as T(ria), etc ) 

and Tj a function having reference to similar particles (such as 
'^*^('■ 34)1 ) After rather comphcated integrations the 

expression for the eigenvalues (14) becomes 

E\W) = 6{{2+n)l(5+n)}P^a- 

- 164(l + 27i)/(5+6«+7i'))5W(c7+ 1)}«, (16) 

= 6{(2+n)l{5+nWa- 

-16a{(l + 2n)l{S+Gn+n^)}i{<jl{a+l)]i + i{v+2^)i, (17) 


with 

and 



v(5-(-ri,) 
" 4 ^’ 


(18) 


E0(,Ke^) = 6{(2+7i)/(3+7i)})9V- 

-64 X 2M(n+ l)i/(«+3)='}{v/(a+ l)}»+i(2.+ 2;i)i, (19) 


with 



v(3+»i) 

2j82 




In (17) and (19) the last terms represent the result of Coulomb inter- 
action between protons, which is, of course, absent in the case of 
(= 2n-\- Ip) 

Accepting for n the values 1 5 and 1 7 in three- and four-body pro- 
blems, respectively (these values have been found by trial to give 
the best results), Peenberg obtained the following tabulated results 
for the binding energies of these light nuclei, for different values 
of 1//3 


Table I 


l/i3xl0« cm 

aM U 

-E„M U 

1 

-E„M U 1 

-E„M U 

0 200 

0 046 

'* 0 0024 

0 0018 1 

0 016 

0 127 

0 098 

-OOOll(') 

-0 0018(1) [ 

0 018 

0 104 

0 140 

-0 0038(') 

- 0 0047(1) 

0 020 


These are to be compared with the experimental values 0 0091, 
0 0076, and 0 030 We see at once that the results are not very 
satisfactory, the binding energy of the 2 He*-nucleus for 

l/j3 = 0 1x10-12 cm 

being stdl only two-thirds of empirical value, whereas the correspdnd- 
ing binding energies of the nuclei and 2 He 2 negative In 

SEB5 18 T; 
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order to improve the results Feenberg has proposed certam modifica- 
tions of his calculations based on the companson of equations (16), 
(17), and (19) with the equation for an ‘equivalent’ two-body 
problem (This method is baaed on considerations of analogy and 
plausibility and for the details we refer the reader to the original 
paper ) He finds in this way that the correct value of mass defect of 
an £x-particle may be obtained for l/)3 = 0 13x 10~^^ cm and 
a — 0 095 I With these values of the coefficients the binding energies 
of and uHe® become 0 0060 and 0 0052, in better agreement with 
experiment 

Some further calculations of the binding energies of the nuclei 
,iH® and jHe^ have been earned out by Massey and MohrJ who 
particularly investigated the validity of the variational method and 
showed that the results obtained by this method are very sensitive 
to the expression adopted for the zero-approximation Instead of 
Feenberg 's distributions (15) they have adopted a somewhat different 
ffistribution, , 

T - (21) 

which gives better results when this method is applied to the deuteron 
They finally obtained by the direct variational method for the binding 
energies of and the values 0 0055 and 0 0060 respectively 

2 Statistical calculation of nuclear binding energy 

In the last chapter (p 4) it has been mentioned that a nucleus 
constructed from a large number of similar particles, interacting with 
forces decreasing rapidly with increasing distance, may be treated 
in many respects in the same way as a small drop of liquid This 
idea was used by Heisenberg,|| who'apphed to the collection of 
neutrons and protons forming a nucleus the quantum-statistical 
method of Thomas and Fermi in the fortn in which it was developed 
by Dirac 

Let us consider a nucleus built up from neutrons and 
protons To represent the space coordinates of the particles we shall 
employ vectors w, for the spin coordinates variables a, and we shall 
distinguish throughout between coordinates referrmg to neutrons and 
protons, respectively, by using different subscripts, roman numerals 

t This oorresponda to a = 0 163„l/5 = 0 077 x 10-” cm 
t H MaaaeyandC Mohr, Proc Roy Soc 152 (1935), 693 
II W Heisenberg, Reports of the Solvay Congress, 1933 
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for neutrons and arable numerals for protons In this way the 
complete wave function of the system may be written m the form 


0 = 

<7,) 

Vu) 

a,) 


tTi) 

(Jj) 

(Ji) 



°'V,) 



‘I’Nri^Np’ ^Np) 


(22) 


where the different ^’s are the wave functions for the separate 
particles Moreover, smee the spm-interaction between the con- 
stituent parts of the nucleus is small compared with the other forces 
involved, we may replace <^(w, o-) by the product x(w) ^(tr) and define 
the densities of neutron and proton distributions inside the nucleus 
by the expressions 

Pn(w) = 2 XkXk^ Pp(w) = ^"xtXk’ (23) 

K=l k=l 


respectively Similarly, we may introduce the notion of average 
densities, = NJV and p^, = NpjV, V (= jttto) being the nuclear* 
volume Then, according to the method of Thomas and Fermi, the 
kinetic energy of the system is given by the equation 


E 


km 


M 5 \ 87 t / J 


ipl+P*p) 


( 24 ) 


(“) 

Heuenben 


1 


( 6 ) 


A/a 




before 




before 


where M is the mass of the particles in question (neutron or proton 
mass) and dw the element of space in the neighbourhood of the pomt 
w It remains now to derive an 
expression for the potential energy 
corresponding to the exchange forces 
between neutrons and protons Two 
possibihties are open, either we may 
consider the exchange of electric 
charge only (Heisenberg’s original 
hypothesis) or the exchange of both 
charge and spin between the par- 
ticles (first suggested by Majorana 
and later accepted by Heisenberg) 

These two possibilities are represented schematically in Fig 8 (a) and 
(6) As will appear, the former hypothesis necessitates a single-valency 
bond between neutron and proton, the latter hypothesis a double 


after 


@ 


Fio 8 
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bond The expenmental fact that the a-particle rather than the 
deuteron possesses an extraordinarily large binding energy suggests 
that the latter hypothesis is correct, the system of two neutrons and 
two protons forming a saturated shell This being the case, the mathe- 
matical expression for the potential energy corresponding to the 
exchange forces, for a pair of particles, takes on the form 

(25) 

whore l(r^i) is a function which decreases rapidly with mcreasmg 
distance between the particles (K, Z),j- and j is the operator which 
corresponds to the interchange of space coordinates w^- and w, J 
The negative sign in (25) is included, as before (§ 1), to emphasize 
'the attractive nature of the forces for moderate distances This 
attraction, it will be remembered, approaches zero when the distance 
becomes very small The total potential energy corresponding to 
exchange forces in the nuclear system is now 

C(.xch = - 

« “ J K.k 

= - 2 JJ^i^VK(w,<T)^jj:(w',<7)7(|w-w'|) X 
<ro E = 1 

h-=N 

X I ” o-') dwdvf', ( 26 ) 

k=l 

or, separating space and spin coordinates, and carrying out the 
summation with respect to the latter, 

f^xch - If i " Xk{w)xx(w')/(1w-w'|)x 

X dwdw' (27) 

In the Thomas-Fermi method densities are given by expressions 

Pn(w) P,(W) 

j 

0 0 

respectively, in which and are determined by the potential 
energy in the neighbourhood of the point w In a smular way we 

t Here ijc i = |w£— Wi| 

J On Heisenberg s original hypotheais (exchange of charge only) we should write 
for the potential enerev 

{25') 

where the operator Pj^ j corroaponda now to ttie interchange of space and gpm co' 
ordinates ^ 
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may wnte, according to Dirac, 

^2\k(w)xb:(w') = p„(w. w') = I exp j-^p(w-w') j dp, 

ftC") 

J eip[- <Jp, 

** (29) 

and the expression (27) finally becomes ' 

- rJlw J J /•'■'J 

0 0 

Xexpj— l(p-p')(w-w')|7(|w— w'l) (30) 

A very rough approximation to the energy expression (30) may 

be obtained if use is made of the fact that the above-defined functior(p^ 
p„(W,W'), Pp(W,W') decrease very rapidly with increasing distance 
[w— w'l, especially if it be assumed that this decrease is more 
rapid than that of the potential energy function /([w— w'l) For 
then we may write 

f-2 C dwpp(w)/(0) = -2j\r^7(0), for Np < iV'„ 

■; (31) 

[—2 J dwp„(w)7(0) = -2A„7(0), for 

With the final result in this fbrm it easy to see that the accepted 
exchange interaction (25) gives rise to a double-valency bond between 
neutrons and protons « 


t Carrying through an analogouB calculation employing (26') for the exchange 
interaction for a single pair of particles (i e assuming Heisenberg’s original hypothesis 
concerning the nature of the exchange forces) we should have 


k—Np 


t^eich=— 2ff 2 ct')/(|W-W () 2 dwdw' 

CJU X-1 k-1 

= iff i "xS:(w)xb:(w')I(|w-w'|) 1 ’’xj{w')x;i(w) dwdw' 

Z-1 A,-l 


-N^m. 

-Km. 


for Np < K 
for < Nj,, 


showing that exchange forces of this type give nee to the single-valency bond between 
neutron and proton 
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A second and better approximation for (30) may be written as 
follows Pn(yr) Pr(w) 

I J «^P'expj-^(p-p')o'j/(|a|) 

0 0 

= - I dw/{p„(w). Pj,(w)} (32) 


Here / is a function, symmetrical in the variables p„, p^, which 
vamshes for p^ = p^ = 0 and, for large values of these densities, 
tends to the limit 2pj,/(0) or 2p„/(0) according as p„ or is the 
greater 

In the process of derivung an expression for the total energy of the 
•composite nucleus we have now obtained expressions for the kinetic 
energy of the constituent particles and for the potential energy 
corresponding to the exchange forces The potential energy corre- 
sponding to Coulomb repulsive forces between protons may evidently 
be written 


f^coul = 4-^ jj dwdw', (33) 


and this, in the case of a umform distribution of positive charge, 


reduces to 




(34) 


where V is the nuclear volume Using (24), (32), and (33) the expres- 
sion for the total energy of the nucleus becomes 


— -^-km+^jicb+f^ooul 

■^Pplyirig to this expression for E — regarded as a function of p„(w), 
Pp(w) the calculus of variations, with the conditions 

I P„(w) dw = IV„, J pp(w) dw = Np, 

we may now obtain p„(w) and Pp(w) Omitting the last member in 
(36), or neglecting the effect of Coulomb repulsion, a very simple 
result 18 obtained It is 


P.(w) = NJV = const , p^(w) = NpIV = const , (36) 

implymg that m this case the distributions of neutrons and protons 
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throughout the nucleus are both uniform The effect of repulsive 
forces between protons is obviously to make the density of protons 
greater near the surface of the nucleus than at the centre, but, due 
to the smallness of these forces compared with exchange forces, this 
effect may be of importance only for very heavy nuclei To a fau 
approximation, therefore, we may accept (36) and (34), and so 
obtain for E 




The condition for mimmum total energy (maximum energy of 
bindmg) will then define the stable state of the system and may be 
used, in particular, to calculate V We have 


32-^1 8 \| 
M l^\37r] 



( 38 ] 


9 


Here, except in the last term, derived from Coulomb forces, the 
volume V enters only in the combinations N,JV, and this 

means that, when Coulomb forces may be neglected, the nuclear 
volume is proportional to the total number of particles, provided 
NJNp remains within fauly narrow hmits Thus the nuclear density 
is roughly constant for nuclei of different mass numbers The effect 
of the Coulomb forces, which have hitherto been neglected, is 
obviously to decrease slightly the mean nuclear density in the heavier 
nuclei, for these nuclei the radius increases with mass number some- 
what more rapidly than the cube root Such deviations, however, 
may be neglected to a first approximation, and altogether, except for 
the heaviest nuclei , 

So far we have made no defimte assumption concerning the form 
of the potential energy function I{r) it is necessary to do this now, 
if the total energy formula (37) is to be given explicit form In his 
calculations Heisenberg adopts the expression for l(r) previously 
used by Wigner in the deuteron theory, 

I{r) = ae-’" (39) 

Here a and b are unknown constants characteristic of the special 
case of neutron-proton exchange Adoptmg (39), we may then wnte 
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for the corresponding / function, as defined by (32), 

/(P..P.) - g.[41. L,H^+KLl+L%))\og \ + \l~-V . 


where 


+ 4(L^+ iJ)tan-Hi.+ 4(L« - )tan-i(L„- i^)] , 

= i(3pW>- and 1, = )* 


(40) 

(41) 


With this value for/, and the value of V obtained from (38), we are 
finally in a position to obtain, from (37), the total energy of our 
nucleus This energy will be expressed in terms of the numbers of 
neutrons and protons in the nucleus (N„ and A^,) and the constants 
ji and 1/b of the exchange energy expression Adopting for the 
coefficients the values a = 0 0273 MU and 1/6 = 0 8x10-1^ cm 
BO as to fit the mass defects of A and Kr (not shown in Fig 6 as 
being far removed from the other values), Heisenberg obtains the 
following expression for the binding energy, I 


E 0 003i7N„ 


7^2 

-0 0364iV„+0 01211^ + 


+ A'‘|3 19-0 715^1 10-4+0 049, (42) 

where the last constant term does not follow from previous con- 
siderations but IS introduced in order to take account of the failure 
of the statistical method for lighter nuclei This expression gives a 
satisfactory ht with the experimental curve of mass defects, on the 
other hand, it gives too large values^ for' nuclear radii (due to the 
comparatively large value assumed for 1/6) Heisenberg’s numerical 
values for a and 1/6 have been improved by Wick,J who based his 
calculations on the empirical values of the binding energy and 
nuclear radius for gQi®. Wick obtains 

1/6 = 0 15x10-12 cm , J = 0094MU 

in better agreement with the values obtained from the hghtest 
nuclei 


A somewhat different formula has been obtained by Nukabayasi,|l 
following Heisenberg’s general hne of calculations He adopted for 
1/6 the value 0 13x10-42 cm (obtained by Rabi from neutron- 
scattering in hydrogen) and calculated, from the known mass defects 


t W Heisenberg, 1 c J G C Wick, Nuovo CTmento, 11 (1934) 

II K Nukabayasi, Zs / P/iyi 97 (1936), 211 
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of 0“, Kr®®, and the following values of a 0 121, 0 132, 

0 133 M U Taking, as an average, o = 0129MU, with this value 
of Ijb, Nukabayasi obtained the following energy expression, to bo 
compared with Heisenberg’s, 

E = -0 01026(iV;^+iVp)+0 000659NI(N^+Nj,}-* - 

-0 00000452xV®(iV„H-iV;,)-* (in M U ), (43) 

and for the nuclear radii, 

= 0 1395(J^7;,+i\r^)-i[l + 0 0137.\7,(A;+.V^,)-»] X 10-i= cm , (44) 

by taking account of the deviations from constant density due to 
Coulomb forces Graphical representation ot the results calculated 
from (43) and (44) la provided by Fig Of and Pig 10, ^ togetlier with 



the experimental values for mass defects and nuclear radii We see 
that the agreement between expirimeiital and theoretical values can 
be considered as a .satisfactory one 

Comparing the values of « and 1 jb as obtained by different authora 
from the statistical theory of heavier nuclei with tliose obtained by 
Wigner for the deuteron and a-particle, wo find a rathoi large dis- 
agreement, which can be easily seen in Fig 7 where the results of 

t The broken line in this figure reprosonts the part of nuclear energy due to 
Coulomb forces 

t The radii of light nuclei in this diagram are calculated from the data on artificial 
transformations and those for heavy nuclei from a-dccay constants 
36BB IB 


F 
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different calculations are plotted Clearly, this disagreement must 
be duo to tlie simplifications adopted in our nuclear model and also, 
jx“rh(ips, to the failure of the Thomas-Fermi statistical method 
As the first imiiortant step towards precision for our nuclear model 
we must take into consideration the conditions existing near the 
surface ol the luuleus and responsible for an effect which may con- 
venn ntly be ri'lerrcd to as a surface-tension effect Apart from the 



ortlmiii\ Miif.ui' tension originating in the fact that the radius of 
inteiiii t ion ol mule.u ]iiii tides (~ 0 1 10-*^ cm ) is not vanishingly 

hiiiall in (oniii.uison with nuclear radii (from cm to 

- — 0 ‘I 10 '“ ( 111 ), we must <ilso take into account tliat, representing 
the inoiion ot iiiii le.ii ji.ii tides l)\ wa\e functions with not very high 
iiuuntiiin miinlH'is it is impossible to obtain a uniform density 
distnliuluin inside tluj luuhus with ait abrupt jump to zero-value at 
the lJoulldaI ^ The kinetic energy of a particle the motion of which 
IS represented hi the w.ue function T' is determined by 

;J^^(gradT)^ (45) 

This e\j)T('s-,ioii lisnls to an infinite value if the density anyw'here 
abriiptU (lio]is to /,io Conversely fiom (45) we conclude that the 
di'iiiiise ol hoin tlic intianuclear value to zero must take 

pliKC 01 el II distance of the oidci of magnitude 


. (45') 

where is the average kinetic energy of the nuclear particle This 
gradual di crease ot density tow aids the boundary gives rise to an 



ChapII,§2 STATISTICAL CALCULATION SB 


additional surface tension of pure quantum -mechanical character, 
we may call this tension ‘kinetic surface tension’ to distinguish it 
from the ordinary potential surface tension’ mentioned above It 
IS thus easy to see that the effect of siirfiice tension will be more 
important for lighter nuclei, for which the thickness of the surface 
layer may be of the same order of magnitude as the niielear radius 
This effect will show itself in a dinnmsliing ot nuclear binding 
energies and an increase m iiucleai radii for these nuclei The effect 
of surface tension on the general exjiression lor binding energy has 
been investigated bv Weizsacker,f who has been able to show tliat 
the kinetic tension, in general, play.s a more inqKirtant role than the 
potential tension (due to the small value of 1//;) and is hrst to be. 
taken into account This (an be done m the statistical method by 
representing the wave functions in any small I'lemiMit oi volume, not 
by haimonic waves, but by waves witli hnearlv vaismg anqihtudes 
It leads to an additional term in the kmetie-eneigy i \pression which 


has the form 


/i* (grad p)- 
32iT^ii/ p 


(46)- 


The table below gives the numerical results ol Wei/,sa( ker’s calcula- 
tions show'ing the most probable values lor a and the nuclear 
radius r,,, the thickness of the siiiface layer d and the internal 
energies per particle as originating m volume surlaee, and Coulomb 
forces 

Table II 



a — 

0 198 MU 

, l/<> 

- (M03-, 10-’“ 

cm 



r„v U)'> 

r/X 10" 

1 

! 




Nudeu s 

1 cm 

cm /i. 

.11 r' 

rr ■ 

/;, Mr 1 

1 f f!' H b r 

[M r ) 

,o‘“ 

' 0 41 

0 IS 

0 1 ".!) 

1-0 064 , 

1 0 01.1 

0 OHJ 

0 osri 


1 

- 

0 1 so 

4 OOUi 

-1 0 0 ) 1 

0 00 1 

- 0 OSH 

Wrt2on 

1 0 04 

- 

0 1 r.o 

-40 0J7 

0 0 04". 

0 OHO ' 

0 0S2 


111 spite of the generally good agreement with fhe e\])enmerital 
values of binding energies and nuclear ladii, the calculations of 
Weizsacker lead again to values of a and Ijb different from those 
obtained by Wigner (see Fig 7) The same disagreement has also 
been obtained by Fluggc,!! who applied Weizsacker 's method of 
calculation to the lighter nuclei (Z 14), for winch the thickness of 
I C F V Weizaackcr, Z# / Fhys 96 (19 H), 431 

^ Estimated so aa to g^ivo the correct binding onorgy of oxygen and the beat 
approximation to the binding onorgicB of hi'acier nuclei 
li S Flugge, Zff / Phyn 96 (1935) 459 
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the surface layer is not less than the nuclear radius and the density 
decreases steadily from the centre towards the boundary He obtains 
0 = 0 1C7 M U , 1/6 = 0-12y 10-12 cQj 

An attempt to reach better agreement with Wigner’s values was 
tlicn made by Heisenberg, who, considering the previous disagree- 
ment as duo to failure of the Thomas-Fermi statistical method, in 
Ills new calculations for light nuclei used the more elaborate method 
of self-eonsi.itent functions (Hartrcc’s method) m somewhat simph- 
fied loim As the zero-approximation Heisenberg chose a model of 
a light nucleus consisting of neutrons and protons harmomcally 
oscillating between the limits given by the boundary of the nucleus 
• The normalized eigenfunctions for such harmonic oscillators (oscillat- 
ing along the a -axis), for difTeient quantum numbers, can be written 
in the lonii . ux 



'/'2 



01 =-^ 


VW/‘"V(2^3')' 




(47) 


whole 


1V3/ 

y = „ 


(o — freijuency) 


(48) 


Foi .such a model the Paiili principle as applied to neutrons and 
piotoiis will loiid to the assumption of saturated shells for gHe^, 
st)'®, .,()( Vi'"’, with the follow mg iiuantum numbers (ii^., Uy, n,) for levels 
oceiqiiod by two lunitrons and two protons each 





.o'* 

• 

21 

,Ca 

J* 

n- 

’U. 


n. 




0 0 

0 

0 

0 

(» 

0 

0 

0 



1 

0 

0 

1 

b 

'o 



0 

I 

0 

0 

1 

0 



0 

0 

1 

0 

0 

1 






2 

0 

0 






0 

2 

0 






0 

0 

2 






1 

I 

0 






1 

0 

1 






0 

1 

1 

f W 

Heispuberp, Z$ J 

Phys 

96 (1935), . 

473 
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For the interaction potential between neutrons and protons Heisen- 
berg employs the expression 

I(r) = (49) 

previously used by Feenberg, as being mathematically more con- 
venient of mampulation Estimating the binding energy foi this 
model and comparing it with the experimental values (for He, 0, 
and Ca) h3 obtains numerical relations between re and 1/jS winch are 
shown m the following tables 




a 

1 0 128 

0 no 

1 0 007 

1 0 086 

M U 

V/S 

1 0 1J2 

0 141 

1 0 1,")7 

, 0 170 

-- t m 




.O’" 



a 

0 161 

0 IJO 

1 0 IU(l 

1 0 O'lO 

j M II 

1/^ 1 

0 118 

0 137 

0 1G6 

0 176 

1 xlO-c'cm 




„Ca‘“ 



(X 1 

0-212 

0 111 

0 117 

0 <l')l 

n u 

l/iS 1 

0 103 1 

0 128 

0 l.ll 

0 180 

10 '»cin 


This relation (for is also plotted in Fig 7 (translated into a 
and Ijb) and it can be seen that the cmv'e winch leprcsents it is much 
closer to the curves calculated exactly from the deuleivjii model 
Since the calculations of this section arc csm nti.illv statistical m 
nature, being valid only for nuclei comiiosed ol a laigi' ininiher of 
particles, they cannot distinguish between nuclei with even and odd 
numbers of neutrons or protiSns, oi be cxjiexted to rejnoduce the 
periodicity m binding cncigyt which is cbaructciisLic ol the lorina- 
tion of new saturated re-units, as further particles aie added to the 
original nucleus In actual tact, hovvever. there is foiiiul a slight 
but systematic difference m binding energy between nuclei having 
an even number of protons and those with an odd number (even and 
odd atomic number), and this diffeiencc is very imjioitant for the 
question ol nuclear stability which is discussed in the next section 
It arises from the fact that when tlic number of protons is even all 
these are used for the formation of a-shclls, whereas when that number 
iiS odd one proton is alwa 3 's left uncombinetl and, m consequence, 
somewhat less strongly bound in the nucleus The total binchng 
energy is thus somewhat greater for nuclei with even atomic number 

I Calculated in terms of noubruns and protons only 
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than for the neighbouring nuclei for which the atomic number la 
odd Wc might introduce two different expressions in place of (16), 
or (22), to be used according as is odd or even, and, as a first 
ajiproxiniation, might assume that the corresponding energies, for 
const , differed merely by a constant quantity, whatever 
the value of iV), iSince ^-transformation necessarily results in a 
cliange from JV), odd to even, or vice versa, it is obvious that this 
diifereiice m binding energy is of great importance when j9-stabihty 
limits are under discus, sion 


3. Nuclear stability limits 

• Having olitained an exprc'.ssion foi the total energy of the nucleus 
as a function of the numbers of neutrons and protons contained in it 
(or ot the mass and atomic numbers, A (— i\’,^4-JV,,) and Z (— -A’^)), 
we are now in a position to consider the general stability law's for 
nuclei so constituted t Let 


E ^ E{N„,Nj,) (50) 

he the exact expression foi the nuclear eneigy, given approximately 
by (J7) The process of spontaneous disintegration of the nucleus 
into tu o or more he.ivy parts is energetically possible if the sum of the 
iiilenial otiergies'|; of all re.sulting nuclei is less than the internal energy 
of the onginal nucleus For then suiiilus energy will be available to 
he distributed as Kinetie energy between the particles liberated in the 
tr.insformation Tlie condition for possible (hsmtegration may thus 
be written ^ ^ <'E{N„.N^X (51) 


w hen 






X. 


(52) 


In piutieiilar the conditions for the possibility of the emission of 
a neiitum or a pioton become 

E{X„ - 1 , a;) + 0 < E(N , , a;) (53) 

'*"<1 i7(y,„A;-l)-fO< C(A„,A;), (54) 

iesj>e( ti\ ell , w lulst lui the emission of an a-particle one must have 
E{X„ - 2. a;- 2) + E{2 2) < E(N„ , A;) (55) 


t t'f Clmp T !| I 

t 1 ()i tho ijiiiitiiUN F wo slinll lionrpforn nrd use the term ‘internal energy ’ The 
liinJing I'uergs "1 u mu Icus (n pusitiic (juimtitj for a Btablo nucleus) is gi\ en by — £ 
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Diaintegration processes which involve the emission of electrons, 
positive or negative, may also be considered in an analogous manner 
if this emission be regarded as the result of an internal nucleai trans- 
formation of a proton into a iicution, oi vice versa (j) 9) Foi such 
transformations, however, (52) is invalid, since the numheia of 
neutrons and protons are not separatelv conserved In s])ite oi tins 
fact, and although certain difficulties still remain iii our interpieta- 
tion of the process of ^-disintegration, we may therefore write 

£(iV;,-l,iV,+ l) < (50) 

and E{N„^\,Np-\) < + (56') 

as the conditions for the sjiontaneous emission of an electron or a 
positron from the nucleus (jV„ jVj,) The cjiiantities 

= (^4— and Aj, ^ (d/^,- J/„- ?i!)r=, 

which might be called the internal energies of ni'utron and proton, 
respectively (jU„ = neutron mass, proton iiniss, wi - electron 

(positron) mass), are introduced to lepresent the eneigy wlnclr 
becomes available through the tiansfoiniation of a lunition into a 
proton, or vice versa We may notice lieie that and A^, evidently 
fulhl the condition 

A„+% -- -2w( - — - lO*- e V ( 57) 

Applying these consideiations to a siiigli- ni utioii oi a single pioton 
we see fioin (5G), (5(i') that the reaclions /i -- p I e, p 7i I j betome 
possible if A„-> 0 or A^, > 0, fespe'ti\el> Coiivi isi'ly, if iiec jiro- 
tons and free neutrons are both stable, the inteiiial (‘iiergics ol both 
particles must be negative and (57) U ads to tlie lesults lA^, | ■' 2wic“, 
[AjJ 2mc^ In this case the mass (bfTeienct lietvveen neutron and 
proton, ==; A„/c- -hwi i: —AJe-- in , may be poaifivo oi nega- 

tive, but in absolute value It must Ik less than the mass of the 
electron These considerations, howevei, will be changed if we con- 
sider the relative stability of a neution ard a h} di'ogen atom In fact, 
if the mass of the neutron is not exactly eipial to that of the hydrogen 
atom a transformation in one diiection or the other is always possible 
with the liberation of energy (in the form of a y-iay quantum) and 
we must conclude that, m general, either neutron or hydrogen atom 
IS unstable (i e one of the transformations, n' [H' + eJ-|-£ or 
[H'ff-e] ->n'-\-E, is exotheimic) On the other hand, if we suppose 
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that in the jirocess of transformation a neutrino of finite mass is 
emitted, we again obtain a stable region of breadth c® 

Consider, now, the general shape of the internal energy surface 
E(N„,N ), which, for graphical convenience, we first transform to 
new^coordmatcs N^ + Nj, and NJN^ and write as E(N„+Np, NJN^) 
We have already seen that for a given mass number (N^+N^ = const ) 
the binding energy is a maximum (internal energy a minimum) for 
a definite value of NJN^,, this value being one, exactly, for certain 



light iiuelci, and somewhat greater than one for heavier nuclei We 
have also seen that with increasing mass number the internal energy 
decie.ises less and less rapidlv, owing to the increase of potential 
eneig\ corresponding to the electrosta{.ic repulsion between protons 
Fig 11 exhibits the general form of the internal energy surface as a 
tiinction of and The periodic irregularities (‘trenches’ ) 

on the surl.ice illustrate the fact, already referred to, that the internal 
eneigA of a nucleus of oven mass number is usually less than might 
be expected from .i consideration of the energies of neighbouring 
nuclei of odd mass number A heavy hne has been drawn on the 
surface this is the locus of the mimma of all sections of the surface 
by planes parallel to the E.N„/Np plane Such sections are all- 
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important m any consideration of jS-traiisformation, whilst the locus 
itself is evidently the border-hne between regions on the surface 
corresponding to the possibility of electron and positron disintegra- 
tion, respectively The condition (55) which detei mines the possi- 
bihty of spontaneous a-dismtegration requires that the point 
{E(N^, N„/Nj} be not below the point 

{E(N,-2,N^-2), A\+Nj~4, (N,~2)l(X^-2)} 

on the diagram by a distance greater than that corresponding to the 
binding energy of two neutrons and two protons m an ^-particle 

(27 9xl0®ev 44 6 X 10~® erg), 

measured on the same scale Due to the general flattening of the* 
energy-surface for heavier nuclei this condition will be fulfilled foi 
sufiflciently high values of Consequentlv on oiii schematic 

energy surface a second a-limiting line niiiy bo drawn to maik the 
boundary of the region characterized liy the possibility of cv-dis- 
integration, this region evidently lies to tlie right ol tlu‘ line The 
figure also shows the jiiojection of the ,0-linnting lint' on the 
N„-\- Np,N,JNj, plane The iioiuts jilotted in tins plane rcjiiosent 
nuclear species at present known, btahh* nuclei being lepicsentcd by 
full circles (•) and election .and position active mnlcif by open 
circles (o) and open squares (□), respectively It wall be evident on 
first inspection that the experimental e\ idence is m atcotil with the 
general shape of the inteinal energy surlacc Having icaclicd this 
conclusion we maj inquiic in gieatci detail into rcTtain matteis of 
interest 

Hitherto we have refened simply to the ‘internal energy surface 
and in so doing have somewhat obsi iind the import int lact that only 
integral values of have an> sigmlic.ince as belonging to real 

nuclei Thus only a limited number ol ])omts on the internal energy 
surface represent actual values ol nuclear energy ‘llie dotted line, 
separating those portions of the surlacc chaiacterized by electron 
and positron activity, respectively, passes between tliLHc points rather 
than through any large number of them We are thus led to extend 
our investigation and inquire how broad a region around this line 
may be characterized by stability of nuclei against jS-transformation, 

t The artificial production and the proportiea of unstable light nuclei are traated 
m greater detail in Chap X 

3A06 16 


O 
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either by electron or positron emission For the pomts corresponding 
to stable nuclei must obviously he in such a region To answer this 
question we consider in detail the energy curve for isobaric nuclei 
which IS obtained, as already mentioned, as the section of the internal 
energy surface by the appropriate plane parallel to E, NJNp, the 
plane = A This section is shown schematically m Fig 12, 

which 18 drawn for = 10 Again, rather than the section of a con- 
tinuous surface (giving a smooth 
curve), we consider a number of 
points which may be regarded as 
lying on two similar curves running 
approximately at a constant ver- 
tical separation These two curves 
refer to nuclei with odd and even 
atomic numbers, respectively, and 
their separate occurrence gives 
rise to a very interesting effect 
Although it may be impossible for 
a given nucleus to disintegrate 
with the emission of a single elec- 
tron (or positron) it appeals that 
sometimes such a nucleus may be 
unstable with lespect to the emis- 
sion of two electrons (or positrons) 
simultaneously Thus the trans- 
formation a -> b IS impossible, but lilie transformation a c, ener- 
getically permitted This second change involves the emission of two 
positions We shall see later however (Chap VII), that the process of 
simultaneous emission of two nuclear electrons (or positrons) possesses 
extremelv small probability (10“’^ year“^for = lOx 10“ e v ), 

so that it w ould easily escape detection In most cases For all practical 
purposes the stable nucleus represented by c and the ‘metastable’ 
nucleus lepresented by a would be equally devoid of any detectable 
radioactivity It may be that a considerable fraction of the nuclear 
species discovered by Aston is constituted of metastable nuclei As 
far as picscnt knowledge goes there occur 48 isobanc pairs and 3 
isobaric triplets among the ‘stable’ nuclei with mass-numbers 1 to 
209 In most of these cases one of the pair is very probably meta- 
stable in the sense here described a suggestion which is supported 


A/n 
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by the fact that the difference iii atomic number between the 
members of an isobaric jiair la, in all cases except two or three, 
equal to two units — a difference consistent with the possibility of the 
transformation of one nucleus into the other only by double electronic 
emission In tlie case of isobars differing only by one unit in atomic 
number we must conclude (according to w'hat w as said on p 40) cither 
that one of these nuclei is really unstable with a very long lifetime 
on account of the small energy of the emitted ^fl-particle or that both 
nuclei arc stable tins stability being ensured by the necessity of the 
emission of a neutrino wuth fimte mass Considerations in this direc- 
tion may lead to the setting of a lower limit to the mass of the 
hypothetical neutrino 

In the above (bscussion the conditions for the spontaneous emission 
of neutrons, protons, a-particles, and electrons from nut lei have 
been discussed in terms of the finite differenci's between internal 
energy values foi real nuclei integral) For jiurposes of calcu- 

lation we shall now substitute differential toeihcKuits for differences, 
as we may plausibly do when we remember that the a])pio\imate 
numerical cxpressioriH (42), (43) for internal energy, from which we 
sJiall start, arc applicable only wdien the number of constituent par- 
ticles in the nucleus is fairly large Then, instead of the expressions 
(53) to (57) Ave have 


for neutron disintegration, 


(58) 

for jiroton disintegration. 

SE ^ 

ON, ' 

(59) 

for a-disintegratiori, 

JbE bE\ 

(60) 

for electron disintegration. 

bE bE . 

(61) 

for positron dismtegi ation, 

LE bE , . 

bNl ^ 

(62) 


The last two conditions show us that the /S-stable nuclei are located 
between two close limits, and the central hnc of this region may be 
defined by the equation 

8E dE 

cN~W^ 


(63) 
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Using his numerical formula (42) for the binding energy Heisen- 
berg has given a graphical representation of the atabihty limits 
defined by the above formulae In Fig 13 the ot-dccay hmit and 
the central line of ^-stability are plotted in the NJNj^) 

coordinate system and may be compared with the points representing 
known stable and unstable nuclei It will be seen that the calculated 
curves give a good representation of the general positions of a- and 
/9-liniits although they are shifted relative to the real hmits If 
we plot in this diagram the hmits calculated from Nukabayasi’s 



formula (43) we again obtain results wluch are good qualitatively 
blit bud quantitatively This shows that calculations based on the 
nbn\e statistical method, though sufficiently accurate to repre- 
sent the general change of binding energies, are too rough to 
lepreseiit in detail the delicate energy balance of nuclear trans- 
formations 

Our gi'iieral picture may' be somewhat improved by the following 
considerations First of all the a-stability limit shown in Fig 13 
rcpiesenl'. the ch vision between nuclei which are absolutely stable 
against a-dismtegration and those possessing the energetical possi- 
bility of disintegration with arbitrardy' small release of energy Such 
nuclei, however w'ould be characterized by extremely long lifetimes 
(sec t'luip V) being mdistingiiiahable experimentally from stable 
nuclei If we assume that ot-chsintegration cannot be estahhshed 
with certainty if the corresponding half-value period is greater than, 
for example, 100 tunes the effective half-value period for Samarium 
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we must conclude that the empirical a-stabihty limit will correspond 
to a positive energy balance, being shifted with respect to the true 
stability limit in the direction of increasing mass -number A similar 
consideration may be applied to the hunts of ^-stabihty with the 
result that the band representing the stable region wall become 
Shghtly broader Assuming, for example, that a /3-active species 
with half-value period longer than 100 times that of potassium will 
empirically be considered as stable, we must conclude tliat the 
empirical ^-stability hinits will be sliiftcd upwards for c -emission 
and downwards for a-cmission Since this etJect is much smaller 
than the broadening corresponding to mctastnbility (p 42), how- 
ever, it IS of no great impoitance in actual fact Finally, calculating 
the location of the limits for the spontaneous emi''Sion of neutions 
and protons ((o8) and (59)), we hnd that they are loc.ited far out from 
the regions of a- and )3-stabilitv (the neution liiiut being rejirescuted 
by a line located far above the diagram of Fig 1 !! and the proton limit 
fai below), so that we can haidly hojie to obscive elements showing 
such spontaneous emission 

4. Nuclear shells and periodic properties 

We have seen, in the previous sections, that statistical treatment 
of nuclear structure gives ns a very hatistactory deseiiption of the 
general laws governing the system ol difleient nuclei The next 
step in the survey must he a more detailed investigation of the con- 
ditions obtaining m eacli given iiutlc u^, and, in jiaitieular, a detailed 
study of the distribution of nMclear neutrons and jiiotoiis between 
different quantum-levels iti tlie iuick 'I'l Here we may expect the 
formation of saturated shclK, with tlie appearance of certain periodi- 
cities in the run of nuclear radii, bi'idiiig energies, etc , with the 
mass-number In light nuclei, as we have already mentioned, the 
piotential distribution has tlie sli.ipe of ,i smooth hole and tlie motion 
of nuclear neutrons and jiioton.s may' be ajiproximated to by re- 
placing these particles by harmonic o.scillatois, as was done by 
Heisenberg in calculations referred to above f As we have seen, in 
this case w'e should expect to haae saiurated .shells in 2 He'*, and 
joCa^o, might look for certain uregul antics of the binding- 

energy curve in these points However, a consideration of this 
portion of the mass-defect curve show's that we cannot as yet form 

j loc cit 30 
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any definite conclusions as to the correctness of this hypothesis 
For heavier nuclei it seems most reasonable to accept the distribu- 
tion of ])otential represented by a ‘rectangular’ hole (f7 = C/q 
r < rg, f/ — 0 for r > r^) In this case the solutions of the wave 
equation may be expressed in terms of Bessel functions, and so may 
be evaluated from the ordinary tables With reference to spherical 

polar coordinates (r, 9, tj)) the solutions 
may be written 

(64) 

Pi denoting, as before a spherical 
harmonic of order I The condition 
i/i(r(,) = 0, rg being the nuclear radius, 
then fixes a set of discrete E values 
winch determine the different quan- 
tum states of the nucleus These are 
represented on an arbitrary scale in 
Fig 14 Using the ordinary notation 
(total and azimuthal quantum num- 
bers) the sequence of these energy levels 
18 lo> 2i, Sj, 2g, dj, 3^, 5^, 4 ^, 65 , 3g, f 
An attempt has been made by El- 
sasserl to develop a nuclear model by 
the ])rocessca of filling up tliese levels with neutrons and protons, 
without regard to the possible formation of a-shells as units of 
sti iietuie This attempt was based on the well-known result that 
the ni.i Milium number of particles (neutrons or protons) which may 
be aeeonimodated, 111 a level of azimuthal quantum number Z, is 
2(21-1 1) 11 these coiisidciations are applicable also to fighter nuclei 
the nuiiibeis of particles of each kind in the first three completed 
levels me 2, ti, and 10, respectively On this assumption the nuclei 
iHc* ,,0'® and jjA®® leprcsent systems with saturated shells It is 
impoitant at this stage to inquire whether there is any further 
eiidencc on this point are we justified in assuming the existence of 

f Till'. iiriU'r (li'ppiuL'i upon the form of the potential function chosen For actual 
nuclei it IS to be i \pcUod therefore, that a dtfforont sequence may hold, especially 
lor httfher qiuiiiliini ruimhers 

f W M Llsaasor, J ih Thys 4 (1933), 549 
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a-particles as individual particles within the nuclear structure May 
we reasonably modify Heisenberg’s neutron-proton model, already 
discussed, and consider the nucleus as built up from a-particles, 
neutrons, and protons, or — expressing the question in its equivalent 
mathematical form — is it possible to represent the wave function 
describing a complex nucleus (A = 4«), as composed of the wave 
function for the centres of mass of a-particles, together with the 
wave functions representing the internal structure of each a- 
p article'^ 

To answer this question it is nccessaiy to investigate the stability 
of the a-particle when exposed to the action of the forces existing 
in the nucleus This problem was eonsidcied by Ehieiifest and 
Oppenheimer, who showed that the existence of individual a-jiarticles 
in the nucleus is dependent upon the individual a-particle possessing 
an energy of binding which is large compelled vith the energy corre- 
sponding to the forces ol interaction between ix-pai tides According 
to this criterion it is to bo expected that ti-piirticles in fact exist as 
such m complex nuclei, since, even m the case ot the nucleus 
the total energy of binding, regarded as liolding foiii it-[)ui ticler. 
together, is only 12 7x10® cv whuh is to be eonqiared with 
27 9 X 10® e V for the energy of binding of luiitrons and jiiotons m 
an a-particle However, the above gi\eii criteiioii is lia .ed on the 
assumption that the elementary units Iroiii whuh mu lei are built 
interact with each other by means ol centi.d lorces ol home kind, it 
will not hold if these forces arc of the type ol valency lorces, showing 
the phenomena of saturation* In so far us the lorces Indween 
neutrons and protons most probably Ik long to this class, it is very 
important to work out the criterion for this spLCial tasc also 'I'his 
has been done by Elsasser "f 

Elsasser shows that with forces exhibiting saturation jihenoinena 
the criterion for the individual i xistencc ol n-jiailiclcs is that the 
radius of the a-particle shall be small compaied w'ltli the average 
chstance between these particles in the nucleus J Now the radius ol 
the a-particle is about 0 3 X 10- cm (see Chap IX) and the average 
distance between the a-particles in a nucleus ot the older of 0 3 X 1 0“^® 
cm We must thus conclude that, aecoriliiig to this criterion, a- 

■f W M Elsaaaorp J de- Phys 5 (1934), 71 

t This entenon automatically goes over into the first if the number of valencies 
between constituent particles becomes very Large 



49 NUCLEAR BINDING ENERGY Chap II, § 4 

particles do not exist as individual constituent parts of complex 
nuclei 

Yet these considerations do not prevent us from retaining the 
notion of a-shells (each formed of a saturated group of two neutrons 
and two protons) m the same way as we speak of the electromc shells 
in the outer atom For we have already noted the periodicity m 
nuclear binding energies w'luch is most simply explained in this way 
— and this general point of view is important m explaining the mam 
facts concermng ^-stabihty If we adopt this viewpoint then, we 
should employ the above discussed quantum levels only for the 
neutrons which are not constituents of saturated a-shells Then the 
formation of complete neutromc shells will not tak place until the 
heavier nuclei arc reached (A > 2Z), and the change in A necessary 
for the completion of a new shell will be considerably greater than 
.iccording to the former system 

Those considerations make it an intoiesting study to examine the 
systcmatics of the existing stable nuclei with a view to finding such 
anomalies as would inchcate the formation of new saturated units 
of nuclear stiuctuie This question was first investigated by Beckf 
from the point of view of the original proton-electron model of the 
nucleus J Beck plotted the number of nuclear electrons against the 
mass-iiiimbei and was able to point out certain chscontinuities in 
the distiilmtion of jioints corresponding to the known nuclei More 
recent investigations in this direction are due to Lande, who, on the 
basis of tlie neutron-proton model, investigated periodicity in nuclear 
structure |1 The investigation was carried further by Gamow,')‘t who 
brought it into connexion with the general stability rules, and in 
this wav was able to explain certain anomalies iii the energies of 
(^-disintegration amongst the radioactive elements The latter argu- 
ment mnv be devclojied ns follows 

In § J of this chapter the general shape of the nuclear energy surface 
(mdej)eiident variables and has already been dis- 

cussed, and the locus of the iniiuma for cross-sections of the surface 
by planes at light angles to the axis of has been accepted as 

the central line of the region corresponding to nuclei stable as against 

+ (i link, Zs / I‘l, ys 47 (1928), 407, 50(1928), 548, 61 (1930), 615 
J Eriim rttthpr a ilifTprrnt etandpoint a somewhat similar investigation had pre- 
V imislj Ikx'ii made bv Harkins 

11 A Lond^, rhy8 Hev 43 (1933), 620 
tt G Gomow, Zs f Phya 89 (1934), 692 
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j9-diaintpgration We may map out the position of this mininium 
linet empirically, within quite narrow limita, by a consideration of 
the occurrence of isobanc pairs, as follows The nunimiim line in 
question must obvioiisl\ pass between eacli pair of points in the 
energy (bagrani which corresponds to two stable nuclei possessing 
the same value of (A’l-j-Aj,) When the plniie A contains 

only one point tlio miniinuin is less exactly fixed, but even hero it 
may be considered to lie between points neighbouring the existing 



point on either side and cuiresjiDii nog to those (iiiistabli-) nuclei 
which would tran^toiiii into the known iiucleu'- li\ eh i Iron or jkihi- 
tron einisbion 'riie veiticul lines in bigs lo mid Ihi join jiiiirs of 
jioints on an diagiain winch coiiisjumd either to 

stable|] isobaiic jiairs oi to pairs of unknown and hv putlietically un- 
stable nuclei which niaj' be regaidcd as jotniiiig isobanc triplets with 
known nuclei of the ajjpropnalc value Thesi vertical lines con- 
stitute the gates’ directing the ( ours(> of the niiniinum line It is 
evident from their disposition tfiat it is imjiossihlc to draw a curve 
which interscctft them all and at the same time “hows increasing 

t More e’vactly, of its projot tKin upon th< r piano 

J Drawn separately for nucloi wnh evon aiifl u(Ul rruissoH 

II Woare t oncempti at present with ^ stability only, radioactive nuclei emitting 
a particles must therefore here bo t onsiderr il st able’ 

JSQS IH 


u 
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monotoiucally with The minimuin line which has been 

drawn in the figure shows clearly the eiastence both of ascending and 
of descending portions in its length This periodicity we assume to 
arise in a fundamental periodicity characteristic of the structure of 
the heavy nuclei New periods appear to begin for mass-numbers 
90-100, 140-50 (around Samarium), and 220-30 (the region of the 
radioactive elements) | Others are suggested in less certain places 
We may notice here that the plots made separately for nuclei of 
even and odd mass-number show much the same pecuhanties 



It 18 easy to see that the fluctuating form of the raimmum curve 
will be reflected in the energy-balance shown in certain nuclear 
reactions Let us consider in some detail the region of radioEictive 
elements The process of a-disintegration results in a decrease in 
and an increase in N„/Np (already greater than umty) This 
effect IS shown by the arrow in the figure It will be seen that the 
mimmum curve in place.s is parallel to this arrow and m other places 
almost at right angles to it The amount of energy released m 
ot-disintegration will therefore depend markedly upon the position 
with respect to the minimum bne of the point representing the 
mitial nucleus in the figure If we consider as normal those trans- 

■f A sharp mmimuin noar A — 200 may not be real, but due to our ignorance 
about the isotopic constitution of Ft (G Racah, Zn / Phys 93 (1035), 704) 
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formations m which the nuclear reference point moves roughly 
parallel to the minimum hne, we may expect anomalous disintegra- 
tions in which the energy-release is either greater than normal, or, 
sometimes, less than normal In the former case the imtial point has 
been below the hne, m the latter above it On this basis the strange 
fact that the C' bodies in all three series show the largest energy of 
a-disintegration, although they are only just outside the a-stability 
hmit, may be easily understood In Figs 15 and 16 the points 
representing ThC', RaC', and AcC' are located in just such positions 
that they move, following ^-transformations, down tow'ards the 
bottom of the ‘valley’ as defined by the mimmum line On the other 
hand, the points representing the lead isotopes are most probably 
situated so near the bottom of the valley already as to be perfectly 
stable as against a-disintegration The point ‘RaF’ (Po), although 
it falls near the same ascending portion of the mimmum hne as does 
■RaC", IS so near the beginmng of that portion as to be moved, 
following d-transformation, parallel to the adjacent (descending) 
portion of the line Polonium, as is well known, enuts a-particles of 
much smaller energy than docs RaC' In hkc manner the points 
representing the a-activc elements of the three mam sequences, 
lo to RaA, etc , arc sufficiently close to a descending portion of the 
minimum curve for the disintegration energies m these sequences to 
follow a jicrfectly regular order In order to explain the low energies 
of disintegration cliaractciistic ot thorium, uranium, and proto- 
actinium we must suppose that the corresponding points are located 
near the bottom of the energy •valley’, otherwise the fact that these 
elements are rather fur removed from the a-stabihtv linut would 
speak for a high disintegration energy 

Samanum, again, forms an interesting illustration of the use of 
the energy surface m detcrrnimng stability and instability of nuclei 
It will be seen from Figs 15 and 16 that the Samarium isotopes are 
represented by points in such a region of the diagram that a consider- 
able energy anomaly is to be expected which may even make 
spontaneous a-dismtegration possible for a certain nucleus or nuclei, 
although all neighbouring nuclei are perfectly stable in tlus respect 
This is a striking result in view' of the estabhshed «-activity of one 
at least of the isotopes of Samarium Thus we see that even the 
simple study of the relative numbers of neutions and protons m 
different nuclei allows us to reach rather interesting conclusions 
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concerning nuclear structure and at the same time permits us to 
explain certain anomahes of behaviour which must almost certamly be 
connected with the completion of saturated shells in the nucleus at 
various stages m its synthesis One may hope that further investiga- 
tions along these hnes will add considerably to our understanding of 
more detailed problems of structure Much has already been done, 
with rather overlapping results, by Bartlett, Gapon, Ivanenko, 
Elsasser, Guggenheim, and others, it is not referred to in detail here 
because the author was never able m studying these articles to 
remember the beginmng when he was reading the end 

Periodicity in nuclear structure must obviously be reflected in the 
curve of binding energy against mass-number, in much the same way 
as extranuclear periodicity is revealed by the energy curves of Bohr 
and Coster, but unfortunately Aston’s results, here, are still unequal 
to the demands which would be placed upon them by such an 
apphcation Actually, an attempt was made by Landef to get 
certain information concermng the jicriodic proiierties of nuclear 
structure from the empincal mass-defect curve How'cver, due to the 
above-mentioned uncertainty in experimental values, no definite 
conclusions can be drawn from the curves plotted by him 


I A Lando, 1 c. 
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SPINS AND MAGNETIC MOMENTS OP NUCLEI 

1 . The determination of the mechanical and magnetic 
moments of nuclei 

The suggestion that atomic nuclei must be regarded as possessing 
both mechanical and magnetic spin moments was made first by Pauli 
in an attempt to explain the phenomenon of ‘hyperfine structure’ of 
spectral hnes The formal explanation m terms of the splitting of 
electromc energy-levels was thus grounded in the physical result 
that magnetic interaction between such a nucleus and the extra- 
nuclear electrons necessarily gives nse to different possible orienta- 
tions of orbital angular momentum with respect to nuclear spm, and 
endows these separate atomic configurations with slightly different 
energies From this point of view the very small separations found 
expenmentallv in the normal hj^ierfine structure patterns were to be 
explained by the smallness of nuclear magnetic moments compared 
with the Bohr magneton (p, = ehjlmi) — the magnetic spm moment 
of the electron Nowadays it is general to express nuclear magnetic 
moments ui terms of nuclear magnetons = thjlMc), here M is 
the mass of the elonieiitary heavy particle However, as we shall 
see later, p„„(. is not equal to the magnetic moment of the proton, 
which is about three times larger The mechanical moment (angular 
momentum, or — more loosely — ‘spin’) of a nucleus, as of any atomic 
system, IS expressed in terms of the usual quantum umt h = }ij2v 
In favourable cases the nuclear spin may be directly determined 
from the number of components in the hyperfine structure pattern 
For, let j quantum umts be the total angular momentum of the 
atomic electron configuration (compounded of orbital momentum and 
electron spm) and i be the angular momentum of the nucleus in the 
same units Then the resultant angular momentum J will have 
different values corresponding to the different possible relative 
orientations of the vectors j and i Applying the rules of addition of 
quantum vectors we see that /may take the values 

/o=J + *. + /*. 0>*) \ 

/o = »+J. /i = »+i-l. . f 2 j = *-J > 

BO that, on account of the nuclear spm, each simple energy-level will 
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split into 2i+l or sub-levels according i or % The 
relative separations of these sub-levels may also be calculated if it 
be assumed that the additional energy due to the magnetic inter- 
action of the nuclear and electromc angular momenta is proportional 
to the scalar product of nuclear spin and orbital momentum, i e 
proportional to cos(i,j) Simple calculations show that the relative 
energy-differences between neighbouring hyperfine structure levels 
are given by the ratios 

fa fi Ji fii-i 0 ^ I , 2 ) 

fa fi fi fij-i ^ J ) ' 

/, being defined b}’ the equations (1) This is the so-called mterval 

rule first proposed by Lande f 

A shghtly different method of detennimng nuclear spin depends 
upon the utihzation of the Paschen-Back effect which takes place 
when very intense magnetic fields are employed Then the ordinary 
Zeeman aphtting of spectral lines is so modified that each component 
of the normal pattern is resolved into 2?-f-l equally spaced com- 
ponents, the observation of which gives i directly, without any jmor 
knowledge of the angular momenta of atomic electrons The Paschen- 
Back effect occurs when the apphed field is able to overcome the mag- 
netic interaction between nucleus and electron shells so that i and_^ 
are independently orientated m the field In practice, how ever, it has 
been found difficult to realize this condition in more than a few cases 

The determination of nuclear magnetic moment, m addition to 
spm, should also be possible from f further analysis of hyporfliie 
structure data For absolute values of the separations of sub-levels 
m the atomic-energy diagram must obviously depend upon the value 
of the magnetic moment of the nucleus, or, more exactly, upon the 
projection of this moment along the spin axis of the nucleus Hitherto 
the chief difficulties m such a determination have been theoretical 
rather than experimental General perturbation theory shows that 
the additional energy of an extranuclear electron due to the magnetic 

t As an example of the application ol thoae rosuIlB we gi\o here tlin analyniH of the 
hyperfine atnicturo of Pr, for which the energy level ‘K^, torpctiponding to i = 7, la 
ahown to bo aphb into aix components with relative energy -diflorcni es 19 0, 16 7, 
14 4, 12 7. 10 4 As the number of aiib-levola is leas tlrnn 2j-(- I (=. 15) wo com lude 
that in this case i < ji. and the relation 2i-)-l = 6 gives directly i = j For thoae 
values of i and j the relative aeparationa predicted by (2) become 

19 17 16 13 • 11, 

ID good agreement with the observed values 
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moment of the nucleus is given by 

AE = (3) 

for an <S-term {I = 0), and 

= J^jM./^„c?W[/(/+l)-*(t+l)-j(j+l)] J ^ doj, (3') 

for higher terms {I > 0) Here l,j, i, and / are the quantum numbers 
specifying, respectively, the orbital and total angular momenta 
of the electron, the mechanical spin moment of the nucleus, and the 
resultant of this moment with the total angular momentum of the 
electron For different sub-levels / takes different values according 
to (1) Here, also, i g(t) nuclear magnetons is the effective magnetic 
moment of the nucleus, and 'F the wave function for the spectral 
term m question The difficulties which have been mentioned con- 
cern the evaluation of T For atoms with more than one electron 
the appropnate wave functions cannot l>e written down m an ana- 
lytical form , they must be calculated either by the statistical method 
of Thomas and Femii or by the more exact method of self-consistent 
wave solutions, due to Hartree In either case, since the formulae (3), 
(3') are very sensitive to small changes m T, the final values for g(t), 
obtained by applying these formulae to the experimental data, may 
be rather inaccurate 

Nuclear spin, as distinct from nuclear magnetic moment, may 
sometimes be deduced from an examination of the band spectra of 
certain molecules For a homonuclear liiitomic molecule two possi- 
bilities exist the wave-functioiiEwnay be symmetric or antisymmetric 
in two nuclear spins Since however, the tuo possibihties may each 
be realized in several w ays, in general different statistical \i eights must 
be assigned to the two molecular ti’pos Simple considerations show 
that the ratio of the statistical w'eights is given by the relation 


^^antl ^ 


(4) 


where t represents the nuclear spui, as before Consequently, smee 
transitions mvolving change of molecular t 3 rpe do not normally occur, 
corresponding electronic bands in the spectra of such elementary 
substances must also show this general ratio of mtensities In actual 
fact, corresponding bands overlap to the extent of forimng a single- 
band system of which consecutive hues belong, alternately, first to 
one type of molecule and then to the other Hence neighbounng 
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lines m the (rotational) structure of the band must be governed by 
the intensity relation (4), and it becomes possible to determine t 
from the measured ratio of bne intensity Since, however, this 
measurement cannot be earned out with very high accuracy, the 
method can only be apphed satisfactorily when the nuclear spin is 
small Otherwise equation (4) shows that the difference in intensity 
of neighbouring hnes is not very considerable From a further 
analysis of the band spectrum it is also possible to determine whether 
or not the wave solution corresponding to parallel nuclear spins is also 
symmetrical m the space coordinates of the nuclei, that is, whether 
the quantum statistics of Bose-Einstein or those of Fermi-Dirac apply 
Since nuclear spin is important m any consideration of the mter- 
action between identical particles it should be possible to draw con- 
clusions regarding its magnitude from a complete analysis of the 
data refemng to the scattenng, when two such particles are involved 
(see Chapter IX) 

The direct detemunation of the magnetic moment associated with 
an atomic system was first successfully earned out by Stern and 
Gerlach, who measured the deviation of a beam of neutral atoms in 
passmg through an inhomogeneous magnetic field In this way they 
deduced the resultant moments for the atoms in question Stern and 
his collaborators! have since apphed the same method to the deter- 
mmation of the magnetic moments of proton and deuteron Much 
more refined measurements were, of course, necessary here, since 
the nuclear moments are roughly a thousand times smaller than 
the atomic moments A slightly difi^crent method has Ix'on worked 
out by Rabij and used for a number of elements Inhomogeneous 
magnetic fields are again employed, but whereas, for proton and 
deuteron moment Stem employed molecular hydrogen, in Kabi's 
method atomic beams are always used. The data obtained by 
different methods are collected m Table C || 

2. Spin and magnetic moment In relation to the nuclear 
model 

In so far as nuclei are regarded as built up from neutrons and pro- 
tons it IS most important, for present considerations, to know the 

t O. stem and R Fnah, Za J Phya 85 (1D33), 4, O Stem and I. Estemiann, 
ibid 86 (1933), 132 

t J Rabi, J Kellogg, and J Zacbanaa. Phya Rav 46 (1934), 167 
II At the end of the book 
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spin moments charaotenstic of these elementary particles The 
mechanical moment of the proton was first deternuned from observa- 
tions of the alternation of mtensity in the band sjiectnim of the 
hydrogen molecule. The value found, ^ quantum umt, is that to be 
expected for an elementary rotator The neutron spm, on the other 
hand, has not so far been directly determmed, but, from the fact that 
the deuteron (consistmg of one proton and one neutron) has a 
mechamcal moment of one unit, it must be assumed that that of the 
neutron is half-mtegral , and the simplest assumption is to assign to 
the neutron, also, the quantum number i = ^ This assumption, how- 
ever, that the nuclear spins of both neutron and proton are half-mtegral 
(and, in particular, each equal to J quantum umt), is in open contra- 
diction with the pnnciple of the conservation of angular momentum 
in the process of ^-dismtegration, if ongmal notions be retamed. 
Thus, considenng either of the elementary reactions n->p+c, 
p n+9, the total angular momentum of the resultants will be 
compounded from the half-integral momentum of the heavy particle 
(p or n), the half-integral momentum of the electron (e or a), and the 
integral orbital momentum of relative motion of the two particles 
The latter quantity, as is well known, is necessarily integral in terms 
of the quantum umt The total angular momentum must, therefore, 
also be mtegral m terms of this umt. The angular momentum of 
the origmal particle is, however, half-integral, so that an amount of 
angular momentum represented by a half-integer has been lost (or 
gamed) in the process This difficult} is quite general and apphes 
to all coses in which there is Spontaneous emission of an electron 
from a nucleus For it is obnous from Table C that, for all elements 
which have been investigated, the nuclear .spin is mtegral or half- 
mtegral according as the nuclear mass-number is even or odd Now 
the process of jS-dismtegration does not produce any change m the 
mass-number of the nucleus , the above experimental result, therefore, 
signifies that the change in nuclear spin between mitial and final 
nuclei must be an mtegral number of quantum umts The mechanical 
moment of the emitted electron (or positron) and the relative orbital 
motion m the final system together ewjcount for a half-mtegral com- 
ponent As before, there is a failure to balance initial and final values 
— and a discrepancy half-mtegral in amount. 

f Thu result in itself is clearly favourable to the h 3 rpotheeis that all nuclei are 
constituted of protons and neutronsp each particle with half'integral spin. 

uu.is I 
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This non-conservation of angular momentum in the process of 
jS-dismtegration, together with the non-conservation of energy, which 
will be discussed in detad m Chapter VII, represents the mam puzzle 
in the problem of the emission of electrons from nuclei As will be 
evident later, two different hypotheses have been proposed in an 
effort to explain the facta According to Bohr, the prmciple of con- 
servation of energy, established for those processes which can be 
satisfactorily described by classical or wave mechanics, is no longer 
vahd for transformation phenomena occurring between elementary 
particles and must be discarded in any future theory of these 
phenomena Another point of view is expressed by Pauh, who bases 
his explanation on the existence of particles of a new kmd, neutrmos, 
particles devoid of charge and possessing very small mass He 
supposes that these particles arc enutted along with the electrons m 
j3-dismtegration in such circumstances as to carry away the ‘missing’ 
energy and the balance of the angular momentum For the latter 
purpose it is, of course, necessary to endow the neutrino with a half- 
mtegral mechamcal moment (most simply, I quantum unit) This 
whole question will be treated fully m the chapter dealing with 
)3-disintegration, for the present the above brief mention must suflSce. 

Before the magnetic moment of the proton was determmed exxieri- 
mentally it was general to assume that its value would prove to be 
1/1840 of that of the electron f This expectation was based on the 
assumption that the proton could be described, as the electron was 
satisfactorily described, in terms of Dirac’s theory of the elementary 
charged particle. According to thi^ theory the magnetic moment 
of an elementary particle is inversely proportional to its moss 
However, the expenments of Stern, Estermann, and Frisch and 
of Rabi, Kellogg, and ZachanasJ demonstrated without doubt that 
the magnetic moment of the proton was actually nearly throe times 
greater than was expected || This was very surpnsmg until it was 
pomted out by Bohr that the proton did not satisfy all the condi- 
tions necessary for an elementary particle in Dirac’s theory. Bohr 
showed that for the purposes of the theory a particle may be con- 
sidered as elementary only when its real radius is small compared 
with the critical length I = hjinc, where m is the mass of the particle 
in question This condition is always fulfilled if the radius of the 

t 1/1810 la the inverse ratio of the maasoe J Soo roferoncea on p, flfl 

J| Moat recent value M, = 2 0/laac 
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particle is given on the classical assumption of pure electromagnetic 
mass, for then, to an order of magnitude, 

r — e^jmc^ and rjl = e®//tc = 7 3 X 10~®, 

which IS certainly small compared with umty Actually, the idea 
of pure electromagnetic mass is not generally held at the present 
time,t b'lt in the case of the electron, at least, it is almost impossible 
that it should give a value of the radius several hundred times 
larger, for m such a case it would be as large as the volume occupied 
by the K orbits in heavy atoms Here no disturbance due to the 
finite size of the electron has ever been observed The situation is 
rather different in the case of the proton The critical length now is 
already an order of magmtude smaller than the nuclear radius, being 
2 1x10“^* era., moreover, in the case of the proton, there is good 
reason to suppose that the real radius is very much greater than the 
classical radius (l-.l x cm ) It has already been shown that the 
stability of the nucleus can only be secured on the basis of a structure 
formed of constituent particles interacting only at short distances 
(effective radius) Some idea ol the effective radius of the proton 
may obviously lx? obtained on tins supposition In the uranium 
nucleus there are 238 particles (neutrons and protons) withm a 
sphere of radius — 0 9 * 10“*- cm , we must theretoro assign the 
range of action ~ 0 15x 10“** cm to the individual particles This 
13 greater than the above defined critical length for the case of the 
proton A closely siimlar value is given by the results of experiments 
concerning the scattering of neutrons in hydrogen (see Chap IX) At 
this distance, these cxiicnmcnts show, strong attraction between the 
two particles begins In just one icspect, however, each of these 
estimates loaves sometliing to be desired, since the sum of the radii of 
neution and jirotoii is obtained directly, rather than the radius of 
cither separately The recent experiments on scattermg of protons 
in hydrogen (sec Chap IX) definitely show that the radius of the 
proton 18 of the order of magnitude 10 *® cm In that case Bohr's 
criterion for the applicabihty of Dirac’s theory defimtely returns 
a negative answer in respect of tlie proton, rjl is not leas than umty 
and the proton camiot be regarded as an elementary particle for the 
purposes of the theory 

One 13 naturally led to inquire what equations should be used for 


It self -evidently false for the neutron 
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the relativistic quantum description of the motion of the proton, if 
Dirac’s equations fail m this case For one remembers that Dirac’s 
equations constitute the only mathematically possible wave equa- 
tions for a particle which are consistent with the principle of rela- 
tivity (p 5) It seems that the most plausible way of avoiding this 
paradoxical situation is by the assumption that the conditions never 
actually anse m which a relativistic treatment of the motion of the 
proton 18 required. In order that such a quantum -mechamcal treat- 
ment IS necessary to describe the motion of a material particle, the 
particle m question must be situated in an extremely mtense field of 
force, and it is not unlikely that under these conditions the trans- 
formation of a proton into a neutron and a positron (and the corre- 
sponding dismtegration of the neutron) takes place so frequently that 
there is no longer any physical sense m referring to the motion of a 
single particle Inside atomic nuclei the velocities of protons and 
neutrons are stdl small compared with the velocity of light (Chap II) 
and in most cases it is suflScient to apply the ordinary SchrOdinger’s 
wave equation to the problem of their motion On the other hand, 
it seems probable that the phenomena of jS-emission are in some way 
to be ascnbed to the fact that the velocity of the proton (or neutron) 
18 not vamshingly small compared with the velocity of light, in this 
case they will need for their explanation relativistic quantum equa- 
tions m terms of which the behaviour (motion and transformations) 
of heavy elementarj' particles may be described 

The magnetic moment of the neutron, hke the corresponding 
angular momentum, has not been measured directly, and it is obvious 
that its determination wuU present serious difficulties from the 
experimental pomt of view However, an attempt has been made 
by Schuler to form an estimate of its magmtude from a consideration 
of the magnetic moments of proton and deuteron Stem and Ester- 
mann and Rabi, Kellogg, and Zaebanas have shown that the mag- 
netic moment of the deuteron is only about one nuclear magneton j" 
If neutron and proton in the composite nucleus jH* have zero orbital 
momentum, then obviously the magnetic moment of the neutron 
must equal the difference between the magnetic moments of deuteron 
and proton, that is about — 2 nuclear magnetons. { This is the con- 

t Most recent value fij = 0 

f The negative aign mdicatea that the axes of apiu and magnetic moment are 
oppositely directed 
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elusion arrived at by Schuler On the same assumption the nuclear 
spin of the deuteron, 1 unit, is regarded as the resultant of the equal 
and parallel spins of neutron and proton, and the fundamental state 
of the nucleus is an iS state (orbital angular momentum zero). This 
IB in Ime with the general theorem in wave mechames that the funda- 
mental state of any system of two particles, actmg upon one another 
with central forces, is always an S state, but, on the other hand, the 
vahdity of this general result can be seriously questioned in so far 
as the deuteron is concerned For it must not be forgotten that the 
radn of the interacting particles, m this case, are of the same order 
as their distance apart, so that the particles may even penetrate mto 
one another's structure t If the mtemal structure and the laws of 
interaction of proton and neutron cannot satisfactorily be described 
in terms of the equations of wave meebames, the appheabihty of the 
above-mentioned theorem is immediately suspect Moreover, if this 
theorem is not vahd for the deuteron, then for any nucleus con- 
stituted of protons and neutrons the fundamental state may be 
charactenzed by an azimuthal quantum number different from zero 
(j ^ 0) For the deuteron two other possible assumptions would 
ascribe the resultant angular momentum to the combinations 
+ (i“ state) or — 1--- {L> state) In these two cases a 

magnetic moment would be associated with the orbital momentum 
(1 umt or 2 amts, as tlie case may be) and until its contribution was 
known no certain conclusion could be drawn from the data in 
question Up to the present no trustworthy method of calculatmg 
the magnetic moment associated with such orbital momentum has 
been developed, the ordinary simple n lation between these two 
quantities being certainly iiivabd for the nucleus In fact we may 
apply the K'lation (magnetic nioment)/(inechanical moment) = ej2mX 
only when the radius of (lie oibit is large compared wnth the radius 
of the particle, a condition which is evidently not fulfilled for the 
proton in tlie nucleus For the isolated proton, rotatmg about its 
own axis, (magnetic moineiit)/(mechamcal moment) ~ 6e/2m, the 
proton 18 then said to be charactenzed by a g\iomagnetic ratio of 
about 6 For a proton m the nucleus it is to be expected that 
the appropnate value for tlua ratio wall lie somewhere between 6 

t Rouglily apeakmg ono may aa} fiiBt thB rfttliua of the firat .5 orbit may be amaller 
than the aum of the radii of the particles in question, so that thia S atato will he 
excluded from purely 'geometneal' reasons 

I e and tn are, respeotively, the oharige and mass of the particle m question 
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and 1 The precise value must depend, amongst other things, on 
the relative sizes of orbit and particle, m each case As an extreme 
instance we may consider the two protons m a hydrogen molecule, 
where the separation is very large indeed compared with the radius 
of the proton For this system the gyromagnetic ratio is 1 , as might 
be expected f 

In the absence of a complete theory of the elementary heavy 
particle it is obvious that deductions from observed values of nuclear 
magnetic moments must be made with the greatest caution. Thus, 
on the basis of a Z) state for the deuteron and a gyromagnetic 
ratio of about 2 for the proton, it is possible to account for the 
magnetic moment of whilst assigmng zero magnetic moment to 
the neutron 

3. Isotope displacement and nuclear radii 

In addition to magnetic h^’perfine structure there is another effect 
of the nucleus on the energy-levels of atomic electrons which is of 
some importance This is the so-called isotojic displacement of 
spectral hnes which was first observed by Schuler for several lines 
m the spectrum of thallium^ and has since bwn shown to be a 
phenomenon of fairly frequent occurrence with the heavier elements 
It consists in a rather small displacement separating the lines due to 
the different isotopes of the element under investigation Obviously 
the various components of this isotopic hyperfine structure have 
intensities proportional to the relative abundances of the correspond - 
mg nuclear species in the mixed element They may or may not 
exhibit magnetic hyperfine structure also, and when, as is often the 
case, different components show different degrees of structure, a very 
compheated pattern may result 

As a characteristic example of this phenomenon we mav consider 
the structure of the mercury green line, A = 5,401 A U , which is 
due to the transition 6 ->■ 7 || This structure is shown in 

Fig 17 with intensities of the various components indicaU'd by 
the lengths of the Imes. According to the analysis of Schuler, the 
components /, g, k, and I must be ascribed to the isotojies of even 

t For the system neutron-proton at separation the gyromoguotic ratio w ould 

be expected to be 0 6, since only one of the particles is charged, 

J H Schuler and J Keyston, Z« / Fhy 70 (1931), 1. 

II H Schuler. J Keyston, and E Jones, ibid 73 (1931), 423, 74 (1932), 631 
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moss-number, soHg*®®, aoHg*®*, and goHg®“, which presumably 

possess no spin (i = 0) since they give nse to single Imes, whilst 
ggHg^** IS responsible for the three components c, k, and p and 
^Hg“i for the eight components a, b, d, e, f, m, n, and o The 
nuclear spins of these species with odd mass-number have been 
shown to be given by i = ^ and i = |, respectively Fig. 17 shows 
the components due to the even-numbered isotopes together with 





I'lO 17 


the ‘centres of gravity’’ of tho^ due to the odd-numbered species. 
The total intensities in tlie corresponding hypertine structure pat- 
terns arc rcjiresentcd in this figure We see that the relative in- 
tensities due to the different components arrived at in this way, 
12 11 27 10 32 8 (jicr cent of the total intensity), are m good 

agreement with the relative abundances of the isotopes as deter min ed 
by .:\ston, namely, 

goHgi*® g„Hg>» 

- 9'89 16 45 23 77 13-67 29-27 6-85. 

Fig 17 also shows that the isotope displacement is a monotomc 
function of the moss-number concerned, though the components duo 
to the odd-numbered isotopes do not faU quite symmetrically between 
those due to the isotopes of even mass-number. The average wave- 
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number separation for successive even-numbered isotopic components 
(Ailf = 2), in this particular case, is 28 X 10-® cm 
Turmng now to the theoretical aspect of the problem it soon 
becomes evident that we must look for an explanation of isotope dis- 
placement in terms of deviations from the simple Coulomb law of 
force m the immediate neighbourhood of the nucleus An explana- 
tion in terms of nuclear motion alone (compare the original calcula- 
tions concermng the spectra of hydrogen and smgly ionized hehum) 
was shown to be quite inadequate to cover either the magmtude of 
the effect or the rather particular conditions in which it is observed 
A complete discussion of the phenomenon, however, is very com- 
plicated and belongs more to atomic theory than to the theory of the 
nucleus we shall content ourselves here with the general treatment 
for the case of an S electron, where conditions are simplest The 
first calculations m this direction are due to Bartlett, "f but by reason 
of the very rough approximations employed — neglect of relativity 
corrections and the screeiung efllects of other atomic electrons — they 
could not be expected to lead to an accurate result Somewhat more 
detailed calculations have since been made by Racahf on the basis of 
Dirac’s equation for the motion of the electron and taking count of 
screening, mdependently, calculations of a similar nature have been 
earned out by Breit and Rosenthal For the field of the nucleus, 
effective for the atomic electron, Racah accepts the Coulomb poten- 
tial U = Zefr for values of r > r^, and, within the critical radius r^. 
the constant potential U = Zejr^ He works out the solutions of 
Dirac’s equations for such a field on the assumption that they are 
asymptotically eqmvalent to the SchrOdinger eigenfunctions for 
large values of r Then it appears that the electron density in the 
centre is given by the expression (for an S orbit) 


|^(0)l=! = 2(l+pm O)l2Zr,Y»-^ 

[r(2p-hl)p\ a ) • 

where p = (!-/)», y == Za = Ze^/nc ~ Z/I37, 


( 6 ) 


ffl = (Bohr s radius for hydrogen) and ^frp(O) is the value given 

by the unrelativistic solution at the origin, which can be worked 
out numerically by the statistical method of Thomas-Fermi For the 


t J. H Bartlett, Nature, 128 (1931), 408. 
J G Hacah, Nature^ 14 May 1932 
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change in wave number due to the hmte radius t-q this result gives 



Hi+p^o) I2z\y>-^ r (Ze^ 

[ri2p+l)fhc[aj JU 

0 


’■o 


\r^P dr 


4(l+p)^tg(0) l2ZYP-^Zehp> 

[r(2p+l)P(2p+l)AcU/ 2p 


(6) 


If, therefore, the nuclear radii, m the case of two isotopes, differ by 
an amount Srg, the relative change m wave number between the 
corresponding S levels considered becomes 



4(l+p)^g(0) 

[■r(2p+l)]2(2p+l)^i a ) 


ZeVgP-iSro 


( 7 ) 


Assuming for the electron density ^o(®) centre of a mercury 

atom the value 3y 10“ cm obtamed by numerical computation 
by the Thomas-Fermi method, and usmg the experimental value 


SA 


-j = 28 X 10-3 cm 


for the relative isotope displacement m the 


case of mercury, Racah’s formula shows that the fractional change 
in nuclear radius for two ‘neighbourmg’ mercury isotopes is given by 
Sfo/fo ~ 10-* This change appears to be too small, on the basis of 
the hypothesis of constant nuclear density, for then 


StJtq = SMjZM ^ 10-3 

However, Breitf has claimed that the value for ^(0) used by Racah 
18 too high, as the result of cumulative errors in numerical calcula- 
tions Usmg the simple Land6 formula 


0 g(O) = 


R^^ZfZl 


( 8 ) 


Breit obtains for the density at the origin smaller values, leading to 
values of Sro/rp in good agreement with the hypothesis of constant 
nuclear density 

For a discussion of more complicated cases of isotopic shift (for 
electromc orbits other than S) readers interested in these questions 
are referred to the origmal papers on this subject 

In conclusion we must mention an miportant observation of Schuler 
and Schmidt, t who, mvestigatmg the hyperfine structure of certam 
rare earths, found deviations from the interval-rule of Land6 (p 54). 


t G Breit and J Rosenthal, Phye Rev 41 (1932), 459. 

X H Schuler and T Schinidt, Zs f Phys 94 (1936), 457, 95 (1933). 265 
360S IS 


K 
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Fig. 18 represents the structure of the line 6,866 of 

Europium as measured by these authors The distribution to be 
expected from the interval-rule (2) is plotted m the lower part of the 
diagram and we can clearly see that there are systematic deviations 
between the two sets of components Schuler found from measure- 
ments on this and other spectral Imes that the deviations m question 
are rather closely proportional to the square of the cosine of the 
angle between i and j, so that the complete mteraction between the 
atomic electrons and the nueleus is determmed by the faetor 



Fio 18 

where a is a small quantity different for different nuclei Schuler 
attempts to account for the observed deviations from the cosme 
rule for a given nucleus by postulatmg a certain degree of asymmetry 
for the nucleus In fact, if we assume that a nucleus deviates from 
spherical symmetry, we must expect, except for iS orbits, that the 
overlappmg of the wave function of the atomic electron with the 
space occupied by the nuclear particles will be different for different 
orientations of orbital momentum and nuclear spm (symmetry-axis 
of the nucleus) This will lead to small corrections to the perturba- 
tion energies for different components of the hyperfine structure and 
one can even conclude that these corrections will be, to the first 
approximation, proportional to cos* of the angle between the angular 
momentum and nuclear spin In this way Schuler and Schmidt 
were able to show that the nucleus goHg*®^ is characterized by a 
quadrupole moment q= 0 5x10-*^ absolute units and that this 
nucleus, being asymmetrical, is somewhat elongated m the direction 
of the spm axis We thus see that the detailed mvestigations of h3q)er- 
fine structure will give us important information not only about the 
spins but also about the symmetry properties of different nuclei 



IV 


ELECTROMAGNETIC RADIATION OF NUCLEI 

1. y-ray spectra 

The atomic nucleus, being a quantized system, is in general capable 
of existence in any one of a number of states of different energy. 
Being raised to a higher state it may be characterized by defimte 
probabilities of transition to the various states which have smaller 
energy than the state in question when such a transition occurs it 
will usually be with the emission of the excess energy m the form of 
a quantum of electromagnetic radiation This is the formal descrip- 
tion of those nuclear processes which are mvolved m the e mis sion, 
in spontaneous and artificial transformations of nuclei, of a quantum 
radiation to which the name y-radiation is generally given 

In BO far as the energy-differences between nuclear levels are in 
general much larger than the corresponding differences for the extra- 
nuclear system, the wave-leugths of y-rays are much shorter than 
the wave-lengths of atomic radiations and the ordmary methods of 
sjiectroscopy using ruled gratings or crystals are hardly suited to 
them Wlicn these methods have been used — as originally by Ruther- 
ford and Andrade — they have been successful only for the less 
energetic components of the radiation ( The usual method of y-ray 
spectroscopy, worked out mdependent^y by Elhs and Meitner, is 
based on the phenomenon of ‘internal conversion’ of y-rays This 
phenomenon can be regarded, to some extent, as a special case of 
the photoelectric effect, in that the y-ray quantum is absorbed m the 
same atom from the nucleus of which it has just been emittec^ As m 
the external photoelectric effect an electron is thereby ejected from 
one of the atomic levels That tins description of the phenomenon is 
imperfect need not concern us here, but we shall see later that there 
is also another possibility — the direct mechamcal transmission of 
energy from the excited nucleus to one of the atomic electrons 
Because the internal photoelectric effect may happen for any 
electronic shell in the atom there will arise, for every hne m the 
y-ray spectrum of the nucleus, a number of secondary electromc 
groups having energies hv — hv—Ej^, hv—Ej^, 
hv—Eja^, • • where E^, Ej^, Ej^^, are the bmding 
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energies corresponding to the different electron levels and v is the 
frequency of the y-ray line Now it has been shown that the y-radia- 
tion associated with any particle-disintegration of a radioactive 
nucleus is m fact characteristic of the excited product of the dis- 
integration, the binding energies above used must thus be under- 
stood to refer to this nucleus and not to its immediate parent The 
method of Elhs and Meitner, therefore, consists m determimng the 
energies of the secondary electron groups| by magnetic analysis and 
applying the above relations to deduce the energies and so the 
frequencies in terms of wluch the primary y-ray spectra are to be 
specified As an example of the numerical procedure, the table below 
contains the results of the work of Meitner on the natural ^-ray 
spectrum of actinium X and its analysis in terras of the y-rays which 
are emitted from actinon left excited by the previous a -disintegra- 
tion, AcX ^ An Whilst possessing many advantages/ the method 
of internal conversion is less satisfactory when intensities of y-ray 
hnes are m question, rather than the corresponding energies The 
intensities of the natural j9-ray lines may be measured, it is true, but 
smee the coefficient of internal conversion vanes with the frequency 
and the type of radiation involved (see § 3), these do not give a simple 


Table III 

Analysis of secondary ^-ray spectrum emitted by AcX {Z = 88) 


Energy of sec 
p-group 

X 10* erg 

Intensity 

Level of 
origin 
for Z = S6 

I Energy of 
the level 

X 10* erg 

Eniryy of 

1 the y 7'OV 

! X 1 0* erg 

j 

1 Deviations 

1 per cent 

0 0723 

80 

K 

0 1554 

0 2277 


0 2003 

60 

Li 

0 0286 

j 0 2289 

0 6 

0 2204 

25 

M, 

0 0071 

1 0 2275 

1 

0 0889 

100 

K 

0 1554 

0 2443 

) 

0 2169 

60 

Li 

0 0280 

0 2445 1 

0 6 

0 2358 

15 

Ml 

0 0071 

0 2429 

/ 

0 0950 

40 

K 

0 1554 

0 2504 

\ 

0 2204 

25 

Li 

0 0288 

0 2490 

1 0 

0 2407 

15 

Ml 

0 0071 

0 2478 

i 

0 1658 

40 

K 

0 1654 

0 3212 


0 2660 

15 

Li 

0 0286 

0 3146 

1 20 

0 2717 

100 

K 

0 1554 

0 4271 

i 

0 3990 

30 

Li 

0 0288 

0 4278 

1 0 2 


t Theee may easily be diatmguished from the distribution of primary fl-particles 
which have all energies between wide limits (see Chap VII) 
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measure of the y-ray mtensities which are requiredj In many cases, 
however, they constitute the full extent of our mJormation, and in 
Table D (at the end of the book), m which all the available data 
conoermng the y-ray spectra of the radioactive substances are 
collected, the numbers m the last column represent the mtensities 
of the secondary election groups originating m the ^T-shell To this 
extent they provide only a very rough mdication of the relative 
mtensities of the y-ray Imes concerned 
/Pi. method of investigation of y-ray spectra which does permit of 
more trustworthy estimates of mtensity being made is due to 
Skobelzyn It depends upon the observation of the Compton 
electrons produced m the gas of a Wilson expansion chamber and the 
determmation of then energies by means of an apphed magnetic 
field The source of y-rays is placed at some distance from the 
chamber The method has its disadvantages, however energies are 
not measured with such high accuracy as before, and only the 
stronger hnes m the spectrum are easily detected Both methods re- 
quire fanly strong y-ray sources for then success, they are apphcable, 
therefore, only to the cases of spontaneous disintegration of radio- 
active bodies For the considerably less intense y-rays emitted m the 
process of artificial nuclear transformation the old method of analysis 
of the absorption curves is usually apphed \ According to Klem and 
Nishina the absorption coefficient for higlf^nergy radiation is given 
by the expression 


a = 4 96 X 10- 


-f 


1 + 3 


(1 + 2 


lo! 


where 


a: = hvjmc^ 


( 1 ) 

(!') 


and n is the total number of atomic electrons per c c of the absorbmg 
substance However, recent investigations have shown that this 
formula, which takes count only of absorption due to Compton 
scattenng, should be supplemented by an additional term represent- 
mg the effect of the formation of pairs of positive and negative 
electrons by interaction of the y-rays with the nuclei This term, 
which becomes especially important for high quantum energies, was 
discussed by Oppenheimer and Plessett and will be considered in 
more detail m the Appendix at the end of the book 
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^The resultant total absorption coeflScient is plotted in Fig. 70 (in 
the Appendix) as a function of hv, m the case where lead is the 
absorbing substance We see that to a given absorption coefficient 
may correspond two different values of the quantum energy — a fact 
which sometimes may lead to much confusion. With this reserva- 
tion, however, Fig 70 of the Appendix may be used whenever it is 
possible to analyse a crude absorption curve mto pure exponential 
components In this way a fairly good idea may frequently be 
obtained regarding the spectral composition of the y-radiation 
emitted m the process of artificial transmutation, although the 
information so obtainable is necessarily much less exact than that 
which may be reached by the methods above described when apphed 
to the naturally radioactive substance^ 

1 . Selection principles and the intensities of y-rays 

The general selection rules which have become well estabhshed for 
radiative transitions occurrmg in the outer atom are applicable to 
the nucleus also, they may be formulated in terms of the change of 
nuclear angular momentum (spin) m the process of y-emission If 
the radiating nuclear particle can be considered as moving in a 
spherically symmetrical field of forces due to the rest of the nucleus 
(which, as we shall see later, affords some approximation to condi- 
tions m real nuclei), the selection prmciples for y-ray emission may 
be formulated in the following way. 

1. If the imtial and final states involved in the transition both 
possess angular momentum (spm) equal to zero.f that is if the 
transition is of the type 

1 = 0 ^ i = 0, (2) 

no y-ray emission is possibl^ the transition in question may take 
place only through the intervention of an extranuclear particle, 
resulting m the mechamcal discharge of the energy of nuclear 
excitation This process is analogous to that occurring in ‘colhsions 
of the second kind’ between atoms. 

2 I If the imtial and final states ore such that the difference in 
spm quantum number is unity, 

= ±1. (3) 

t In the case of radiation by a complex system such as an atomic nucleus it is 
more couvement to speak of the change m total angular momentum, rather than the 
change m angular momentum of any constituent particle. 
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radiative transitions are permitted 1 In this case the field of the 
emitted radiation is the ordmary^pole field — the most common 
type of radiation field when atomic and molecular radiations are m 
question 

3 If the change m spm quantum number is two umts, or is zero 
(except as covered by rule 1), 

Ai = ±2 or Ai = 0 {t ^ 0), (4) 

the emitted radiation is a quadrupole radiation possessmg m general 
a much smaller transition probabihty than a similar dipole radiation. 
In optical spectra a few weak hues arise m quadrupole radiative 
transitions 

4 I Transitions corresponding to larger spm differences, 

|A»| > 3, (6) 

possess still smaller probabditie^ the radiation fields by which the 
emission is described in such cases are characterized by higher 
symmetry (octopole, etc ) Analogous transitions have never been 
found to occur in the outer atom Somewhat different selection rules 
apply to such cases as cannot be discussed in terms of the ‘sphttmg’ 
of the nucleus into ‘radiating particle’ and ‘the rest of the nucleus’ 
Then we must consider the y-radiation as due to transitions between 
quantum states of the whole nucleus, and in such a case (1) the 
transition i = 0 i = 0 still remains absolutely prohibited, (2) 
dipole transitions are possible for Ai = 0 or ^1, (3) quadrupole 
transitions for Ai = 0, ±1, ^2, (4) octopole transitions for Ai = 0, 
±1, ±2, ±3, etc 

In all cases ■we should also apply the Laporte rule concemmg 
transitions between ‘even’ and ‘odd’ terms'!' of the nuclear quantum- 
level system Just as in the case of atomic radiation this rule can be 
formulated as follows 

(1) For electric dipole radiation only the transitions tvtn odd are 
permitted 

(2) For electnc quadrupole only even even or odd ^ odd 

(3) For electnc octopole agam even odd and so on, alternately, 
for electric radiations of higher degree of symmetry 

(4) On the other hand, for all kinds of magnetic radiations (which 

t The terms for which the wave functiooa oan be transformed into each other by 
muTo r - refleo tiou 
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might be important m the nucleus) only even even or odd ^ odd 
transitions are permitted 

For ordinary electric dipole radiation, ansmg in a transition from 
the Mh to the Zth state of the radiatmg system, the transition 
probabihty, as is well known, is given by the formula 


where is the ‘frequency’ f of the y-ray which is emitted and 
ZcTjj I is the matrix element correspondmg to the dipole moment of 
the system. From the general wave-mechamcal relation 

n 


it follows that 


< 2Jfaj 


(8) 


Kl 


and it is clear that the upper limit of the dipole -radiation probabihty 
IS given by the inequahty 


Smce the probabihty of quadrupole radiation is smaller than that 
of dipole radiation by the factor (rJA)^, 


xh < 


'r„V2 ZV 


A/ 3 




( 10 ) 


Here is the nuclear radius and A the wave-length of the emitted 
radiation As above stated, in simdar circumstancea the probabdities 
of radiative transitions of higher order are much smaller even than 
is given by (10) 

As an example of the apphcation of the above results we may 
calculate the probabihties of emission of a quantum of radiation of 
energy, hv, one milhon electron volts by an oscillating proton (or 
a-particle, smce is very nearly the same for these two particles) 
We have 


^ 2 10^® sec ^ 2 10^^ sec respectively 

At this stage it is necessary to mtroduce an important correction, 
first worked out by Pemn,t which takes into account the motion 
of the rest of the nucleus We suppose that the radiatmg system 
consists of two ‘particles’ (the excited particle and the rest of the 

t <D = 2m, thus hu> = hv f F, Pemn, (7 R 195 (1932), 775. 
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nuoleus) of masses and and charges Z^e and Z^e. Then, as is 
well known, we may reduce the problem to that of the motion of 
a smgle particle of mass Jfj/lJUfi+Jlfa) In this case the electnc 
moment of the system relative to the centre of mass is given by 


M, 


Z^er- 


M, 


- Z^er 


_ M,M, (Z, ZA 

3fJ ’ 


M,+M, ^ M,+M, 

and the probabihty of dipole-radiation emission becomes 
2 


^k.l 




(Aai \2 -^1 


(H) 


( 12 ) 


We may use the expressions (9) and (12) to obtain the ratio k'Ik for 
the corresponding emission probabihties relative to different possi- 
bdities of dipole transitions in an excited RaC' nucleus We have, for 

example, excited a-particle, k' /k = 0 047, 


for an excited neutron, k'Jk = 0 18 


It will be noted that in each case the correction -which is introduced 
results m a remarkable lowering of the transition probabihty finally 
obtained, that for emission by an a-particle transition bemg roughly 
twenty times smaller than previously calculated — smaller, in fact, 
than the probabihty of a similar neutron transition (m which the 
dipole moment is wholly associated with the rest of the nucleus). If 
the probabihty of dipole-radiation transition is to be still further 
reduced in any case this reduction must come from some special 
symmetry of nuclear structure affcctuig the value of the matrix 
element corresponding to the dipole moment of the system 


3. Internal conversion of y-rays 

It has already been stated that the phenomenon of internal con- 
version of y-rays consists in the eimssion of an extranuclcar electron 
in place of a nuclear y-ray quantum — and it has been pomted out 
that this phenomenon may for some purposes be considered simply 
as an internal photoelectric effect, takmg place m the radiatmg 
atom That this pomt of view can no longer be accepted as completely 
satisfactory is due to the general wave-mechamcal result that the 
wave functions representmg the motions of atomic electrons have 
finite amphtude in the region of the nucleus, The pure photo effect 
IS therefore compheated by direct interaction between the excited 
nucleus and the electrons, and the possibihty of definitely non- 
radiative transitions arises m consequence. These transitions are 

36M IS T 
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analogous to collisions of the second kind investigated theoretically 
by Klein and Rosseland Since m practice there is no means of 
separating the effects of these two processes of absorption, it is more 
reasonable to consider the phenomenon of mtemal conversion as a 
smgle process of transmission of the energy of nuclear excitation to 
the atomic electrons through the action of extra- and mtranuclear 
fields of force Only in the special case (t = 0 ^ i = 0) is this action 
confined to one only of these fields, m this case the periodic com- 
ponents of the extranuclear electromagnetic fields vamsh absolutely, 
y-radiation is completely forbidden, and internal conversion is due 
entirely to the interaction of atomic electrons and the excited 
nucleus in the region ‘within the nucleus’ 

In the general case the total nuclear transition probability may 
be written as the sum of two terms, for dipole radiation, in the above 
notation, as «(a))-pp(a)), where /u.(a>) denotes the probability of the 
ejection of an atomic electron simultaneously with the nuclear 
energy-change In so far as the secondary electron may originate in 
any one of the extranuclear levels of the atom, /i(a>) may be written 
in the form p(tu) = , where successive terms on the 

nght-hand side refer to successive levels in order of decreasing energy 
of bindmg The ratio of the number of emitted electrons to the total 
number of nuclear transitions mvolving the energy-quantum h<u is 
defined as the coefficient of mtemal conversion for nuclear radiation 
of the correspondmg frequency We have 

a(aj) = fi{w)l[K{w) + n(oj)} or /i(ca)/K:(a>) = a(tii)/{l — a(tu)} (13) 
Again, a(aj) IS the sum of a number of terms, , corre- 

sponding to the various p’s, these terms may be regarded as giving 
the mternal-conversion coefficients relative to specified electron levels 
in the atom In any case the value of the internal-conversion coeffi- 
cient depends upon the atomic electron level mvolved and upon the 
symmetry characteristics of the nuclear transition m question 
Applymg standard methods of wave-raechamcal perturbation 
theory the probabibty p{ta) may be calculated from the equation 

p(w) = _ 2 j I ^y[eAo-|-cpaffA]0j dr (14) 

where tji^ and ijif are the wave functions descnbmg the orbital and 
free motion of the electron, Ag and A the scalar and vector potentials 
of the radiative field of the nucleus, and p, and u are the matnoes 
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m Dirac’s theory For the purpose in hand the relativistic form of 
the equation for the electron must be used Calculations on the 
basis of (14) were earned out by Hulmef on the assumption that the 
electromagnetic field of the nucleus is that of a dipole situated at its 



centre This field may be represented by the potentials 


Ag — exp 
r 

= B^exp 




-j- complex conjugate, 


(15) 


A^ = Ay = 0 , 

with 





Having obtained /i(aj) as above described, >c(ai) is given by dividing 
the rate of radiation of energy by the field by hw, the quantum 
energy of the ladintion As is well known, the rate of radiation of 

energy by the field sjiecified by (15) is ~ ^ ^ , thus (f(a>) = 

3 c 3 fiCi 

From and k{u}) the internal -conversion coefficient a(ai) is denved 
by equation (13) The values obtained by Hulrae in this way for the 
internal-conversion coefficients relative to Jf -shell absorption m the 
RaC' atom (Z = 84) are plotted as a function of mc^jhui in Fig 19 


I H R Hulmo, Proc Roy Soc 138 (1932), 643 Previous calculations by Swirles 
and Gasirnir were based on much less exact approximations, for that reason they 
will not bo further discussed at this stage 
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(curve ED) The experimental values, also given m the followmg 
table, are those of Elhs and Astonf for the eight most mtense y-rays 

Table IV 

Internal conversion of y-rays of RaCC and RaBC 
{RaCC) {RaBC) 

Number of 
y-quanUi per 
aj dismtegration 

0 0061 0 658 

0 0048 0 065 

0 0061 0 067 

1 130 0 0062 0 206 

1 248 0 0057 0 063 

1 390 0 0014 0 064 

1 426 >0 1(=1?) (=0?) 

1 778 0 0016 0 258 

2 219 0 0013 0 074 

emitted by this nucleus Five of these points fit with fair accuracy on 
the theoretical curve for dipole radiation The three points which do 

not fit represent considerably 
larger internal-conversion co- 
efficients as we shall see later 
they must be ex2jlained on the 
basis of nuclear quadrupole 
radiation Internal-conversion 
coefficients relative to the elec- 
tromc L levels were also evalu- 
ated by Hulme, with the fol- 
lowing result In the hmiting 
case, hui ^ go, for RaC', 

= 1 0 149 0 0013 0 0066 

This IS in satisfactory agree- 
ment with the values experi- 
mentally obtained 

Fig 20 gives the internal 
conversion coefficients for somewhat softer y-rays. They have been 
calculated for Z = 83 m order to be compared with the values of 

■f E D Ellis and G H Aston, Proc Tloy, Soc 129 (1930), 180 
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hv 

X 10® e V 

0 612 
0 773 
0 941 




Number of 

hv 

X 10‘c « 

<r-K 

y-quanUi per 
disintegration 

0 243 

0 364 

0 115 

0 297 I 

0 186 

0 258 

0 354 

1 

0 117 

0 450 

1 


' I 

I 
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KHia and Aston for the y-rays emitted after the )3-particIe change 
RaB RaC The experimental values from the above table are to be 
considered in relation to curve ED It will be seen that experimental 
values are all considerably greater than those given by this curve, 
which may be taken to prove that the nuclear transitions m ques- 
tion cannot be described by a dipole field. 

In order to account for the large values found for the mternal- 
conversion coefficient m such cases, Taylor and Mottf earned out the 
calculations for quadrupole radiation, in terms of the potentials 

-cl exp - r/j] j2P,(coa »)|^1 + j + 1 j + 

+ complex conjugate, 


-3clexp(2«(l_vfJjcose(l + A) 


+ complex conjugate. 


A^ = A^ = 0 (16) 

12 

In this case K(aj) = — y-quanta per sec The curves EQ of 

5 fie 

Figs 19 and 20 give the results of these calculations It is evident 
that these curves go some way towards explaimng the e.\periinental 
results, although the agreement for the soft y-rays of RaB-C is still 
far from exact This may be due m part to the lower accuracy of the 
calculations for y-rays of small quantum energy and to the neglect 
of the screening effect of the atomic electrons It may be noticed 
here that apart from the electnc dipole and quadrupole radiation 
discussed above there is also the possibdity ot viagnelie dipole and 
quadrupole radiation due to oscdlations of the magnetic moments of 
the system TaylorJ has shown that if some of the nuclear y-rays 
have a magnetic origin the coefficients of internal conversion must 
be considerablj’ larger than is the case for ordmary electric radiation 
The theoretical values of these coefficients, in the case of magnetic 
radiation, are shown in Fig 20 by curves MD and MQ We must 
notice, however, that smee the magnetic radiation possesses, in 
general, very small probability, it has to be taken mto account only 
if electric dipole and quadrupole tiausitions are not permitted 
The occurrence of dipole and quadrupole transitions of comparable 
intensity pomts to the conclusion that the probability of nuclear 

t H M. Taylor and N F Mott, Proc Roy Soc 138 (1032), 665 
t H M Taylor, ibid 146 (1034). 178 
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dipole radiation is relatively much smaller than might at first be 
imagined This is m Ime with other considerations advanced at the 
end of the last section We shall see later (Chapter VI) that the 
average hfetime of an excited nucleus, estimated from the relative 
numbers of y-rays and long-range a-particles in the corresponding 
groups, 13 more nearly represented by the quadrupole formula (10) 
than by the dipole formula (9) 

The calculations of Hulme and of Taylor and Mott are based on 
the hypothesis of dipole and quadrupole momenta localized in 
extremely mmute regions in the centre of the nucleus By consider- 
ing the etfect of the fimte size of the nucleus and the possibility that 
the expressions for the various potentials, (15) and (16), may require 
modification for values of r less than the nuclear radius, Fowlerf was 
able to show, however, that the value of the integral (14) changes but 
shghtly if these deviations take place inside the region r ~ 10“^® cm 
Only m the case of the prohibited radiative transition (i = 0 ^ i — 0) 
do such considerations become all-important In this case the direct 
interaction of an atomic electron with the excited nucleus represents 
the one method of the release of energy The probability of this 
process may be evaluated as to order of magnitude from the per- 
turbation formula „ 

~ ( 17 ) 

where V is the average interaction potential between electron and 
nucleus for values of the separation of the order of Using the 
relativistic expressions for the wave functions, we obtain, for a 
transition energy of 10® e v commumcated to a if -electron in an 
atom of RaC', /i' ~ sec If the interaction is greater than has 
been supposed much larger values of /i' become possible These values 
are of the same order as those calculated above for quadrupole 
radiative transitions of the nucleus, they indicate that, whenever 
the mean hfe of an exeited nucleus is of the order of to sec , 
mtemal conversion by direct interaction is an important mode of 
transference of energy At present the only well-established case of 
non-radiative nuclear transition is that associated with the quantum 
energy 1 414 X 10® e v in RaC— C' Secondary electron groups corre- 
sponding to this quantum are particularly intense, but no evidence 

■f R H Fowler, Proc Roy Soc 129 (1930), i , see also M Delbruck and G Gamow, 
Za / Phya 72 (1931), 492. 
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of the correBponding y-ray has been found in emission Before the 
above simple explanation of the results was advanced it was necessary 
to assume that for this particular radiation an internal-conversion 
coefficient of umty was apphcable — one formed the strange picture of 
the fST-electrons absorbmg a large fraction of the outgoing quanta 
and of the remaimng electrons bemg able completely to absorb the 
rest Secondary electron groups were observed corresponding to 
absorption m the K, L, and M levels, respectively Assummg the 
correctness of the present explanation, that we are deahng with a 
non-radiative nuclear transition, very important conclusions may 
be drawn We conclude that the two nuclear levels mvolved are 
both 8 levels , m other words that these two states of excitation possess 
zero spin Moreover, as wiU appear later, the observed correlation 
between y-ray energies and the energies of the long-range a-particles 
from RaC' mdicates that the transition in question takes place 
between one of the excited states of this nucleus and the ground 
state We conclude, therefore, that m its ground state the nucleus 
RaC' has no spin » = 0 

4. Systems of nuclear energy-levels for y-rays 

Many attempts have been made to construct systems of nuclear 
energy-levels for y-rays merely by mspection of the known energies 
of the radiations with a view to discovering combming terms, m the 
way which proved successful for the optical levels of the atoms 
Owing, howev^er, to the relatively small accuracy of the y-ray measure- 
ments this direct method was not very successful one could never 
be certain that a particular numerical agreement was not entirely 
fortuitous The fact that several level-systems might be suggested 
for a given set of y-rays showed that chance agreement was a common 
feature of them all.t 

In theory, a knowledge of the mtensities of the various y-rays 
provides a possible test for any system of levels which may be pro- 
posed For the correct system must fulfil the condition that the total 
intensity of the transitions from a given level is never smaller than 
the mtensity of the transitions to this level (the difference of these 
mtensities represents the degree of initial excitation of the level m 
question), and the further condition that the total mtensity of 

I The author once constructed thirteen possible schemeB for the y-raya of RaC-C', 
all of which have Bince been show'll to bo wrong 
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transitions across any line in the diagram between two levels is 
never greater than unity In practice, however, our knowledge of 
y-ray mtensities is far from exact 
Further evidence may sometimes be obtamed with the help of the 
selection rules, already discussed, especially if the character (dipole 
or quadrupole) of the transition is known from an interpretation of 
mternal-conversion coefficients However, the only certam informa- 
tion comes at present from measurements of the energies of long- 
range a-particles and a-particles of the fine-structure groups (Chap 
VI) Energy-differences between the mam group of particles and 
the vanous sub-groups give directly energy-differences between the 
ground level and various excited levels of the nucleus m any such 
case. These levels having thus been fixed, other levels may be added 
to the scheme m order to accommodate all the known y-ray transi- 
tions This method wdl be considered further, together with the 
problem of nuclear excitation by a-emission, m Chapter VI, whilst 
the process of nuclear excitation by j8-emission and the y-radiation 
connected therewith will be discussed m Chapter VIII 
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SPONTANEOUS ^-DISINTEGRATION 


1. General features of at -disintegration 

We have already seen that there are two different possibihties for 
the spontaneous disintegration of atomic nuclei the emission of an 
a-particle and the emission of a negative or positive j3-particle (e or a) 
If we take some element located outside the hmit of a-stabihty 
on the stabdity diagram, the emission of a-particles will raise 
the value of NJNj, (because (N„— 2)/(Nj,-2) > NJN^ if NJNj, > 1) 
until the emission of a negative electron becomes possible In this 
way we may understand the existence of sequences of radioactive 
disintegrations starting with some heavy element and, through a 
process of successive a- and ^-emissions, leading to a stable product, 
on the boundary of at-stability In a-disintegration the charge- 
number decreases by two and the mass -number by four umts, in 
^-disintegration tbe ebarge-number increases by one umt and the 
mass-number does not change Thus it is clear that we may expect 
the existence of four different senes of radioactive disintegrations, 
or four different radioactive families, corresponding respectively to 
mass-numbers of the type 4n, 4TC-t-l, 4w-t-2, and 4n-}-3 Three of 
these families have been actually found in nature they are known 
as the Thonum family (4n), the Uranium family (4n-\-2), and the 
Actmium family (4n-f 3) The remaining family of the type (4n-|-l) 
has not been found in nature evidently for the same reason as deter- 
mines the very rare occurrence of elements of this tjqie m general 
(see Chap XII), however, some elements belongmg to this family 
have been produced artificially by bombarding other radioactive 
elements by neutrons (see Chaps X and XI) The stable end- 
products of the radioactive families have all the same charge-number 
and are isotopes of lead (gjPb^®, [ggPb®"^], ggPb®”®, gaPb®"^), which 
shows that the line limiting the o-stable region (compare Figs 13, 
15, 16), runs very close to the points representing these isotopes on 
the side of larger mass-numbers (A'j.-f-Xj,) In Fig 21 schemes for 
the known radioactive families ore shown, vertical arrows indicating 
a-eimssion and horizontal arrows ^-emission 

We notice that the continuous series of ™-transformations is some- 
times interrupted by pairs of successive ^-transformations, as is to 
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be expected from what has been said above. The branching of the 
radioactive senes observed m the C products is of special interest 
and 13 due to the fact that the points representmg these nuclei are 
located m the part of the energy-surface (Fig 11) where both kinds 
of transformations are energetically possible We should also pay 



attention to an unusual branching, at the begmmng of the U family, 
consisting of alternative jS-disintegrations, a possible explanation of 
this effect, based on the hypothesis of negative protons, has been 
mentioned on p 17 

One of the most important characteristics of a decaying nucleus is 
its decay conatant (usually denoted by A), giving the probability of 
disintegration per unit time If JVj, and N are the numbers of nuclei, 
which at times and t have not yet disintegrated, the number of 
dismtegrations in the time-interval {t, is given by 

-dN = XNdt (1) 

Integrating, we have N = (!') 

which ^ves the exponential decrease of the amount of the radio- 
active body m question The average bfe t of this body can b© 
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defined as the penod of time after which - = 0 368 of the original 

e 

activity remains, evidently it satisfies the relation t = 1/A The 
decay constant has a quite definite value for each radioactive body 
and vanes within very wide hmits from 10“^® sec to 10+® sec 
the average hfe t varying from thousands of milhons of years to a 
very small fraction of a second When multiple branching occurs, the 
observed decay constant is made up of the constants of individual dis- 
integrations If Ai (i — 1, 2, ) represent the probabdities of different 
types of disintegration, we have for the total number of diaintegratmg 
atoms = 2 A, A” 2 A, dt, (2) 

which shows that the effective decay constant will be simply the sum 
of the individual constants The numbers of atoids'disintegrating 
in the different ways are evidently 

( 2 ') 

If we measure the total decay constant A and the percentages of 
disintegrations following the different modes ve can easily calculate 
the individual decay constants from the formulae 

As = (2") 

The decay constants for the various spontaneous a- and jS-disintegra- 
tions are giv-cii iii Tables E and F (at the end of the book) 
/Another important characteristic of radioactive decay is the energy 
of disintegration, composed of the kinetic energy of the emitted 
particle (or particles), the recoil energy of the reniaiiung nucleus, and 
the energies of nn\’ y-rays n Inch may be emitted in the process ^The 
energy of the emitted particles can usually be estimated most directly 
by measuring the deviation of a beam of these particles in a knowm 
magnetic field (method of magnetic spectra), but very often the 
absorption method is employed In the case of hea\ner particles, such 
as a-particles or protons, the number of particles penetrating a layer 
of absorbmg material decreases abruptly after the thickness of the 
material reaches a certain value, dependmg on the energy of the 
particles in question; this hmiting thickness is known as the range of 
the particles It is generally given in ‘standard air’ (15° C and 760 
mm ) In the case of jS-particIes the coefficient of absorption (as 
defined for electromagnetic radiation) is usually given 
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The results of magnetic measurements show that the a-particles 
emitted by a given radioelement are to a high degree homogeneous in 
respect of energy, although in certain cases several weU-defined 
groups are present, corresponding to different modes of disintegra- 
tion, as will be discussed in the next chapter Information concermng 



the a-particles emitted from all a-active bodies is given in Table E, 
which contains the energies and the corresponding ranges of all 
groups of particles — whether these are single groups or the component 
groups of complex spectra Considering the energies of different 
Qc-disintegrations in conjunction with the corresponding decay con- 
stants, we perceive a very interesting regularity decay constants 
increase very rapidly with increasing energy of disintegration 
Plotting log A against the energy of disintegration, E, Geiger and 
NuttaU found points distributed on almost straight hnes, different 
for different radioactive families but parallel to each other The plot 
representing the Geiger -Nuttall rule, based on the most recent 
measurements, is shown in Fig 22 As we can see from the figure, 
there are certain deviations from perfect regularity, for example the 
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point representing AoX does not he on the curve Furthermore, the 
pomts in the Geiger-Nuttall diagram do not actually he on straight 
lines at all, but are much better represented by curves slightly con- 
cave to the axis of energy. 

2. The theory of ^-disintegration 

In order to understand the extremely long periods of hfe of a-active 
bodies, and the connexion between period and energy of dismtegra- 
tion, we must investigate more closely the process of radioactive 
ejection of particles 

Very important information concerning the process of a-decay was 
provided by the experiments of Rutherford and Chadwick on the 
scattering of fast a-particles by uramum It is known that experi- 
ments of this kind with hght elements have made it possible to detect 
deviations from the Coulomb law of force at small distances, thus 
providing information regarding the additional forces operative 
within the nucleus The experiments with uramum showed no such 
deviations whatsoever, although the a-particles of thonum C' were 
employed, and these are capable of approaching to within about 
3 X 10'^* cm of the centre of the nucleus We can only conclude that 
the attractive forces do not become appreciable except at distances 
much smaller still — and here we have not at our/disposal sufficiently 
energetic a-particles to make further test of this hypothesis possible 
This negative, and at first sight not very important, result gives rise 
to a difficulty, however, which has been made the starting-point of 
a complete theory of a-disintegration, proposed by Gamowf and, 
independently, by Gurney and Condon J 

The variation of the potential energy of an a-particle in the neigh- 
bourhood of a uramum nucleus is given diagrammatically m Fig 23 
As the distance decreases the jiotential energy increases at first, to 
reach a maximum at some value of the distance certainly smaller 
than 3x 10“^* cm , as the above-mentioned experiments show. The 
maximum potential energy, on the same evidence, is certainly 
greater than 14 X 10“® erg (8 8x 10® e v ), the kmetic energy of the 
a-particles from thonum C' As the distance is stdl further decreased 
the potential energy decreases also and the mtranuclear attractive 
forces come mto play At the centre of the nucleus the potential 

t G Qamow, Za f Phya 51 (192S), 204, G Gomow and F. Houteirnona, ibid 52 
(1028), 406 

t R.W.GumeyandE U Condon.Noture, 122(1028), 430, FAya. Rev 33(1020),127. 
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energy is negative but finite (we have already seen that the potential 
inside the nucleus may be considered as approximately constant) 

The difficulty, which the experiments of Rutherford and Chadwick 
mvolve, concerns the fact that the uranium nucleus is itseK radio- 
active, emitting a comparatively slow a-particle of energy 6 6 x 10“* 
erg, only about half that of the a-particle from thorium C' It appears 
difficult to imagme how such an a-particle is able to escape from the 
nucleus, since it must traverse on the way a ‘potential bamer’ of 
energy summit certainly twice as high as the total energy of the 
a-particle itself it appears, rather, that it must remain for ever inside 


10'^ cm 

Fio 23 

the nucleus, smce it has not sufficient energy to surmount the bamer 
This IS the pomt of view of classical physics, the difficulty which it 
entails disappears completely when the wave mechamcs is apphed 
to this problem The apparently paradoxical behaviour of the 
nuclear particle in this case has a full analogy m certain phenomena 
attending the reflection of hght It is well known that if a beam of 
light falls on the boundary between two media at an angle of incidence 
greater than the critical angle, then, accordmg to geometrical optics, 
the phenomenon of total reflection will occur; aU the hght will be 
reflected at the surface and no disturbance wdl enter the second 
medium. According to the wave theory of hght, however, the process 
of total reflection is much more complicated On this theory the dis- 
turbance in the second medium is not everywhere zero, but within 
the space of a few wave-lengths decreases exponentially to become 
entirely neghgible at greater distances This ‘forbidden’ penetration 
of the disturbance cannot be described in terms of rays of hght at 
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all, the hnes representing the directions of energy-flow being curved 
and returning to the surface again If, now, the second medium be 
confined to a thin sheet, of thickness less than the range of penetra- 
tion of the disturbance already considered, and if it is backed on the 
far side by a further portion of the first medium, a small fraction of 
the disturbance which has penetrated the sheet wiU emerge fi’om the 
far side This transmission of energy is obviously in contradiction 
to the predictions of purely geometrical optics it is, however, estab- 
lished by experiment The change &om clasucal mechamcs to the 



wave mechanics introduces an exactly similar possibdity for the 
transmission of a particle through a potential barrier which would 
otherwise be insurmountable We describe the motion of the nuclear 
particle in the present case by a quasi-stationary de Eroghe wave , 
which gradually decreases in amphtude inside the nucleus on account 
of the leakage transmission through the fimte potential barrier 
Obviously, this description predicts the possibihty of observing the 
particle, eventually, outside the nucleus, tlie small transparency of 
potential barriers in general provides the formal explanation of the 
extremely long lifetimes exhibited by some a-ray bodies 

We proceed now to develop general formulae for the coefiBcient of 
transparency of potential bamers, considering, first of all, the one- 
dimensional case Let a particle of total energy E fall (from the nght) 
on a potential barrier represented by an arbitrary potential energy 
function U{x), as shown in Fig 24 We suppose that in a certam 
region (ij < x <: x^) the value of the function U (x) is greater than E, 
and that for large distances from this region, on either aide, constant 
values, Z7_„ and respectively, are reached. We write the 

UU.18 K 
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Schrddinger wave equation m the form 


d^ip{x, t) 2mi 8iji(x, t) 
8x^ h dt 


^^U(x)^{x,t) = 0. 
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(3) 


where m is the mass of the particle and fi (= hj2n) is the quantum 
constant Since the potential energy U{x) is assumed to be mde- 
pendent of the time, the solution may be written in the form 

ili(x,t) = (4) 

1 

m which Y satisfies the equation 

= 0 . ( 6 ) 

Wntmg Y(a:) = e^>, (6) 

equation (5) reduces to 

S+(l)+^t®-E'(^)] = 0 (7) 


This equation can be solved by the method of successive approxima- 
tions, so long as the first term is small compared with the second 
As we shaU see later, this condition, namely 



dHjdx^ d ! 1 \[ ^ 1 

(dajdx)^ dx\dsjdx)\ ^ ’ 

(8) 

usually holds good for the potential barriers which occur m the theory 
of radioactive disintegration We proceed, therefore, by the method 
of approximations, and obtain the first approximation from 



(9) 

Integrating, we have 

X 


Si = 

±V(2w) J [{7(x)-F]* dx +C7i. 

(10) 

For the second approximation we substitute from (10) in 
term of (7), wntmg Sj for a We have 

the first 

1 ) 

T 

41 

5 

T 

(11) 

1 F"!* i {d/dx)[U{x) 

dx ^ ft ^ -* 2 [U(x)-E]i 

(12) 
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Integrating this expression, we obtain 

X 

J [[/(x)-B]id 2 ; -ilog[U(x)-£!]i+C, (13) 

Zi 

We may proceed in exax:tly the same way to the third approximation, 
but already it is of no great importance Thus we have, finally, with 
sufficient accuracy j. 

'T(z) = e-W = C,[U(x)-E]-i expf±Vl|^ J [U(x)-E]i dxj (14) 

Xo 

This solution is vahd only m those regions for which the condition 
( 8 ) is satisfied Using the first approximation for a, we write this con- 
dition in the form 

Af _Jl 

dx([U(x)-i:]i 

An estimate of the order of magmtude of the quantity occurring in 
(15) may be made in terms of its approximate equivalent, 



% 

V(2m) 


(16) 

V(2m) 2 AxlU(x)-E]t ^ ' 

Remembering that, in nuclear potential barriers, we have to do with 
energies of the order of 10“® erg, and with changes of potential energy 
of roughly this amount over distances of the order of 10“^^ cm , we 
substitute m (16) E ^ U(z) ~ A(7(x) ~ 10"® erg, Ax ~ 10"^® cm , 
and obtain (for m ~ 6 X 10“^ gm ) the value ~ 2*5 Near the points 
Xj, X 2 (Fig 24) the left-hand side of (15) becomes infimte, but other- 
wise our numerical calculation shows that in practical cases the con- 
dition (8) IS usually satisfied In ordci to carry out the integration 
in the regions around Xj, x, need to know the analytical form of 
f7(x), and, having substituted tins in (7), to obtam the exact solu- 
tion of the wave equation If, however, these regions (m which 
[(7(x) — F]"* vanes too rapidly with x) are small enough, we can make 
the solutions for the neighbouring regions on the two sides satisfy 
the boundary conditions of continvuty and thus deduce the complete 
solution by exclusively approximate methods 

Let us return, for the moment, to the more physical aspect of the 
problem in hand We have postulated a beam of particles moving 
from right to left and falling on the right-hand side of the potential 
barrier of Fig 24 Our mathematical solution must represent these 
particles as well as those reflected, and so moving from left to nght, 
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to the nght of the hamer, and those transmitted (moving fiom right 
to left, to the left of the barrier) In particular, at large distances to 
the left of the barrier (where U = U_ai) the solution must represent 
a harmomc wave travelling from right to left Thus in the general 
solution (14) we put U = f/_* and choose the negative sign of the 
exponent to secure the correct direction of motion (compare with (4)) 
We obtam in this way 

= C(i;-C7_„)-lexp(-t^^\£-C7_„)l(i-Xo)j, (17) 

representing a wave travelling from right to left, in a region where 

In the region Xj < x < Xj the difference [C/(x)— £] becomes posi- 
tive and both solutions, apart from the arbitrary constants, are real, 
one of them mcreasing and the other decreasing rapidly as x increases 
To make the solutions continuous at x = Xj we must take inside 
the barrier the general form with complex coefficients 

C[E-U{x)]-ii^b^expl^^ j [U{x)-E]i + 

( X .V 

— J [f7(x)— £]* dxj (18) 

It 18 easy to see that the boundary conditions at x = Xj (continmty 
of Y and dY Jdx) require 

b+ = i(l — i)expf—i^^^^^ J [E—I7(x)]* dxj, 

(19) 

= I(l-|-z)exp|— J [i?— f7(x)]* dxj 

At the other end of the barrier, where x = Xj, the second term in 
(18) 18 very small compared with the first In that case the solution 
reduces to 

Y,,,_ = iC(l-T)[E-U(x,)]-i J [E-U(x)]idxj x 

X exp|^/^ I [U(x)-E]i dxj 
t x„ in (17) la a point at a great diatance to the left of the barrier, i e z, < 


(20) 
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To join this function with the solution for a: > we must agam take 
a hnear combination of the solutions representmg oppositely directed 
waves, 

_ .1 / .U^m\ - \ 

+ 


= qS-f/(x)]-i|u^exp^t^ J [E-U{x)]idx 

j IE-U{x)]^ 


+ a_exp^— t 

and the boundary conditions give 


( 21 ) 


= i(l- 06 ^exp|'^ I [U(x)-E]id^, 
I [C7(a;)_E]l dx 


(22) 


If, now, x'a IS some value of x lying at a great distance to the right of 
the barrier, the above solution may be written 

.V(2»i), 




:,<ix = ^ + exp^i 


n 


(E-U^Ji{x 




+ 


with 


+ ^_exp|-i^(i;-C7^J*(z-iJ)j, (23) 
= -iiC[i;-C/(a)]-»expj^^|-i f[E-U{x)]idx + 

+ J [f7(^)-^^]*<^^ +» j [£^-17(i;)]*da;jj, 

a-. 

= 1C[£— C'^(i)]-icxp |''^-^^^|— 1 I [E—U(x)]i dx + 

^9 

■Ti J-o \1 

+ J [U{x)-E]idx -1 [ [^-[/(r)]t(ii: 


(24) 


These two waves represent the incident and reflected beams of par- 
ticles, they appear to have equal araphtude because we have neglected 
certain small-order terms (the second term in (18)) In actual fact 
a wave of small intensity has been transmitted by the barrier, and 
carrying out the calculations to the next order of approximation an 
expression representing the conservation of particles is obtained 
The coeflBcient of transparency of the barrier is given by the square 
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of the ratio of the amphtudes of transmitted and mcident waves, 
respectively We have 




^(- 00 ] 


T(+qo) 




This IS the formula which we shall employ m future calculations of 
the transparency of nuclear potential barriers When this trans- 

Z| 

parency is small (2^(2m) J [lHx)—Er\^ dx ^ h), it is possible to show 

a:, 

that (8), (15), the conditions of vahdity of the formula, are fulfilled 

We may remark, at this stage, that m certam special cases, the 
solution of the wave equation may be found directly m an analytical 
form For the Coulomb potential barrier, for example, the solution 
may be expressed in the form of confluent hypergeometnc functions 
This type of barrier is of great importance in the theory of nuclear 
dismtegration, but here the analytical form of solution does not lead 
to any greater accuracy m calculation and we shall not further be 
concerned with it 

We are now m a position to develop the general theory of the escape 
of a particle from a region surrounded by a potential barrier — which 
IS just the process mvolved in the emission of an a-particle by an 
atomic nucleus We shall assume spherical symmetry for the dis- 
tribution of potential energy around the centre of the nucleus and 
imagme that the appropriate function lJ{r), startmg from a certain 
fimte value at the centre, increases to a large positive value at a 
relatively small distance and vamshes for very large distances, as 
indicated m the figure The total energy of the particle considered is 
supposed to be smaller than the energy corresponding to the peak 
of the potential barrier, but larger than that corresponding to the 
bottom of the potential ‘hole’ m Fig 25 The wave equation for the 
particle may be written in spherical polar coordinates as follows 


i ^ 

r* dr 



+ 


1 a 

r^sin d 86 



+ 


1 dhf/ 2im 8di 2m . , 


0 (26) 


If E is the energy of the 
have the form 

= 


particle, the solution of this equation will 
T(r, 6, ^)exp|— 


( 27 ) 
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where 'F satisfies the equation 






r* dr\ 


' r^uid 36' 

1 sej 


+ 




In so far as the potential energy of the a-particle in the neighbour- 
hood of the nucleus is independent of the angular coordinates 9 and 
T may be expressed m the form 


Y = ^p,(e.4,)x,{r). 


(29) 



where is a spherical harmonic of order ~ 0 1,2, . ) and 
satisfies the equation 


8r^ 


2m 

1 ^ 




(30) 


Here j represents the azimuthal quantum number and the last term 
within the brackets is to be mterpreted as an additional potential 
energy corresponding to the centrifugal force In order that Y shall 
remain fimte at the centre of the nucleus, j((0) must be zero, as may 
be seen by inspection of (29) 

We may thus obtain a general solution to (26), but it should be 
noted that not every particular case of such a solution represents the 
process of spontaneous ejection of an a-particle from the nucleus — 
which process we wish to describe In order that any solution shall 
do this it IS necessary first to satisfy certain boundary conditions 
appropriate to the physical mterpretation in question We may 
specify these conditions, formally, as follows Let us proceed to 
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construct solutions of (30) for some arbitrary value of E, inserting, 
as above indicated, ;)f(0) = 0 For large values of r we obtain in 
this way 

+ (31) 

where 0+ and CL are the complex conjugate functions of E and j. 
Substituted in (27) and (29), the first and second terms of (31) 
represent, respectively, divergent and convergent waves passing 
through the ongm Now the process of spontaneous disintegration 
must be described in terms of a divergmg wave, only, thus 

G-E.j = ^ (32) 

At first sight it might seem that the conditions (32) were mutually 
contradictory, smce and CL, bemg complex conjugate functions, 
might be thought always to vanish simultaneously However, it can 
easily be shown that this need not be so, if we allow complex values 
for E, complex conjugate functions of the same complex argument m 
general give quite different amphtudes Postponing for a time the 
physical interpretation of this procedure, we write, therefore 

E = E^-iE' (33)t 

We find now that the conditions (32) define, for each value of the 
azimuthal quantum number j, a discrete set of complex E values 
which we shall distmguish by different indices n (n = 0, 1, 2, ) We 
may refer to these as the principal quantum numbers for this set of 
states Here, as in the ordinary problem of electron motion m the 
outer atom, we come upon a set of discrete proper values of the 
energy, the only difference being that the values are now complex 
quantities which on mterpretation correspond to positive, rather 
than to negative, total energy 

Proceedmg now to the mterpretation which is necessary to com- 
plete the investigation, we must turn our attention to the time- 
dependence of \fi Substitutmg from (33) in (27), we obtam as the 
time-factor in the wave function 

= exp^—^(Eo—iE')^ = exp|— li?o<jexp|— 

(34) 

Then the probabdity, t/nji, that the a-particle will be found in any 

t It may be shown that a divergent wav© requires a negative sign m (33), a con- 
vergent wave a positive sign 
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particular region of space, inside the nucleus or outside, becomes 
apenodically dependent upon the time 

— = exp(— Af) (35) 

In this expression the quantity A (= iE'jh) may be recognized as 
the dismtegration constant which should appear as a result of our 
calculations The complex values of the proper energies thus lead 
to exponentially decreasing probabihties of finding a particle, of 
given energy, m a fimte region of space they are charactenstic of 
the solution of any problem which deals with decay processes, the 
imaginary part of the energy being immediately connected with the 
rate of decay We may also regard the imagmary part of the energy 
from a slightly different point of view The i/> wave divergmg from 
the nucleus will not be strictly harmomc, the aperiodic factor result- 
ing in a damping of the wave In optics such a damped disturbance 
would produce a broadened line in a spectrograph, with moving 
particles we employ a mass spectrograph, or its equivalent, and here 
the broadenmg of the line will be interpreted as due to an uncertamty 
in the energy of the particles Developing the damped wave function 
by Fourier expansion it ma^' be shown that the uncertainty m the 
energy (half-breadth of the hne) has the value 

hX E' (SG)!" 

From this point of view the average energy of the emitted particles 
18 given by the real part of the proper energy, whilst the probable 
deviation from the average is given by the imaginary part 

Having carried the mterpretation so far, it is necessary now to 
mention that the complexity of E introduces an exponential term 
mvolving the space coordinate also For large distances from the 
nucleus, where U (r) ^ 0, wc evidently have {E ' < E^) 

*(r) = C,exp(.'-i|“>E‘r) = 

= 0,exp(.5/<|5>£t,)exp|y^^r) (31) 

t Remembering that the moan time, T, for an ot-particlo to remain in thc» nucleus 
IB given by T ~ 1/A, (36) may be written Ai? T ^ wluch is precisely Heisenberg's 
uncort-ainty relation, expressed m terms of time and energy 
^69S 18 rv 
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This implies that the amphtude of the divergent wave mcreases with 
increasmg distance and tends to an infinite value at infinity; the 
same general result is obtained m all solutions of decay problems, 
for example m the clasBical solution for the radiation from a damped 
oscillator It need occasion no surprise, since it merely expresses the 
fact that the disturbance at a great distance from the origin, at any 
moment, was emitted from the origin at a correspondingly distant 
past time, when the rate of radiation was greater In the radioactive 
decay problem the flux of particles at a large distance r, at a given 
mstant, must obviously correspond to the strength of the source at 
a time rjv earher At that time the strength of the source was greater 

by the factor exp^A^j = exp^Ar J which is precisely the 

factor to be explamed m (37), when it is remembered that (37) gives 
the amphtude of the wave and the square of this amphtude enters 
into the calculation of the flux In order to appreciate the relative 
magnitudes of the various quantities mvolved, we may take the case 
of radium C', for which E'IEq is larger than for any other element 
concermng which fuU data arc available Here Eg ~ 1-2 x 10-^ erg, 

A = 10* sec thus E = Eg—i— = 1 2x 10~^— 5 2x 10-^H The 

2 

uncertainty in the energy-value is only 4-3 X 10“^'' per cent of the 
average energy, and, according to (37), the amplitude of the ip wave 
IS not doubled until a distance of 2-8 km from the nucleus is reached 
Although the method of complex E values, proposed by Gamow, 
gives perhaps the most satisfactory representation of disintegration 
processes, the necessary calculations are impossible except in respect 
of very simple nuclear models, such as that represented by the 
rectangular potential barrier discussed in detad by Kudar f On the 
other hand, real nuclei must be treated on the basis of a potential- 
energy function for a-particles which at large distances is given by 
the Coulomb inverse -distance law and at small distances is modified 
by some unknown, rapidly varymg, potential function which makes 
the resultant potential energy negative inside the nucleus. In this 
case it 18 possible to obtain a relation between the real and imagmary 
parts of the proper energy-values — that is between disintegration 
energy and decay constant — without in the process determmmg 
the values of Eg (energies of dismtegration) to which the more 
t J Kudar, f Phys 53 (1929), 96, 134. 
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complicated model leads These values are very sensitive to the form 
of the potential barrier inside the nucleus, but the relation 
may be obtained without exact knowledge of this form, as we shall 
presently discover This relation may then very usefully be com- 
pared with the empirical relation which has already been discussed 
Suppose that we start with the expression, in terms of the wave 
function ifi, for the conservation of particles, it is 


the integral on the left being taken throughout a certam region of 
space and that on the right over its boundary surface In the expres- 
sion on the right, moreover, n is measured along the outward normal 
to the surface element da In (38) p (= xpijj) is the probabUity density 


relative to the particle in question and lA— — lA— ^ the 

'■ ^ " \ 2mil dn ^dnj) 

normal component of the flux of probabihty across the surface In 
the case of spherical symmetry, when we choose for the region to 
which (38) apiihes a sphere of radius R centred in the nucleus, we 
can, by usmg (27), (29), and (35), transform the conservation equa- 
tion and obtain 


n 



0 

2mi 


(39) 

or 

271111 

^dr ^dr 

/ f XX dr 

t=R’ 0 

(40) 


We have thus obtained a formula for the disintegration constant 
which may be interpreted simply as sliowing that this constant is 
just the ratio of the flux of particles across any large sphere to the 
number of particles remauiuig mthin the sphere at the instant m 
question A completely analogous relation is often employed for 
calculating the damping coefficient for any radiating oscillator m 
classical electrodynamics In using (40) m the radioactive case it 
18 quite unimportant what value of R we take, provided that it is 
large m comparison with fj, the inner ladius of the potential barrier 
In fact we have seen that the rate of flow, as determmed by 


n 

2m I 




18 fairly constant, mcreasmg by a factor 2, only, over a distance which 
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IS almost always greater than 1 km As concerns the denominator of 
(40), to a sufficient approximation we may take the mtegral here 
from r = 0 to r = Tj, since x decreases so rapidly in the range 
j-j < r < rj (within the barrier) that the portion of the mtegral 
corresponding to r > is negligibly small For the radioactive 
nuclei XX outside the nucleus is leas than of its value inside, so 
that for i? = 1 cm the contribution of the extra-nuclear part of the 
integral will not be more than 0 01 per cent of its total value As 
we have seen above, the potential energy inside the nucleus may be 
regarded as approximately constant, consequently the solution for 
X (for r < r^) will correspond very nearly to harmomc oscillations of 
amplitude A (say) Then, with sufficient accuracy, 

*■1 

0 

Also, for large r values we have previously used 

so that the probabihty flux becomes 

/(— \ = Ch\ 

2mi ^ dr j /\J \m / 

where is the velocity of the particle outside the nucleus Substitut- 
mg from (41) and (43) in (40) w'e obtain 



G bemg the transparency of the barrier, which may be taken over 
from (25) Then 

A = — ^4-^exp(- ^^\^^ - ^ f [U{r)~E\i dr 

''i \ n J 

= j [U{r)-Ey drj, 

in which expression is written for the velocity of the particle inside 
the nucleus Remembering that the de Broglie wave-length A^ corre- 
sponding' to this velocity {mv^A^ = h = 2nfi) must be an exaet sub- 


(41) 

(42) 

(43) 
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multiple of the nuclear diameter (*A, = 2r.^, where h is the radial 

quantum number), we have v^ = , and may write the expression 

for the dismtegration constant m the final form 



3. Calculations for a simplified potential barrier 

In order to apply the formulae already derived, we have clearly to 
make certam assumptions concemmg U (r) In actual fact, it must 



Fio 26 

be supposed that the distribution of potential energy of a nuclear 
a-particle in the field of the rest of the nucleus is something like that 
shown by the smooth curve in Fig 2G At distances large compared 
with the dimensions of the nucleus we have the Coulomb inveree 
square law of force, aud the potential eneigy of the escaping a-particle 
18 given by 2(Z — 2)e*/r, where Z is the chaige number of the dis- 
mtegrating nucleus At a certain small distance from the centre of 
the nucleus attractive forces become important and the potential 
energy drops rather rapidly, inside the nucleus it has already been 
assumed to be practically constant For ease m calculation, and 
because the exact law of the attractive force is at present unknown, 
it 18 necessary to modify the potential distribution above described. 
A simple and natural approximation is to replace the curve inside 
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the nucleus by a rectangular trough, as shown in Fig 26, i e. to 

2(Z— 2)c2 


assume 


V(r) = 


for r "> Ta 


U{r)=Ua for r < T^, (47) 

with a discontinuous change from 2(Z — 2)c®/ro to Uq at the critical 
radius j-q Thus our model of the nucleus is defined by two quantities, 
Tg and the value of the internal potential energy Ug Both of these 
clearly refer to the nucleus of the product element when calculations 
concerning decay constants are involved 

We may notice here that the approximation which is to be adopted 
will scarcely affect the value of the coefficient of transparency of the 
barrier, since the chief part of the mtegral m formula (25) is taken 
over the region of the barrier where deviations from the Coulomb 
law are very small On the other hand, our model will give only very 
rough results concermng the energy-levels for a-particles within the 
nucleus, as the positions of these depend essentially upon the actual 
shape of the potential-energy curve With this warnmg, however, 
we may proceed to calculate the proper-energies involved The solu- 
tion for r < t-q IS 


Xe,3 = 


U{2m) 


\ ft 


-'(E~Ug)ir 


)■ 


(48) 


where is a Bessel function of order j -f- 1 If are the roots of 
these functions, we have 


In the case of radial oscillations 


2wr§ 


Xe.^ = A^xJS^^\E-Ug)ir, 


and we have, simply, 


E~ n = 


2mrg 


Ug 


(49) 


(50) 


(51) 


In calculating the decay constant for our model we shall first examine 
the case of radial motion, this is precisely what has already been 
done m using (25) to obtain the expressions (45) and (46) of § (2) 
We may rewrite (46) with the new assumptions regarding U{r) as 
follows 


^£,0 — 


Snkh 
— r®^P 

mrl 


Z(Z-Z)c'IE 


( aw,-* 

2V(2m) J 


[2(Z-2)e*/r-F]ldr 
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The integral in the exponent of (62) may be simply evaluated by 
means of the substitutionf 

, tE r 

We have 


— 




rriTi 


-exp 


2(Z-2)e2 
(Z-2) 


I A 


where 


cos^ito 


(2Mo— sm 2iio) 

.E 


(53) 

(54) 


(54') 


* 2(2-2)e2 

In radioactive nuclei the value of rjr* is small and the exponent of 
(54) may be developed in powers of this small quantity Takmg the 
first two terms only we obtain a simple formula which is very con- 
vement for the calculation of decay constants, 

. Sv'Lil / ^ve^(Z — 2) SeVwir 

= 2-exp j h V 

If the azimuthal quantum number differs from zero we must take 
count of the additional potential energy corresponding to the centri- 
fugal force, and obtam the expression lor the decay constant in the 
form 




(55) 




Hirkh 

2 

mri 


2\{2m) f f2(Z-2)e2 


/[ 


2m r® 


E ^ dr j 


(56) 

In radioactive nuclei {Z — 80 to 90, ~ 10~** cm ) the potential 

energy corresponding to centrifugal forces will, in general, be very 
small compared with the Coulomb potential energy, the ratio cr being 
given by j (7-hl) 2(2-2)e^ 

2m tI r„ 


0 002j{j + l) 


(57) 


Thus, for calculation of the integral (56) we may develop the square 
root m powers of the small quantity a We get, finally. 


, dnkh I 




(58)J 


This shows that the azimuthal quantum number of the emitted par- 
ticle must be assumed ‘responsible’ for a decrease (for the same energy 
of disintegration) of the dismtegration probability, if this angular 
momentum amounts to several umts the decrease may be qmte appre- 


f'* IB thB flo-called classical radius of tlie nucleus, i e the closest distance of 
approach of the a-particlo according to classical inochanicB 
$ In subsequent calculations we shall always take A: 1 
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ciable As we shall see later, we may obtam mterestmg information 
concerning the changes of spm of decaying nuclei on this basis. 
Formula (58), which can be written in the form 


login A = logi 


Z—2 , 8eVm 




hi 


V(Z-2)Vro(l-|), (59)t 


or, puttmg m numerical values, as 


login A 


21 6693-1 191x10®^—? + 


+ 4 084xlO«V(2-2)Vro[l-0 001j(j+l)], (60) 

corresponds to the empirical relation found between the decay con- 
stants and the energies (or velocities) of a-disintegration for different 
radioactive bodies by Geiger and Nuttall (p 86) We see from (69) 
that log JO A depends actually not only on the velocity of the ejected 
a-particle but also on the charge-number Z and the radius of the 
nucleus, and that therefore it cannot be represented on a two- 
dimensional graph The reason why Geiger and Nuttall could get 
a smooth curve by plotting simply logj^A against E (or v) is due to 
the fact that the variation of Z, E, and r^, in a radioactive senes is 
practically monotonic as we go down the senes We should expect 
certain anomahea m the Geiger-Nuttall graph at the pomts where this 
regulanty breaks down Fig 22 shows that such deviations actually 
occur, for example, for AcX the point does not he on the curve — 
and this is due to the fact that the velocity of the a-particles ejected 
by this element is smaller than for the previous element RaAc, 
whereas, generally, the velocity increases as we go down the senes 
The values of logjg A as calculated from (59) for a chosen constant value 
of ro give already a good representation of the Geiger-Nuttall graph 
because the small changes in radius from element to element (enter- 
ing only in the last term) only slightly affect the results, a much 
better approximation can be obtained, however, if we assume that 
the nuclear radius varies proportionately to the cube root of the 
mass number of the nucleus (see Chap II) 


4. Nuclear radii and the effect of spin 

Usmg experimental data for decay constants and energies of dis- 
integration we can calculate from (60) the values of 

^ea = 41-0 001j(y-f l)p ~ ro[l-0 002y(j+l)], (61) 

f Here 1 = 2 303 is the factor for converting natural logarithms to the base 10 
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which we may call the effective radius of the nucleus The effective 
radius is the same as the true radius when the emitted a-particle 
possesses no angular momentum, (61) shows that in other cases it 
13 smaller than r^. The values of the effective radu of the a-active 
elements are given m Table Vf and are also plotted against mass 
number in Fig 27 

Table V 

Nuclear radii 


Distntegrat- 
tng nucleua 

Z-2 

Elective velocity i 

cm jsec. i 

Decay constant 

X sec 

Effective 

radius 

Tfl X 1 0“ cm 

Mass 
number A 

Th 

ea 


1 41 

' 

1 3x10-'* 

0 83 

232 

RaTh 

88 


1 63 


1 16x10-* 

0 81 

228 

ThX 

86 


1 68 

1 

2 20x 10 -* 

0 79 

224 

ThEm 

84 


1 76 

1 

1 27x10-* 

0 77 

220 

ThA 

82 


1 83 

1 

4 05 

0 75 

216 

ThC„. 

81 


1 75 

1 

1 5X10-* 

0 60 

212 

ThC' 

82 


2 10 

1 

[7x10+*] 

[0 72] 1 

212 

u, 

90 

1 

1 44 


4 8x 10-'* 

0 89 

238 

Un 

, 90 

\ 

1 53 


7 

o 

X 

[0 87] 

234 

lo 

1 B8 


1 51 


2 9x10-1* 

0 85 

230 

Ba 

86 

1 

1 54 


1 39x10-" 

0 81 

226 

RaEm 

' 84 

1 

1 65 


2 10x10-* 

0 79 

1 222 

RaA 

1 82 

i 

1 72 


' 3 78x10-* 

0 77 

218 

RaC.. 

! 81 

j 

1 65 


1 134x10-’ 

0 57 

214 

RaC' 

1 82 


1 96 


3 5x 10+" 

0 73 

214 

RaF 

82 


1 62 


5 8SX 10-" 

0 71 

210 

Pa 

i 80 


1 08 


1 9 X 10 1* 

’ 0 76 

I 231 

RaAc 

1 88 


1 72 


1 4 24x10"' 

0 73 

227 

AcX 

1 86 


1 68 


7 14x 10-' 

0 76 

223 

AcEm 



1 84 


, 177X10-' 

P 71 

219 

ApA 

i 82 


1 92 


' 4 74x 10+* 

0 73 

215 

AcC„, 

81 


1 81 


1 4 79x10-* 

1 0 63 

211 

AcC' 

82 


1 91 


' [1 A 10+*J 

[0 72] 

211 

— - 

' - *- 

- 

— 

- 


1. 





From Fig 27 we see that effective nuclecr radu vary m general 
smoothly, increosmg with the mass number However, the ratio 
rjA^ IS not stnctly constant but mcreases by 15 per cent from RaF 


t In this table the relative velocity of a particle and recoiJ-nucleua la used In 
cases where ‘fine structure’ of a spectra is present, nuclear radii are calculated 
using the moxtmuTn velocity of the a-purticles and the total decay constant (the 
detailed discussion of effective radii for different components of a-spectra will bo 
found in the next paragraph) Foi three elements for which the decay constants 
have not been measured the values given in brackets represent the result of cal- 
culation from formula (60) usmg the interpolated values of nuclear radu (also shown 
m brackets) 

ssts.is P 
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to U, showing that in the region of the radioactive elements we have 
a shght decrease of nuclear density with increasing mass; this effect 
might be connected with the formation of a new shell at this stage 
(see p 50) It is very important that for all three C products, and 
also for most members of the actimum family, the values of effective 
radii are anomalously small This, as was mdicated by Gamow,'|' 
may be due to the fact that in these cases a-particles are emitted 
with angular momentum different from zero In order to explain 
the deviation observed (~ 5 per cent ) we should, according to 



formula (61), suppose that in these cases the angular momentum of 
the emitted particles is about 4 or 5 quantum units, or, m other 
words, that the spms of the dismtegrating and product nuclei differ 
by about as much 

Later we shall see that the elements which show this anomaly are 
]ust the elements exhibiting the complex structure of a-spectra 
This association will lead us (Chap VI) to an understanding of 
the occurrence of intense structure for these elements in particular 
In conclusion we may remark that there is known one cr-decaymg 
element which does not belong to the radioactive famihes It is 
Samarium, the a-activity of which was discovered by Hevesy, it has 
already been discussed from the point of view of the general stabihty 
laws in Chapter II. The energy of the a-particles from Sm amounts 
to 2 0 X 10® e V (range 1 1 cm ) and the decay penod is p X (1 - 10^*) 
years (A = (1/p) X 3 10““ sec “^), where p is the percentage of active 


t G Gamow, Nature, 129 (1032), 470 
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isotope Accepting p ~ 1, we calculate from (60) the radius of Sm 
nucleus to be ro = 0 8x 10-^^“ cm , which is somewhat too large for 
its atomic weight {A ~ 150) In order to obtam the proper values 
for the radius we must suppose (as it seems also from other considera- 
tions) that the active isotope of Samarium is present m comparatively 
small quantities 



VI 

y-RAY EMISSION FOLLOWING ^-DISINTEGRATION 

1. Nuclear excitation by a -decay and the ‘fine structure’ of 
a -rays 

In the process of a-emission the residual nucleus need not necessarily 
be left in its normal state If the energy released m the transforma- 
tion IS m excess of an excitation energy of this nucleus there is always 
the possibihty that it will be found in an excited state, the energy 


E 



of the emitted a-particle bemg smaller just by this amount In these 
cases we may predict that the spectra of a-rays will show several 
discrete groups corresponding to the different quantum levels of 
the product nucleus, as represented schematically m Fig 28 The 
excited nucleus will emit this excess energy m the form of y-radia- 
tion, which will follow immediately (due to the very short period of 
hfe of nuclear excited states) the emission of the a-particle. It is 
clear that the y-rays origmatmg in this way belong to the nucleus of 
the product element although they are experimentally observed 
together with the a-radiation of the original element It is also clear 
that the energies of these y-rays must fit m the level scheme of the 
product nucleus — which may be obtamed directly by turning upside- 
down a figure showing the energies of the various groups of a- 
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particles with respect to the group of smallest energy We may 
notice here that, m general, the intensities of the slower a-components 
should decrease rapidly due to the increasmg difficulty experienced 
by slower particles m penetrating the potential barrier 

Such weak groups of ot-particles with smaller energies than the 
mam group were first observed by Rosenblumf when mvestigatmg 
the deviation of the a-rays from ThC in strong magnetic fields It 
appeared that there were actually five very close components referred 
to by Rosenblum as the components of ‘fine structure’ of the a-rays 
The energy-differences and the relative mtensitiea as measured by 
Rosenblum are given m the second and third columns of Table VI 


Table VT 

‘Fine structure’ of the ot-raya from TkC 


i 

j 

a-group j 

Energy -difference 
{E,-E^) xlO-'ev 

Relative intensities 

1 Relative 

‘ intensities 
iheoT IJI„ 

“o 


1 0 

19 1% 

1 1 0 

«1 1 

0 040 

33 

77 0% 

0 7 

*1 

0 330 

0 1 

2 2% 

j 0 03 


0 477 

0 01 

0 2% 

0 005 

“* 

0 490 ' 

0 07 

1 6% 

1 0 004 

L 

0 626 





The level scheme for the ThC" nucleus 
obtamed from these energies is shown m 
Fig. 29, which also mcludes the y-ray 
hnes from the measurements of EUis 
It will be seen that these fit well mto 
the scheme Smce the relative mten- 
sities of the different a-components 
evidently fix relative values for the par- 
tial decay constants corresponding to 
the different groups of particles, we see 
at once that the probabihty of dis- 
integration does not vary so regularly 
(or, as we shall see later, so rapidly) 
with energy as might be expected from 
simple considerations, m particular the 


ThC 


xi0®e / 
-0 626 


•0 496 
• 0*477 


-0 530 


‘ 'I'll; ° 


Fio 29 


t S. Rosenblum, C il 190 (1930), 1124, J de Phys 1 (1930), 438 
references see Rosenblum m Reports of the Solvay Congress, 1933. 


For later 
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mtensity of the group is greater than that of the group (Jto, 
although the energy of the a-particles is somewhat smaller 

After the discovery of ‘fine structure’ with thorium C the same 
phenomenon was found with a number of other elements Ruther- 
ford and his collaborators, f using first the differential counter for 
range measurements, and later also the magnetic method, proved 
that with radium C and actinium C there are at least two components 
of comparable mtensity, the corresponding level schemes and the 
y-rays are shown in Fig 30, (a) and (b) Further mvestigations of 

xloSe ]/ 
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Rosenblum, by the magnetic method, showed the presence of more 
comphcated and well-marked ‘fine structure’ with many members of 
the actmium family, he found three components with actinon, three 
components with actinium X, and eleven components with radio- 
actmium Very probably, also, such ‘fine structure’ exists in the 
case of protoactmium, which, although not investigated by the 
magnetic method, is known to possess rather strong y-radiation 
which has to be explained by excitation through a-decay 

On the other hand, with all other elements so far investigated 
‘fine structure’ is either not observed at all (ThX, Tn, ThA, 
Rn, RaA, RaF, AcA) or occurs m the form of an extremely faint 
component, correspondmg to a y-ray of small intensity (RaTh and 
Ra) 

We shall investigate now m more detail the question of the rela- 
tive mtensities of different ‘fine-structure’ components in relation 
to the transparencies of the potential barrier for a-particles of the 
appropriate velocities Using the formula (55) of the previous 

"i E Rutherford, FAB Ward, and C E Wynn Williams, Proc. Roy Soc A 129 
(1930), 211, 139 (1933), 017 
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chapter and accepting j = 0 (and = const ) for all components of 
the structure, we can calculate the relative mtensities which are to 
be expected The results of such a calculation for the groups of the 
ThC a-spectrum are given m the last column of Table VI We see 
that in this case, and it is equally true in other cases of strong 
‘fine structure’, the intensities of the components decrease much 
more slowly than would be expected theoretically — and notice even 
the inversion of order in the special case of the cxg and groups of 
ThC On the other hand, the faintness of the components with Ra 
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and RaTh is m good agreement with the theoretical expectation 
In the same way we might say that the failure to detect any slow 
components with other elements must be due to their extreme 
weakness,! followmg the piedictions of theory 

These considerations lead us to the conclusion that we must 
consider the presence of strong ‘fine-structure’ components as an 
anomalous cfiFect and try to find some explanation of it m terms of 
probabihties of different lands of disintegration The explanation 
of this effect proposed by GamowJ is based on the dependence — 
already discussed — of the probabdity of disintegration on the 
angular momentum of the emitted particle Let us consider the pro- 
cess of a-dismtegration of a nucleus possessmg a spin ig when the 
product nucleus possesses, in its normal and excited states, spins 
H, H> (^'8 31) If the spins of the normal states of the onginal 

t We Bay this, rather than ascnbe the absence of ‘fine structure’ to an energetic 
impossibility , in fact one can feel perfectly sure that m radioactive nuclei there are 
always levels with excitation energies less than the energy of m-particlea amounting 
to at least 4 X 10* e v 

t G Qamow, Nature, 131 (1933), 018 
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and product nuclei are the same (iq = i'q) the probabihty of normal 
dismtegration (i e without excitation) wdl be given by our previous 
expression (60) with ^ = 0, as m this case the a-particle can be 
emitted without angular momentum Also, the intensities of dis- 
integrations with excitation of different levels of the product nucleus 
will be considerably less than this on account of the smaller energy 
of the emitted a-particle and the effect of the additional 'potential 
barrier of centrifugal force’ for those states with spm different from 
This represents just the above-mentioned case of very rapidly 
decreasing intensities of fine-structure groups characteristic of those 
elements for which a very famt structure or no structure at all has 
been observed Let us unagme now that the normal state of the 
product nucleus possesses spm different from that of the original 
one In this case the probabihty of normal a-decay will be con- 
siderably reduced as the emitted a-particle must take with it the 
spm-difference and escape from the nucleus with angular momentum 
J ~ 1*0 — *ol O** other hand, it might now happen that some of 
the excited states of the product nucleus possess spm closer or equal 
to Iq, the spm of the original nucleus Tor transitions to these states 
the decrease of disintegration probabihty due to the smaller energy 
of the emitted a-particle will be partially balanced on account of 
the absence of the additional ‘centrifugal barrier’ and the resulting 
intensity may become comparable with, or m certain cases even larger 
than, that of normal decay These considerations, relating the 
existence of strong ‘fine structure’ with large spin-differences between 
the normal states of original and resulting nuclei, tlirow some light 
on the question why this effect is observed only for aU three C pro- 
ducts and for most members of the actmium family For, as we 
have seen above (Chap III), nuclear spms different from zero are 
to be expected only for elements with odd atomic number (C pro- 
ducts) or odd mass numbers (actmium family) A glance at Fig 27 
shows us that it is just for the elements possessing strong ‘fine- 
structure’ components that the anomalously small values of the 
effective radius are observed, and this, as has been already men- 
tioned, should be eonsidered as mdicatmg the emission of an a- 
particle with angular momentum different from zero AU these 
facts seems to prove, rather unambiguously, that the proposed 
explanation of the ‘fine-structure’ effect has the correct basis 
It IS much more difficult, however, to give a quantitative treat- 
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luent of the above effect, because the formula (60), used for calculat- 
ing the effect of spin on the probabihty of dismtegration does not 
take into account all the factors known to be concerned. In fact, in 
deriving this formula, we accepted a simplified model of the potential 
barrier with a vertical fall at r = r^, and correspondmgly cut off the 
potential bamer of centrifugal force at the same distance In 
reahty the fall of potential near the nuclear boundary cannot be so 
abrupt, whilst the addition of centrifugal potential will somewhat 
change the whole distribution and shghtly decrease! the value to be 
accepted for the nuclear radius, this effect cannot be taken mto 
account until we know the exact form of the potential -energy curve 
near the nucleus The second effect neglected m the formula can be 
expressed as the change m the number of colhsions of an a-particle 
mside the nucleus with the potential bamer an a-particle possessmg 
non-zero angular momentum will suffer fewer colhsions with the 
‘wall’ than a particle of the same energy, but without such momen- 
tum At present we can only say that both these effects wiU act in 
the same direction as the effect already taken in account, so that the 
actual decrease m intensity due to spm-differences should be larger 
than that given by our formula (60) 

Anyhow we shall make the attempt to deduce nuclear spm- 
diffcrences from the relative mtensities of ‘fine -structure’ components 
and we shall proceed in the following way For each component we 
calculate the partial decay constant, using the experimental values 
of total decay constant and relative mtensities (compare § L) of the 
previous chapter) Substitutmg these, and the experimental values 
for the energies of the different components, m the formula (60), we 
obtain the effective radu correspondmg to the components of ‘fine 
structure’ These radu, as calculated by Gamow and Rosenblum.J 
are shown m Fig 32 1| plotted against the atoimc weight of decaymg 
nucleus We see that the pomts representing the effective radu for 
the different a-components of the same element are spread over a 
considerable region and that they show a tendency to accumulate m 
pairs, triplets, or other groups If we agree, as stated above, that 
the reduction of effective radius is to be ascribed to the angular 

t Because it is necessary to come closer to the nucleus m order that the stronger 
repulsion (Coulomb H- centrifugal forces) may be compensated by nuclear attractive 
forces. J Q Gamow and S Rosenblum* CJZ- 197 (1933), 1620. 

II The values m Fig 32 are shghtly difierent from those given above (Fig 27), aa m 
the new calculations somewhat unproved experimental data have been used. 

3SQ6.18 Q 
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momentum of the emitted a-particle we must conclude that, for a 
given element, the dismtegrations characterized by the same effective 
radius take place with the same change of angular momentum and 
those descnbed by smaller radii with correspondingly large momenta 
For example, the groups 0 : 5 , and ag in RaAc must haye equal 
angular momenta and this momentum must be larger than that of 
the groups and ag In Fig 32 are mcluded, also, the points repre- 
senting the effective radii for different _^’s as calculated from the 
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formula (60) We see that, although there is a close simdanty between 
theoretical and experimental schemes, the experimental points are 
situated somewhat farther apart from each other than are the 
calculated points This can be accounted for by the roughness of the 
approximation used m obtaining formula (60) — as previously men- 
tioned For this reason it is difficult with certainty to assign values 
of j to the different groups, for example, in the case of ThC we could 
accept^(a 4 ) = 0 , ^(aj and oij) = l.f and_;(a:o, 0 : 3 , andaj) = 2 , although 
the values 0 , 2 , and 3 or 1 , 3, and 4 are also possible If, however, 
the above-mentioned correction can be taken into account it is not 
at all impossible that this method will permit us to give quite 
defimte j-values to all components In conclusion we must mention 

t The difference between the points for otj and ac 2 m ThC is within the limits of 
experimental error 
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that our considerations lead only to the spin-differences [j = i—i') 
between the nuclei, and, in order to assign values to the nuclear spm 
itself, a knowledge of at least one spin in each family is necessary 
In the Th and U famihes it is very likely that the elements of the 
main a-decay sequence possess the spin i = 0, and for the Ac family 
we can use the spin of Pa, which, according to Schuler and GoUnow, 
18 equal to f 

Another method of obtaimng information concerning the relative 
spms of different excited states of a radioactive nucleus has been 
worked out by Elhs and Mott,f and is based on the difference between 
the internal conversion of dipole and quadrupole y-radiation dis- 
cussed in Chapter IV 

Although coefficients of mternal conversion 

( number of secondary ^-particles\ 
total number of transitions / 

have not been measured directly for the elements exhibiting the 
fine structure of a-rays,J we can estimate these coefficients from the 
numbers of secondary /3-particles and the numbers of a-particles 
m different groups — which give us directly the amounts of excitation 
of the corresponding nuclear levels || For example, for the case of 
ThCC", Elhs gives the measured absolute intensities of different 
secondary /3-groups (ejected from the K level) as shown m the third 
column of Table VII 

Table VII 

Intensities of ThC y-rays 



1 

1 Absolute 1 



1 



1 

1 

1 

1 /ikxIO-'* 

1 intensities 1 

1 oj sec p 1 

1 {measured) [ 

XlO* I 

Calcuj43(ed coefficient 
of internal tonuirsion 

1 Calculated absolute 

1 ln^el^«l^r/ of y ray 

Transition 

€ V 

dipole 

quadrupole i 

dtpole 1 

quadrupole 

“4 ->-“l 

0 450 

; 1 

0 0095 

0 029 

0 023 

0 0076 

ffg Otj 

1 0 437 

2 ’ ' 

0 0102 

0 032 

0 022 

0 0069 

“a ->■ “o 

0 477 

1 09 1 

0 0066 

0 027 

0 01 

0 0033 

“a ->-“1 

! 0 290 

1 28 0 

0 0178 1 

0 113 

0 16 

1 0 0250 

-►ao 

0 330 

! 6 1 1 

0 0149 1 

0 075 

1 0 04 

1 

0 0081 


t C D Ellis and N P Mott, Pror Roy Soc A, 139 (1933), 369 
J The only direct measurements of these coefficients have been made by Ellis and 
Aaton for RaCC' and RaBC y-rays 

II As a matter of fact the excitation of each level is composed of a direct excitation 
produced by the escaping; a particle plus the excitation originating m transitions to 
the level in question from higher levels , however, due to a rapid decrease of excitation 
>yith increasing energy of the level, the second term can be neglected m most cases 
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In the last four columns are given the coefficients of internal con- 
version for the energies m question calculated theoretically by Mott 
and Taylor (see Chap IV) both for dipole and quadrupole radiation 
and the expected mtensities of y-rays, obtained by dividing the experi- 
mental intensities of the secondary ;S-rays by these coefficients Now 
we can compare these results with the excitation of different levels 
of the ThC" nucleus as given in the third column of Table VI We 
see, for example, that there are two transitions from the level 
ctj {<X 2 oij^, 0:2 Q^o), il we suppose that both are dipole transitions, or 

one IS dipole and the other is quadrupole, or, finally, that both are 
quadrupole, we obtain, usmg the data of Table VII, the following 
values for the total number of transitions to be expected 0 20 (d, d), 
0 17 (d, q), 0 065 {q, d), 0 033 {q, q) Since the excitation of the level ag, 
as may be seen from Table VI, is only 0 022 , we must conclude, accept- 
ing a probable error of 50 per cent in the calculations of internal 
conversion, that both transitions are quadrupole From the level 
0:3 we have also two transitions (ctj -> aj and ag -> ^ 3 ), the total 
intensities of which, corresponding to the four different possibihties, 
are 0 032 (d, d), 0 025 (d, g), 0 017 (g, d), and 0 01 (g, g), whereas the 
excitation of this level is only 0 002 Whether this disagreement 
(of 500 per cent ') is due to errors m experimental measurements or 
m mterpretation is difficult to say Finally, from the level a^, we 
know of only one transition (a^ a^), which being considered as 

dipole gives to the total intensity the value 0 0023, and as quadrupole 
the value 0 0075, whereas the excitation of the level is 0 0015 
Thus it IS possible (agam with an error of 50 per cent ) that this 
transition is a dipole transition We see that (permittmg rather 
large errors in the estimation of internal conversion) we must 
consider the transitions 0:2 -> cxg, acj a 3 ->■ as quadru- 

pole transitions and the transition “1 as a dipole transition 
Remembering what was said in Chapter IV about the selection 
pnnciple for y-radiation we thus conclude that the results of the 
above considerations, although very uncertain, are not m con- 
tradiction with those obtained by the previous method, and we 
can hope that a more detailed apphcation of both methods, based 
on better experimental data, will give us definite knowledge of 

t In their original paper Ellis and Mott accepted, in constructing the quantum 
scheme, that the fundamental level of the ThC" nucleus is an S level This, as wp 
fiav© H00I1 abovG, is not n6C6Bsa-ry and. is probably wrong 
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the quantum numbers appropnate to the diiferent excited states 
of nuclei 

2. The a -decay of an excited nucleus and the ‘long-range’ 

a -particles 

We are now m a position to ask the question what happens to an 
excited nucleus when the next transformation is to be the emission 
of an cx-particle It is clear that two different processes can take 
place [A) the y-ray may first be emitted, bringing the nucleus to its 
normal state, and this may be followed by normal a -disintegration, or 
(B) the Qi-particle may be emitted, takmg with it the excess energy 
of the excited nucleus Both pro- 
cesses are represented in Fig 33 The 
relative frequencies of the two pro- 
cesses will evidently be governed by 
the relative probabilities of y-emis- 
sion, and the ejection of an a-particle 
with the surplus energy Remember- 
ing that the probabihty of y-emission 
10+*® sec “*) IS much larger than 
the usual decay constants even for 
high-energy a-particles, we shall con- 
clude that process {B) will occur very 
infrequently and that we should look 
for such anomalously fast (or ‘long- 
range’) a-particles only with those elements having already, in the 
normal state, high disintegration probabiUties In fact such very 
fast particles have been discovered m very small amount only with 
ThC' (A ~ 10+® sec “*) and RaC' (A~ 10+^ sec ~*) — and these two 
are precisely the radioactive elements of shortest hfe The energies 
and relative intensities of the different ‘long-range’ groups of these 
elements have been mvestigated in much detail by Rutherford and 
his coUaborators,! they are shown in Tables VIII and IX on the 
following page 

The energy differences hated m the tlurd columns of these tables 
give us directly the positions of the excited levels for ThC' and RaC' 
and may be used as a term scheme for fittmg in the various lines m 

t E Rutherford, F Ward, and W Lewis, Ptoc Roy Soc, A, 131 (1031), 684, 
142 (1033), 347, 
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Table VIII 

^Long-range particles of ThC' 


Name of 
the group 

Energy of 
disintegration 

X 10 “‘ e V 

Energy ~di fference 

X 10“® c V 

Number of particles 
per million 
disintegrations 

Normal ai„ 

8 948 


10" 

at 

9 074 

0 726 

34 


10 745 

1 797 

190 


Table IX 

‘Long-range’ particles of RaC 


Name of 
the group 

Energy of 
disintegration 

X 10“’ e V 

Energy -difference 

X 10~® e L 

Number of particles 
per million 
disintegrations 

“o 

7 829 


10‘ 

al 

8 437 

0 608 

0 43 

ait 

9 112 

I 283 

0 45(7) 

aiu 

9 242 

1 412 

22 0 

a<y 

9 493 

1 663 

0 38 

ai 

9 673 

1 844 

1 35 


9 844 

2 015 j 

0 35 


9 068 

2 139 

1 06 


10 097 

2 268 

0 36 


10 269 

2 440 

1 67 


10 342 

2 513 

0 38 

a" 

10 526 

2 697 

1 12 

aXii 

10 709 

2 880 1 

0 23 


the y-ray spectra of these elements These are best known for 
RaC', which possesses a very neh y-ray spectrum (see Table D at the 
end of the book), givmg us the possibility of filling up the level scheme 
defined by the ‘long-range’ a-particles Fig 34 represents the latest 
attempt of Elhs and F Oppenheimcr to complete such a level scheme 
in this case | In the diagram values of the azimuthal quantum 
number are also indicated, having been obtamed on the basis of the 
analysis of the internal-conversion coefficients for the correspondmg 
y-hnes We see from this picture that the level schemes for nuclei 
may be at least as complicated as those for complex atoms 

We can now turn our attention to the relative probabilities of 
ejection of a ‘long-range’ a-particle and emission of a y-ray, as dis- 
cussed in detail by Delbruck and Gamow J In order to calculate the 


t C D Ellis, Report to the International Congress on Physics, London, 1934 
% M Delbruuk and G Gamow, Zs f Phgs 72 (1931), 492 
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probability of the ejection of a ‘long-range’ a-particle we have merely 
to substitute the energy- values given by Tables VIII and IX m our 
decay-constant formula (60) of the previous chapter We can accept 
as a sufficient approximation that the radius of the excited nucleus 
is the same as that of the nucleus in the normal state For the 
present, also, we shall neglect the effect of angular momentum For 
the calculation of the probabdity of y-emission we must use the 
formulae (9) and (10) of Chapter IV for dipole or quadrupole radia- 
tion, respectively Choosing for example the first ‘long-range’ groups 
of RaC', we obtam for the decay constant of the excited state 
the value A ~ 2 X 10+® sec whereas for the probabihties of y-transi- 
tion to the ground-level we have 

~ 4x 10+^® sec and ~ 1 X 10+^^ sec 

Thus the theoretically expected ratio XJk is 5x 10“^^ for dipole and 
2 X 10”® for quadrupole radiation Table IX of this chapter and 
Table IV a of Chapter IV show us that in this case the number of 
‘long-range’ particles per dismtegration is = 0 43 x 10”®, and the 
number of y-rays = 0 66 Thus experimentally 

= 0 67x10-®, 

iVy 

which fits with the hypothesis of quadrupole radiation The same 
result may be obtained for any other level of RaC', which leads 
to the conclusion that all y-transitions in radioactive nuclei possess 
approximately quadrupole transition probabilities f It does not mean, 
of course, that there are no dipole transitions m the excited nucleus, 
but only that the probabihties of dipole transitions are largely re- 
duced, as may happen, for example, if the dipole moment of the 
transition is small This is also in good agreement with the fact, 
discussed m Chapter IV, that the mtensities of dipole and quadru- 
pole y-hnes emitted by radioactive nuclei are entirely comparable 
Now we can easily explain why the y-hnes correspondmg to the 
‘long-range’ a-groups of ThC' are so extremely famt In fact for the 
group <yi of ThC' (^„, = 9 67 X 10® e V , = 0 73 X 10® e v ) we 

calculate for example A„. ~ 3 X 10“ sec and ~ 2 x sec 

■f It IB very improbable that this result is due to our neglectmg the effect of 
azimuthal quantum number or the change of radius of the excited statep as the 
difference between dipole and quadrupole probabihties amounts to a factor of 
40p000. 
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and the relation NJNy — X/k gives us for the number of y-quanta per 

2 ^ 10 + 1 ^ 

disintegration the value i'T = 34X 10“® ~ 0-0002 t 

y 3x10+1° 

In conclusion we may mention that combinations of the two 
effects discussed in this chapter (‘fine structure’ of ‘long-range’ 
a-groups and ‘long-range’ groups due to the excitations connected 
with ‘fine structure’ a-groups) are possible m principle although it 
has not yet been detected 

t We may notice here that using the dipole probability ^ 0 x 10+^® sec we 
should expect almost one quantum per disintogratiun in contradiction, with experi- 
mental evidence 
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SPONTANEOUS j3-DISINTEGRATION 
1. General features of /3-disintegration 

In contrast to that of a-decay, the process of j8-dismtegration has, 
until quite recently, offered serious difficulties to theoretical under- 
standing The fundamental difficulty concerns the contmuous dis- 
tnbution of energy amongst individual j3-particles emitted by a pure 
element — as first demonstrated by Chadwick f Pig 35 represents 



the energy-distribution in the /3-ray spectra of the various radioactive 
elements mvestigated by GumeyJ by the magnetic focusing method 
We see that all the curves have the same characteristic shape, rather 
similar to that of a Maxwell velocity distribution, with the maximum 
at about one-third of the upper limitj The question whether m fact 
there exists a sharp upper hmit to these contmuous /3-ray spectra 
(which would be unnecessary if the hypothesis of non-conservation 
of energy m ^-decay were correct) has been discussed for a long tim e 
with varymg results, finally bemg settled m the affirmative by the 
work of Sargent, II who also located the upper hmits for a number of 
^-disintegrating elements The upper limi ts determined by him are 
given, together with the decay constants of the /3-active plp.mp.TitH in 
Table P at the end of the book 

T J- Chadwick, Verh d.D Phya Oea 16 (1914), 383 
t R W Gumey, Proc Roy Soc A, 109 (1926), 541, 112 (1926), 380. 

II B.W Sargent, ibid 139 (1933), 669 
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Apart from the j3-decaying members of the main radioactive 
families there have also been discovered two hghter elements which 
show the spontaneous emission of ^-rays These are K and Rb, 
which emit moderately slow ^-particles and have extremely long 
periods of hfej the experimental data concerning these elements are 
given m Table F at the end of the book At first the understanding 
of the natural activity of these two elements presented considerable 
difficulties and the question was long undecided whether the activity 
should be ascribed to one of the known isotopes (K^®, Rb®®, Rb®’; 

of these elements or to unknown unstable isotopes present m small 
quantities 

This question was first mvestigated by v Hevesy.f who showed 
that the j8-activity of ordmary potassium decreases after ‘ideal’ 
distillation As the velocity of evaporation decreases with increasing 
atomic weight, in potassium obtamed m this way the relative 
amount of the hghter isotope K®® must have been mcreased This 
leads us to the conclusion that K®® is not responsible for the observed 
^-emission However, the question whether the activity is due to the 
hypothetical isotope K*®, to the second known isotope (abun- 
dance 7 per cent ), or to a stdl heavier unknown isotope remamed 
unanswered The situation was cleared by the observation of 
FermiJ that ordmary potassium bemg bombarded by neutrons 
shows induced ;9-activity (compare Chap X) of half-value period 
only 16 hours This was defimtely proved by v Hevesy|| to be due 
to the potassium isotope jbK*® formed by the reaction 

19K“ + o»^ ^ 19^*® + ?!!' (1) 

We might expect that in such bombardment the reaction 

ij,K®®-(-o^^ (2) 

would also take place, and explain the fact that the corresponding 
activity IS not observed by assigmng a very long period of hfe to the 
product nucleus igK*® This brings us to the natural conclusion that 
the activity of ordinary potassium is due to this isotope, igK*®, 
present in very small quantities Aston’s failure to observe the 
corresponding hne in the mass spectruml'j' mdicates an abundance of 
less than 0 3 per cent As the value of the decay period usually given 

t G V Heveey and J BrCnatad, Za phya Chem 124 (1922), 22 

f E Fermi, Sicerca Scientxfica, 2 Deo 1034 

II G V Heveay, Nature, 19 Jan 1935 

■ft F W Aston, Jlfoas Sjiectra and Jsotopea (1933) 
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(1 5X 10^^ years) is based on the hypothesis that all the atoms of 
potassium are unstable we must reduce it by a factor (< bJb) “1 
order to obtam the true x>eriod Thus we have T < 5x 10^® years 
(A > 10-1’ sec -1) On the other hand, geological considerations 
definitely show that any potassium in the earth’s crust was deposited 
not less than 6x10’ years ago, which gives as the upper hmit for the 
decay constant A < lO-n sec -i Similar considerations may be 
made in respect of the activity of rubidium, for which the active 
isotope IS probably 37 Rb®® 



Our knowledge concerning )3-decay was considerably increased by 
the discoveries of Johot and Curie and of Fermi, who found that a 
large number of ^-active elements, emitting positive and negative 
electrons, can be produced artificially by bombarding different stable 
nuclei with various projectiles (the nuclear reactions which give rise 
to artificial /3-active elements will be discussed in detail in Chapters 
X and XI) In Fig 36 are given examples of the energy -distribution 
curves for some artificially produced elements it will be seen that 
they are rather similar to the )3-spectra of ordinary radioactive 
elements Our present knowledge concermng the energies of dis- 
integration and the corresponding decay constants of artificially 
produced radioelements of low mass-number are summed up m 
Table F at the end of the book 

/ Inspectmg the relation between the dismtegration energies and the 
decay constants we find the same general regularity as we had in the 
case of tx-decay the greater the energy of disintegration, the greater, 
also, the decay constant, although now the decay constant varies 
much more slowly with energy than m the case of a-decayX This 
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relation was first clearly demonstrated by Sargent, t who plotted the 
logarithm of the limitmg energy m the contmuous jS-spectrum against 



Fio 37(6) 


the logarithm of the decay constant The Sargent graph is given in 
Fig 37 (a), which also contains two points representmg our previous 
conclusions regarding K and Rb The same graph for artificial 
/3-active bodies is given m Fig 37 (6) We see that, at least for most 


t Loc cit 
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of the elements, the representative points may he considered as 
distributed on two parallel curves separated vertically by two units 
(a factor of 100 m A) 

We naturally inquire what is the cause of the continuous distribu- 
tion of energy m /3-ray spectra, which represents such a str ikin g 
departure from the discrete energies always observed m the spectra 
of a-particles That this cause is not to be found m any secondary i 
effect of scattering or absorption of /8-particles all originally of the! 
same energy was proved by very careful experiments carried out 
first of aU by Elhs and Wooster f These authors measured calon- 
metricaUy the total energy produced by a known amount of the 
yS-diBintegratmg element RaE As this element emits only very httle 
y-radiation, the total measured energy, divided by the number of 
atoms disintegrated, must give the average energy of disintegration 
per nucleus If the continuous /3-8pectrum were due to secondary 
scattering, m which ^-particles lose energy in coUisions with other 
electrons (so that the total energy remains inside the calorimeter), 
we should expect the average energy measured by the heating effect 
to be equal to the maximum energy observed in the contmuous 
/S-spectrum This, however, is not the case, the energy measured 
comcides exactly with the average energy of the electrons in the 
contmuous spectrum, which proves that no energy is lost m coUisions 
m the manner supposed, and that the continuity of the ^-spectrum is 
a property of the disintegrating nucleus \ It is very interestmg that 
m spite of large differences m the energy of the /3-particles the decay 
constants of /3-disintegratmg elements possess such defimte valueslt 
and are, as we have seen above, related, by what seems to be an 
exact law, with the upper hmits of energy concerned We must also 
exclude another possibdity the energy cannot in any way be distri- 
buted between two electrons which are simultaneously enutted, 
because the number of electrons in the spectrum of a /3-decaying 
body has been shown by Gurney to be exactly one per dismtegration 
(as may also be concluded from the location of the /3-active element 

t C D EUisandW A Wooster, Proc Roy Soc A 117(1027), 109 These experi- 
ments have been repeated by L Meitner and W Orthmann (Za f Phya 60 (1030), 
143), with the aamo result 

X This can be Bhown, for example, by placing a Hource of RaE behind a acreen 
which lets through only the fastest ^-particles m the spectrum The relative decrease 
of these particles with time is found to be exactly equal to the relative decrease of the 
total number of electrons m the contmuous spectrum 
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and its product in the periodic system of the elements) Finally, it is 
clearly impo^ible that different nuclei of a given element remain 
after ^-emission with different amounts of internal energy (or 
possess different internal energies before )3-emis8ion), because m 
such cases other nuclear processes (a-decay, y-radiation, etc ) would 
be different for different nuclei before or after /9-decay, which is 
not observed 

Thus we have the choice only between two possibdities either, as 
proposed by Bohr, the energy-conservation law does not hold for the pro- 
cesses of ^-disintegration, or, according to the hypothesis of Pauli, energy 
IS taken away by some new kind of particle still escaping observation 
'We must notice here that /parallel with the energy -troubles of 
^-decay we meet analogous dimculties in the problem of conserva- 
tion of angular momentum In fact, as we have seen m Chapter III, 
experiment shows that nuclei with even mass-numbers possess spins 
which are even multiples of the quantity \h, whereas the spins of 
nuclei with odd mass -numbers are odd multiples of the same quantity 
This IS just what we should expect if aU nuclei were constructed of 
neutrons and protons each with spm kh (the orbital momenta, bemg 
whole multiples of h, do not change the ‘even and odd’ properties of 
the total spm). In jS-dismtegration the mass-number of the nucleus 
does not change we must conclude, therefore, that the total change of 
nuclear spm amounts to an even multiple of Now it is impossible 
that this change of angular momentum should be balanced by that 
earned away by the emitted )3-particle alone, as the ;8-particle itself, 
havmg a spin of and an orbital momentum which is an mtegral 
multiple of h, can only contribute a total momentum which is an odd 
multiple of \h 

This discrepancy must be considered, accordmg to the first of the 
above-mentioned hypotheses, as evidence for the non-conservation 
of angular momentum in the process of )S-decay Accordmg to the 
second hypothesis, the hypothetical particle emitted must be re- 
sponsible for this change of momentum, that is it must itself possess 
spm \h (or any odd multiple of this quantity) 

The non-conservation hypothesis was proposed by Bohr, who mdi- 
cated that, m so far as the behaviour of hght particles m the nucleus 
cannot be described by means of modem wave mechanics but 
requires some new fundamental theory, there need he no a priori 
reason for retammg the conservation laws m this more developed 
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theoretical formalism During the last few years, however, it has 
become clear that this pomt of view encounters serious difficulties, 
both from the experimental and the theoretical sides The first 
difficulty consists in the existence of the sharp upper limits of j3- 
^ectra, which, although not m direct contradiction to the above 
h 3 rpothesis (which leads, as more plausible, to infinite tads for the 
contmuous j8-curves), stdl throws some weight on the side of the 
conservation laws The observation of Elhs and Mott (p 151), 
according to which the energy-conservation laws hold for the j9-dis- 
mtegration processes if we use the upper limits of ;S-spectra m the 

energy-balance formulae, gives still 
more important indication in favour 
of the general vahdity of these laws f 
Another, purely theoretical, diffi- 
culty connected with non-conserva- 
tion of energy was indicated by 
Landau, J who showed that, firom the 
relativistic pomt of view, non-con- 
servation of energy (which is equi- 
valent to non-conservation of mass) 
would lead to a contradiction of the 
Fiq 38 general laws of gravitation Let us 

consider a nucleus of RaE of mass 
M located m empty space and surrounded by two spheres of radii 
R and R' In the static case the total flux of gravitational force 
across each surface wdl be given by 4:7tM (Gauss formula) Let 
us imagine now that at a certain moment the nucleus emits a 
j9-particle and that the conservation law does not hold Let the total 
mass of the system (mass of the product nucleus, electron, and kinetic 
energy) change to M' Since the correspondmg changes m the gravi- 
tational field around the nucleus will be propagated with the velocity 
c, we may choose a time t, defined by the relation 

R < c(t— („) < R', (3) 

and at this time the electron wiU stdl be within the mner sphere (R) 

t The evidence given by upper limits of ^-spectra permits the energy, if not con- 
served, only to decrease , thus still holdmg the non-conservation hypothesis, we should 
formulate the energy law m the form dEjdt ^ 0, m analogy to the entropy law 
dSjdt ^ 0 

J L, Landau, Tchtrvomj Oudokj p 1001 (1932) 
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if R' and R have been suitably chosen On the other hand, the field 

over the inner sphere will correspond to the new mass 

whereas the field over the outer sphere will still have the old value 

Thus the total flux of gravitational force into the 

region between the two spheres is different from zero, which is incon- 
sistent with the absence of mass in this space 

According to the second hypothesis, proposed by Pauh, m the 
process of ^-disintegration a second particle is emitted which carries 
away the excess of energy and angular momentum This particle 
can have no charge (as aU the charge is already taken by the electron), 
and its mass must be small compared with that of the proton (as the 
mass-number does not change in ^-disintegration) These two pro- 
perties alone make this hypothetical particle, now called the 
neutrino, extremely difficult to observe, as, due to the absence of 
charge, it cannot produce sufficient ionization to he detected in a 
Wilson chamber (or in any other apparatus based on lomzation 
measurement) Similarly, its small mass will exclude the possibility 
of observing the nuclei set in motion by collision with this particle 
(the method used in the detection of neutrinos) There remams only 
the possibihty of observing electrons set m motion by impact of the 
neutrino, but, as was shown by Bohr, such coUisions are extremely 
improbable 

Accordmg to what has been said above, the neutrmo should 
possess a spin at least but one can show that it cannot have a 
large magnetic moment In fact the calculations of Bethef have 
shown that the failure to observe the ionization along the track of 
a neutrino (according to Nahmias a neutrino may produce not 
more than 1 ion per 5 10® km path m the air) requires its magnetic 
momentum (if any) to be much smaller (^ 1/1,000) than that of an 
electron. 

There are, however, certam other possibihties of proving or dis- 
proving the existence of neutrinos If, for example, we consider the 
behaviour of the recoil nucleus m )3-emission we shall reach different 
conclusions according as we adopt non-conservation or the neutrmo 
hypothesis In fact we can make three different hypotheses as to 
the conservation of linear momentum m jS- disintegration 
t H Bethe, Proc Candy Phtl Soc 31 (1935), 108 
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(1) Energy is not conserved (no neutrino), but linear momentum is 
conserved 

(2) Energy is not conserved (no neutrmo), Imear momentum is not 
conserved but is distributed at random 

(3) Energy is conserved (takmg into account the neutrino) and 
linear momentum is also conserved between electron, neutrmo, and 
recoil nucleus 

In the first case the continuous spectrum of )9-rays will give rise 
to a continuous distribution of the velocities of recod nuclei (which 
wdl have the same shape as the /9-spectrun^ In the second case the 
energy-distribution of recoil nuclei will be 'continuous but possibly 
of different shape from that of the )3-spectrum In the third case the 
recoil nuclei wdl almost always! have larger velocities than otherwise 
(m the case of a slow electron a fast neutrino wdl be emitted) Thus 
the absehce (or a small number) of slow recoil nuclei in )9-decay would 
prove the existence of the neutrino Expenments in this direction 
have been undertaken by Lejpunskijf by the method of coincidence- 
counters for recod nuclei and fast j8-particles, the results of these 
experiments seem to be in favour of the existence of the neutrino 

2. Theory of jS -disintegration 

It has already been mentioned in the first chapter that difficulties 
in reaching a theoretical understanding of the existence of electrons 
in atomic nuclei have led to a pomt of view according to which the 
process of jS-dismtegration is regarded as a ‘creation’ of a (negative 
or positive) electron as the result of transition of a nuclear 'heavy 
particle’ from the state of neutron to that of proton or conversely 
This point of view|| draws a close analogy between the emission of 
an electron by an atomic nucleus and the emission of a light quantum 
by an atom The analogy appears closer when we remember that we 
never consider a light quantum as a constituent part of an atom 
although quanta are emitted and absorbed by the atom, and their 
mass, in the form of the energy of the electromagnetic field, makes 
an appreciable contribution to the total mass of the system The 
most important reason for this disregard is that light quanta do not 

f Except m rare cases when the electron and neutrmo are emitted in opposite 
directions with equal momenta 

J A Lejpunskij, Proc Camb Phil Soc (in press) 

II Clearly emphasized, for example, by Heisenberg in Zeonan Featschrifi, p 108 
(1935) 
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obey the law of ‘conservation of number’, and, for example, consider- 
ing a nucleus excited to the third quantum level, we can never know 
whether the excess energy will be emitted m the form of one two, or 
three quanta Just in the same way it is not reasonable to speak 
about the existence of individual electrons in nuclei, because the 
existence of both negative and positive jS-emitters would force us to 
admit the presence of electrons of both kmds in the nuclear structure 
— and this is hardly possible in view of the mutual annihilation of 
these particles We can extend the analogy stdl farther We know, 
for example, that light quanta are never ejected from an atom in 
collision expenments in the same sense as electrons are, but their 
emission (by an atom excited m colhsion) occurs only after a period 
of time characteristic of the interaction between the atomic electrons 
and the virtual electromagnetic field, which has nothing directly to 
do with the piocess of colhsion itself In a qmte analogous way 
nuclear electrons are never observed to be ejected immediately m 
the process of collision (as protons, neutrons, and a-particles are), 
such emission, when it occurs (Johot-Cune and Fermi’s reactions) 
always takes some time which is characteristic of the nucleus itselff 
having nothing to do uith the nuclear reaction in which the jS- 
emitting nucleus is produced The possibihty of discrimmatmg 
between the particles ‘actually present’ in the atom (electrons) and 
those ‘created’ in quantum transitions (y-quanta) is due, accordmg 
to the analysis of Bohr, to the smallness of radiative forces (leadmg 
to the emission of light) as compared with the Coulomb mteraction 
(holding the atom together) In a similar way we should expect, in 
the case of ^-emission, that the forces leading to neutron-proton 
transition (Fermi forces discussed later) should be small as compared 
with the exchange interaction between nuclear constituent particles 
(discussed in detail m Chapter II) This smallness would then account 
naturally for the long hfetimes of ^-emitters, as compared with the 
penods of oscillation of nuclear particles X 

A tentative theory of j 3 -emission, following the hnes of this 
analogy, has been worked out by Fermi|| on the basis of the simplest 
h3q)othesi8 concermng the interaction energy between heavy and 

t The interaction of nuclear constituent particles with the virtual fields of the 
light particles to bo created in the process 

J We notice here that modem p decay theories are m quite a different category 
from the theory of a^emiBsion discussed above 

II E. Fenni, Za f Pkya 88 (1934), 161 
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light paxticles (neutrons and protons, electrons and neutrinos) which 
IS responsible for [n ->■ ^)-transfonnations and the creation of 
electron and neutrino In this theory the existence of a neutrinof 
IS formally accepted as otherwise it would be impossible, using the 
present formahsm of the relativistic quantum mechamcs, to wnte 
proper expressions for the mteraction energy in question For the 
formal representation of transitions of a heavy elementary particle 
from the state of neutron to the state of proton and vice versa we may 
follow Heisenberg, who describes an elementary heavy particle, for 
the purpose of the general nuclear model, by five coordinates, three 
ordinary space coordinates, the spin coordinate, and a new two- 
valued coordinate p This last coordinate has the value + 1 for the 
neutron state and — 1 for the proton state J On this basis the 
transitions from the neutron state to the proton state, and con- 
versely, may be formally represented by matrix operators, 




0 1 
0 0 


and Q* 


0 0 
1 0 


(4) 


acting on any function of the internal coordinate p {Q represents 
the transition p ->■ n and Q* the transition n^p ) 

Along with these operators we must also introduce other operators 
acting on the coordinates of light particles in such a way as to 
descnbe the creation of the electron and neutrino conjugated to a 
(n ->p)-transition and the disappearance of the same two particles 
conjugated to a (p w)-transition || Such operators arc represented 
as amphtudes a^, a* and 6„, b* m the development of the wave 
functions of electron (i/i) and neutrino in series involving the 

different eigenfunctions of the problem 

00 00 

electron '1^ = J,as'l’a> 'I’* = 1 'P* 

8=1 0=1 

neutrmo 4>=f,b„4>„, ^ b^ 

<7=1 C7 = l 


(5) 


I A theory of )9-decay permitting non-conservation of energy and not introducing 
a neutrmo was published by G Beck and K Sitbe {Za f Phya 86 (1933), 105) some- 
what before Fermi’s theory It seems, however, that Fermi’s theory comes closer 
to what actually happens, so that we choose it for discussion m this book 

t In order to allow for the possible existence of negative protons it would be 
necessary to permit three different values for p 

II In Fermi’s theory the emission of a positive electron (and an antmeutrmo) is 
formally treated as the disappearance of a negative electron (and a neutrino) This 
does not, however, affect the general character of the theory 
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One can prove that the amphtude Og, considered as an operator, 
corresponds to disappearance and the amphtude a* to creation of 
an electron in the sth state In the same way and b* represent the 
disappearance and creation of a neutrmo in the state o- 

Combining the two types of operator we see that Qa^ b^ describes a 
{p n) -transition with disappearance (absorption) of an electron 
(from the sth state) and a neutrino (from the crth state), and 
Q*a*b* a (n ->-p) -transition with creation (emission) of an electron 
(in the jth state) and a neutrino (in the ath state) Thus we can wnte 
the Hamdtoman expression for the mteraction energy corresponding 
to such processes m the form 

Hint = <9 I Cg „ ttg b„+ Q* 2 Og* 6* (6) 

8 a 8, a 

where c, „ and depend on the dynamical vanables of the problem 
On the basis of the above analogy between the ‘creation’ of hght 
quanta by an atomic system and the ‘creation’ of electrons by a 
nucleus, we must assume that the coefficients Cg„ m expression (6) 
depend on the coordinates, velocities, and perhaps higher denvatives 
of these quantities for heavy particles only, just as in the case of 
hght emission only the coordinates of atomic electrons (and the 
derivatives of such coordinates) — and not the coordinates of hght 
quanta — enter into the expression for the interactions which result 
in the emission As the simplest hypothesis Fermi assumed that the 
interaction energy depends only on the wave-functions of the light 
particles (but not on their derivatives)! and, neglecting at first the 
condition of relativistic invariance, WTote (6) in the form 

^int = g[QHx)4,(x)+Q*r(^),l>*{x)l (6') 

where ip(x) and <f>(x) are the wave functions of electron and neutrino 
taken at the coordmates x of neutron and proton (just as in radiation 
theory we take the values of the electromagnetic field at the coordi- 
nates of the radiating electrons) and ^ is a numerical constant of 
dimensions cm ® gm sec (= erg cm ^) In order to obtam the 
relativistically invariant form of expression (6') (which is necessary 
as the velocities of the emitted electrons are close to the velocity 
of hght) we must remember that iii relativistic wave mechamcs 
we must use, instead of the simple functions ^ and (ft, Dirac’s four 

t We shall see later that this simple hypothesis has to be changed to account for 
the observed shapes of ^-spectra 
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functions 'Pt "^21 ^3> ^4 t extending his theory, 

therefore, Fermi chose, from the sixteen possible bihnear combma- 
tions of these functions, just those which behave, in space-time 
transformations, as the components of a polar four-dimensional 
vector This choice is again suggested by analogy with radiation 
problems, smce there one introduces the polar four-dimensional 
vector of electromagnetic potential The four combmations in 
question are Aq = 

■^1 ~ '/’ 2'^4 

A 2 = ^ 3 -|- 11^2 ^4 

they should be substituted m the Hamdtoman for heavy particles 
in the same way as the components of electromagnetic vector 
potential are introduced in the ordinary radiation problem 

Unfortunately we do not know at present how to construct the 
relativistic wave equation for heavy particles and therefore can only 
tentatively write 

= i7{Q[43+(a;,A)]+Q*[^S + (a„A)*]} (8) 

in analogy with the corresponding formula of radiation theory 
Here the vector is obtained by operating with Dirac’s matrices 
on the spin of the heavy particle, whilst the vector A has com- 
ponents Ai, A2, and A^ However, since they are of the order of 

, j /velocity of heavy particle^ ,, „ , , ^ 

magnitude ( „ , , , there will be no immediate 

\ velocity 01 hght / 

use of the doubtful scalar products m ( 8 ), they can be neglected in 
a first approximation 
Introducing the matrix 


0—10 
.10 0 
^=000 
0 0 — 1 0 | 

and neglecting terms of the order vjc, we can rewrite ( 8 ) m the form 

(10) 

Companng ( 10 ) with ( 6 ) we find 

Cs.a = 9^tHa, <. = gMa (H) 

t See, for example, PAM Dirac, Quantum Mechanics (1935), Clarendon Press, 
Oxford 


(9) 
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If now we denote by N and P the energy-operators for neutron and 
proton, we can express the part of the Hamiltonian of our problem 
correspondmg to heavy particles in the form 

= ( 12 ) 


which IS equal to N for p = -f 1 (neutron) and to P for p = — 1 
(proton) 

In a similar way for hght particles we have 




(13) 


where and K„ are energy-operators for the stationary states of 
electron and neutrino, and and the populations of these states 
(both hg and bemg able to assume only the values 0 or 1, since 
the Pauh principle holds for electrons and most probably also for 
neutrinos) We can now write the total Hamiltonian of our problem 
as follows 


^ ^hoavyd'-^light'f'^i 


Int 


(14) 


— and proceed with the calculations of the transition probabihties 
leading to the creation of electron and neutrino We shall carry 
out these calculations in the same way as in radiation theory, con- 
sidering the interaction part of the Hamiltonian (//,nt) as a small 
pertvhation This is permissible because, as mentioned above, the 
periods of transformation are large compared with the periods of 
oscillation of heavy particles in the nucleus f 

Now the undisturbed state of our system can be described by the 
following set of quantum numbers 

(p, 71, 111, ^21 ^3> ^li^2>^3> ) (15) 

Here p may be + 1 or — 1 (neutron or proton), n (= 1, 2, 3, ) charac- 
terizes the quantum state of the heavy particle, and hg and kg 
(= 0 or 1) are the populations of the quantum le\els for electrons 
and neutrinos, respectively The nth eigenfunctions for the heavy 
particle we shall denote by n„(a ) or Vg{x) according to the state of 
the particle, whether neutron or proton, and w'e shall use the old 
notations i/i, and for the states of electrons and neutrinos We 
must remember that the general form of the -function (6) is 


t In the same way the Hamiltonian in the radiation problem is written in the 
form Bigctron) + ^(*aBctroniiffnflUo (leU) "I" ^(Interaction) member ifl Consi- 

dered as a perturbation because the period of light emission la large compared with 
oacillabion periods of atomic electrons 
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arranged m such a way that (» -transformation automatically 
increases by one the numbers of electrons and neutrinos and con- 
versely, in other words it gives nse to matrix elements different from 
zero only for such transformations Using the previous results we 
find for these matrix elements (different from zero) the expressiont 


± -.t = ± J (16) 

where the integral is taken over the whole coordinate space of the 
heavy particle (including p) Introducing the values of c*^ from (11), 
we obtain j , „ „ c 

= ±9 j Ho do. ( 17 ) 


as the expression for the matrix element Remembering that in 
all cases of ^-decay the de Broghe wave-lengths of the emitted 
electron and neutrino are large compared with the nuclear radius 
(thus if) and <f> are almost constant inside the nucleus), we can write 
(17) in the form 

J v*,u„ do. (18) 

Let us calculate now the transition probability for the definite ease 
of an 7ith state neutron being transformed into an mth state proton 
with the creation of an electron and a neutrino in the states a and a, 
which before the transformation were empty At the imtial moment 
of time i = 0 we have, for the probability amphtudes of original and 
final states, the values 


®-H,7i,0,.0„ — 1 ^Rd U_i,m.l„li7 — ® 

Accordmg to the ordinary perturbation theory the probability of the 
second state will increase, due to the interaction f/mti rate 


d 

dt 




(20) 


where W is the energy-difference between the states of neutron and 
proton Integrating and remembering that for t = 0, a_j f„ i, la ~ 
we obtam , . 

exph-JV+ff^+XJt -1 

i,n.o..o„ [n I 


a_ 




.1. = 


m, 


-W+H,+K„ 


( 21 ) 


t Representing evidently the transition of a neutron originally m the nth state to a 
protoninthemthatate with the creation of an electron m the ffth state (ft, = 0->-ft, = 1) 
and a neutrino in the oth state = 0 ->■ = 1) 
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and consequently, for the probability of transition (using (18)), 




= ^“1 J 8<l>* S'/'s 


(-W+H,+K,)^ 


( 22 ) 


In order to calculate the total transition probabdity for creation of 
an electron m the sth state we must sum up the expression (22) over 
all possible states of the neutrino In this way Fermi obtamed after 
some calculation 


where and stand for the momentum and the velocity of the 
neutrino m the state <t, satisfying the condition 

-W+H,+K„ = 0 (24) 

Here, also, |3 is the following matnx 


10 0 0 
0 10 0 

0 0-1 0 

0 0 0 —1 


(25) 


and p the mass of the neutrino 

The factor multiplying t m (23) evidently represents P^, the transi- 
tion probability per umt time We can further simphfy the expres- 
sion if we suppose, anticipating later discussions, that the mass of 
the neutrino is zero In this case = c, = cp^, and 


Pa = 



W-H, 

I 

c 


then our expression becomes 




(26) 


This formula gives the transition probabihty foi the case when the 
created electron is in the sth state It is, however, more interesting 
to obtain a formula representing the number of electrons of some 
defimte velocity or momentum, in order to be able to make com- 
parison with the experimental energy -distribution of the contmuous 
jS-spectrum To do this we must integrate (26) over those states to 
which correspond momenta between the limits Tjmc and lj)-\-drj)mc 

SEOE IB rp 
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Thus we obtain 


= Si / (27) 

Using the known expressions for the relativistic eigenfunctions for 
electrons of positive energy m the central Coulomb field, Fermi 
finally derived the following result 


7} + dr) 

2 'f’s'ks 


where 


, /2mcro\^g 

'7rW{r(3+2S)p\ ft / 

Xexp(.y-M)|r(l + ^+ly^Mj 


(28) 


Z 18 the atomic number of the disintegrating nucleus, and r,, the 
nuclear radius 

Assuming as characteristic of a ^-disintegrating element belongmg 
to one of the radioactive families Z=86 (^ = 06, S = —02) and 
rj = 0 9 X 10”^^ cm , we obtain numerically 

Pil) dr] 

= 1 75xl0+»5^2|Ju*<da)p(7,+0 355^2){V(l+7,g)-V(l+ij')}2d^, 

(29) 

and for the total probability (integrating for all tj from 0 to t]^) 

Vu 

^ = P(.lo) = J P(r]) dt] = 1 75 x 10 +«y I J v^u„ dw\^F(rio), ( 30 ) 

0 I J I 

where 

-W(l +’!§)- 5+^ -| + 


+ 0 355 


5o 

4 



■ V(1+t7d) 
so'*’ 4 


log{^o+V(l+^§)}]- 


(31) 


For small values of rj^ the function F(ij„) is given by 7 jg/ 24 , for larger 
’io PiVo) ®iay be taken from Table X 


Table X 


la 

< 1 

1 0 

20 

3 0 

7 0 

6 0 

80 

7 0 

•P’(’lll) 

riim 

0 03 

1 2 

7 6 

20 

80 

186 

380 
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3. Comparison with experiment, and the consequent im- 
provement of the theory 

Three points should particularly be considered in comparing with 
the results of experiment the predictions of expression (30) regar din g 
the disintegration probabdity in jS-dismtegration These points are 
as follows (1) the numerical value of the interaction constant g (the 
physical sigmficance and interpretation of which wdl be discussed m 
§ 4), (2) the behaviour of the integral J dai, and (3) the depen- 
dence of -F(tjo) or flo — which should reproduce the Sargent relation, 
connectmg dismtegration constants and limiting energies, which has 
already been noticed 

We shall pay attention first to the mtegral ^ v!l^u^daj, which 
evidently depends only on the motion of the original neutron and 
the produced proton (or the other way round in the case of j3+-decay) 
and in particular on the azimuthal quantum numbers of the neutron 
state and the proton state One can easily see, from symmetry 
considerations, that this mtegral vanishes for all pairs of v and u 
states except those which have equal angular momenta (azimuthal 
quantum numbers), and that for these it has a value about umty. 
Remembermg that the total angular momentum, or the spm, of the 
nucleus is the resultant of the angular momenta of its constituent 
parts, we can say that the transition probability is different from zero 
only in the case in which the original and product nuclei possess the 
same spin ^ = (32) 

This constitutes a selection rule for ^-emission According to Gamow 
and Teller! this selection rule has to be modified if we take into 
account the possibihty of the mversion of the spin of the heavy par- 
ticle during ;8-transformation (nt +)3) In this case the permitted 
transitions are those for which At = 0 or 1 In the next chapter (pp. 
165-7) we shall see that tins modified selection principle fits better 
with experimental data than does the origmal prmciple of Fermi 

Neither selection rule, however, holds absolutely strictly, the 
formula (30) having been obtained using certam approximations 
First of all, in (17, 18) we took the function ifg outside the mtegral 
because the de Broghe wave-length, A, of electrons and neutrmos is 
much larger than the nuclear radius, Tq However, m so far as the 
ratio A/ro is not strictly mfimte, the result which is thus obtained 
'f O. Gamow and E Teller, Phyt Rev 49 (1936), 895 
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must be considered only as an approximate one, since, as in the case 
of quadrupole radiation (see p 72), the corresponding probabdity 
will not vamsh entirely, but merely be reduced by a factor (ro/A)*^*, 
which, m the case of ordinary ^-decay, is about Here Ai 

IS the spin change accompanying disintegration Furthermore, 
although the velocities of nuclear neutrons and protons are small 
compared with the velocity of light, the ratio v/c is not strictly 
zero and the corresponding relatmstic correctionf will also act in 
the direction of permitting the transition for i ^ i', only reducmg 
the probability by about the same amount as the first effect Thus 
we come to the conclusion that for i ^ i' )3-disintegration is stdl 
permitted but its probabihty is reduced by a factor or by 

a factor if we take into account the possibihty of 

inversion of the spin of the heavy particle This makes our selection 
rule very similar to the corresponding rule for electromagnetic 
radiation A look at the Sargent diagram (Fig 37 (a)) shows that the 
experimental points are distributed on two parallel curves two units 
apart on the logarithmic scale (factor ilo) It seems natural, there- 
fore, to consider the transitions represented on the upper curve as 
permitted and those of the lower curve as non-permitted We do 
not have, in Fig 37 (a), any points on curves corresponding to Ingher 
spin-differences, but, as we shall see m the next chapter, it is possible 
that this IS due simply to the insufficient number of j9-elements 
investigated 

Now we can calculate the value of the numerical constant, g, from 
the experimental decay constant for some element belonging to the 
upper curve, using the formula (30, 31), and putting ^ v’^u^dm ~ 1 
In this way we obtain 

3 ~ 4 X 10-^® erg cm ® (33) 

This, then, is the empirical value for the coefficient in the interaction 
expression (6') In the complete theory g should be expressed in 
terms of the fundamental constants {h,c,K), we shall discuss this 
question somewhat later 

Accepting this value for g we can now plot theoretical curves both 
for the permitted and also for various non-permitted ^-transfornja- 
tions, as IS done in Fig 37 (a) We see that the agreement with the 
experimental pomts is quite a fair one We see also, for example, 

t The omitted term is of the type ^{u^A^+UyAj^+u^A^) 
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that the point for K is located about the 7th curve, which means 
that the long hfetime of this element can be explamed by an 
exceptionally large spin difference between the normal states of the 
nuclei 19K*® and 2oCa*® Remembering that ao^a*® has most probably 
no spin (even mass, even charge), we are led to the not impossible 
hypothesis that the nuclear spin of the iqK*“ nucleus must be rather 
high Similar considerations hold also for the 37Rb®® nucleus 

As we have mentioned above, the pomts corresponding to arti- 
ficially produced hght )3-active elements fit more or less into 
Sargent’s curves for radioactive famihes (compare Fig 37 (6)) This 
fact, however, must be considered rather as in disagreement with the 
theory, as one would expect according to the theory that the pomts 
for hght elements would be considerably shifted downwards, due to 
the smaller value of electron density ifi^ inside the nucleus for smaller 
atomic number The approximate coincidence between the curves 
for heavy and hght elements, however, can be understood accord- 
ing to the proposal of Bethe if one makes the hypothesis that for 
hght nuclei the values of matrix elements f v* dw are in general 
somewhat higher than m the case of heavy elements where, due to 
a large number of particles, especially symmetrical configurations of 
wave functions may exist Now we can approach the question from 
the other side, comparuig the energy-distribution given by (27, 28) 
with the experimental evidence We rewrite the formula (27), 
expressing it m terms of energy and introducing new rational umts 

mc^ for energy, - for time, and — for length {me for momentum) 
w.c^ me 

The new form is then! 


P{E) dE = I j v*u^ dJ^F{E, Z){E^-E)\E^^ l)*E dE, (34) 


F(E, Z) = 


f 


(2,r„)*Sexp|,Ty|j r(l + S+iyE^ 


, (34') 


l[r(3+2^)pj 

where the dimensionless constant G is related to the ongmal (Fermi’s) 

q by the formula 2 

“ •' m^e 


G = gx 


^{2TT)h^ 


3X10- 


(35) 


In (34) the factor F{E, Z), which represents the effect of the nuclear 
Coulomb field on the probabihty of disintegration (through the 
density of electron wave functions near the nucleus), reduces to 
t £1 = ^(1+’)’). i = 
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unity for Z = 0 The factor {Ea—EY{E^—\)^E, as was made clear 
by Uhlenbeck and Goudsmit, is common to any expression giving 
the statistical distribution of energy between two particles and is 
proportional to the volume m the phase space iplp^dp^dp^) or the 
number of states m which each particle may be found We may 
notice here that the shape of the j8-spectrum curve depends, for 




hght nuclei (where F(E, Z) 1), mostly on this statistical distribu- 
tion factor In order, therefore, to explain the strong asymmetry of 
the observed j3-spectra of hght nuclei (maximum for about ^ of the 
hmiting energy) we must accept widely different values for the masses 
of neutnno and electron (otherwise the statistical factor will be 
symmetrical m the energies of these particles) The estimate of the 
mass of the neutrino can be given by inspection of the upper limit 
of the /8-spectrum It can be shown on the basis of the above theory 
that for the /8-curve will show a vertical, and for 

a horizontal descent to zero near the upper limit The observed 
shapes of jS-spectra (compare Fig 39) thus lead us to the conclusion 
that the mass of the neutrino is very small or zero 
In Fig 39 (o, b) are plotted, by heavy hues, the experimental 


Chap VII, § 3 COMPARISON WITH EXPERIMENT 143 

jS-curves for RaE (Sargentj") and for the artificial light j3+-emitting 
element isP®® (Elhs and HendersonJ) The curves ealculated accord- 
ing to Fermi’s formula are mdicated on each plot by a broken hne 
whereas distributions determined only by the statistical factor 
(omitting F(E, Z)) are shown by dotted hnes || We see at once that 
the theoretical formula is in considerable disagreement with experi- 
ment, not giving enough asymmetry to the distribution curves 
This mdicates that some modification must be introduced mto the 
basic assumptions used by Fermi for the calculation of transforma- 
tion probabihties Remembering the development of the calculation 
in the last section we immediately see that such modifications can 
be effected, without altermg the fundamental ideas of the theory, by 
accepting some more comphcated form of mteraction (6', 8) between 
the heavy and hght particles This can be done, for example, by 
introducing into the mteraction expression the derivatives of the 
wave functions of the hght particles as was first proposed by Bethe 
and Peierls ft There are, of course, many possibihties of domg this, 
and in our choice we should be guided only by the necessity of better 
agreement with experiment This was the method of Konopmski 
and Uhlenbeck.JJ who indicated that greater asymmetry in the 
energy-distribution curve can be obtained if one introduces the 
derivatives of the neutrino wave functions mstead of the functions 
themselves This introduction of d^Jdx mstead of can also be 
supported by the consideration that it is probably actually only the 
momenta and not the coordinates of neutrmos which are observable 


quantities 

Konopmski and Uhlenbeck have mdicated that the only four- 
dimensional polar vector (analogous to (6')) which can be constructed 


from iIj’b and — ’s can be written m the form 
^ dx 




where p is defined by (25) Correspondmgly the Hamiltoman for 


t B W. Sargent, loc cit p 122 

t C D Ellis and W J Henderson, Proc Roy Soc A, 146 (1934), 206 
|j As mentioned above we see that the action of the Coulomb field (F(Z,E)} is 
of practically no importance for light elements although it makes a considerable 
contribution for heavy ones 

tt H Bethe and R Peierls, Reports of Int Conf on PhyeicSy London, p 66 (1934) 
if K I Konopmski and G E Uhlenbeck, Phys Rev 48 (1935), 7 
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the interaction between hght and heavy particles can be written 
in the form 


B)](2+e*[5?+K, B)*]}, (37) 

where g is the modified Fermi’s constant having dimensions 
erg cm * 

Proceedmg m the same way as m the previous section we obtain 
for the transition probabihty m the above given rational units 


P(E) dE = 0^\ j II* ^F(E, Z){E^-E)\E^-lfE dE, (38) 


where 0 is given by 


G = 


_ 


(38') 


and has about the same numerical value as m (35), to fit experimental 
data 

This expression differs from Fermi’s original expression (34) by 
the factor (E^—E)^, i e by the square of the energy of the neutrino, 
giving more asymmetry to the distribution curves The thin lines 
in Fig 39 (a, 6) represent the results calculated from formula (38), 
we see that they form a much better representation of the experi- 
mental curves We must remember, however, that (37) does not 
represent the only possible way of writing the interaction function 
One could, for example, introduce also the derivatives of the electron 
wave functions to obtain the vectors 




or 


d<l> 


(39) 


or go to higher derivatives of ^ and ^ if it should be found necessary 
in order to fit the details of jS-spectrum curves Integrating (38) we 
obtain an expression for the dependence of A on the upper hmit of 
the continuous ^-spectrum giving more rapid variation of A than the 
original relation of Fermi If we introduce the derivatives of the 
wave function for the electron, or go to derivatives of higher order, we 
have still more rapid change of A Judgmg from the [log A, log 
graph (Fig 37 a, 6) it would seem that Fermi’s origmal hypothesis fits 
the empirical relation better than does any other, however, we must 
remember that the results can be considerably modified by the effect 
of the factor | J a* doj (which has been assumed to be constant in 
our previous considerations) and that the steepness of the theoretical 
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curves may be changed by the effect of an additional potential 
barrier ‘of centrifugal force’ in the cases m which the )3-particle is 
emitted with angular momentum 

4. Physical meaning of the constant g and its connexion with 

the properties of elementary heavy particles 

In the general theory of ^-disintegration, discussed m the previous 
sections, the constant g was formally mtroduced m the mteraction 
law govemmg the creation or absorption of an electron m a quantum 
transition between two states of the heavy particle — and its numerical 
value was empirically determined by a comparison of the results of 
calculations with the experimentally observed dependence of A on 
■®niai I* IS clear, however, that in a complete theory of such trans- 
formations the mteraction constant g has to be expressed m terms 
of umversal constants such as h, c, i;,| and the elementary charge 
and masses J One can try, of course, without having any theory of 
mteraction, to construct g by means of purely dimensional analysis 
only, using the umversal constants m question, but sucb jugghng 
with numbers has never led to satisfactory results We can say, how- 
ever, that the elementary charge e most probably must not be used 
for the construction of the constant g, and that consequently the 
mteraction is not of a purely electromagnetic type In fact, accord- 
ing to defimtion (7) of section 2, g depends hnearly on the wave 
function of the electron, m contrast with the quadratic dependence 
of the corresponding constant m most mteraction formulae of atomic 
theory || It is thus very plausible that, if the electromc charge were 
present m the expression for g, it would occur as the first power, 
which is very unhkely smce it would give different signs to the 
mteraction energy for positive and negative emission 

An idea was at one tune considered by Bohr, that the emission of 
a neutrino, which has no charge and no mass, but just carries away 
energy, might be considered as some type of radiation of gravita- 
tional waves by a heavy particle m the process of transformation 
In this case the long periods of j3-decay would be connected with the 

-j’ Constant of gravitation 

X In the future complete system of theoretical physics e and m'B also must be 
expressed in terms of h, c, and k 

II This depends on the fact that m Fermi's theory the electron exists m the final 
state and does not exist m the original state of the system (Creation), whereas most 
other formulae refer to cases in which the electron was present before and after the 
transition 
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small probability of such emission The roughly estimated proba- 
bdity for the emission of gravitational waves is 

x (39) 

where K is Newton’s constant of gravitation (= 6 6x10“® cm® 
sec gm -1), M the mass of the emittmg particle, and hv the energy 
earned away by the wave (the energy of the neutrino) Acceptmg 
M ~ 10“®* gm (heavy particle), ~ lx 10® e v (ordmary energy 
of j3-decay), and 10“^® cm (nuclear radius) we obtam from 

(39) K ~ 10“®® sec which would correspond to a penod of hfe 
10®® sec ~ 10^® years ' This result, not excluding the possible relation 
of ;9-tranBformations with gravitational phenomena, shows, however, 
that it cannot be obtained without a more eomplete understanding 
of the nature of the mass of elementary particles 

We can now try a more formal method of reasoning m order to 
connect the probabihty of electron emission by a neutron or proton 
with other properties of these particles Let us consider a proton, 
for example, subject to the action of an external periodic electro- 
magnetic field (of light quanta) of contmuously increasing frequency 
When the energy of the field reaches a value of the order hv > ife®, 

1 e the energy of the hght quantum becomes comparable with the 
rest-energy of the heavy particle, the motion of our proton should 
be described by some kmd of relativistic wave equation We have 
seen, however, m an earher chapter that the only consistent wave 
equation which can be written for the relativistic case is Dirac’s 
equation, and that it fails to describe the behaviour of heavy particles 
In the case of electrons we got over the difficulty by saymg that 
under such large mteractions {hv ^ me® for electrons) the formation 
of pairs (of positive and negative electrons) m coUisiona of hght 
quanta with the origmal electron gives rise to so many new electrons 
that we cannot in fact any longer trace the motion of the ongmal 
particle, consequently we do not need any equation for the descrip- 
tion of this motion (all that we can describe in this case is some 
kind of statistical equihbnum between hght quanta and appearing 
and disappearing electrons) In a similar wayl we can say in the case 
of protons subject to such extremely strong fields (which do not exist, 
even m nuclei) that the transformation proton to neutron, and vice 

t G Gamov ‘Negative Protons’, Nature, 135 (1936), 868 
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versa, with the continuous creation of positive and negative electrons, 
will occur with such frequency that there will he no sense in asking 
about the motion of a proton or a neutron for any long period of 
time If we accept this hypothesis, we can formally write the condi- 
tion for the hfe T oi a p or ti state of a heavy particle under such 
strong interaction (with energy ~ Mc^) in the form 




E~Mc’ 


h/Mc 


(40) 


where on the right-hand side stands the time neeessary for a proton 
moving with velocity c to cover a distance comparable with its 
diameter On the other hand, for the much weaker interaction (of 
the order of several mc^) inside an atomic nucleus the considerations 
of the last section give roughlyf 



(m h/mc^ units of time), where n is about 5 in Fermi’s theory (inter- 
action (8)), 7 in Uhlenbeck’s theory (interaction (37)), and still 
larger if higher derivatives are introduced into the mteraction 
expression Deliberately extrapolating formula (41) to the high- 
energy domain E ~ ifc^, and comparing with (40) we obtain 



h 

Mc^ 

^ A- g-4m-^ 

mc^ ' \mc^} 

(42) 

or 


1 \-z^ 

m) \1840/ 

(42') 


and we see that g can be very small if n is large enough As we 
have seen (pp 140, 144), formulae (34), (38), and others obtamed by 
introducing higher derivatives, fit best with expenmental data if we 
accept g ' — ^ 3 X 10“^* J This can be obtamed from (42') if we take n 
about 9, corresponding to the mtroduction of the first derivatives 
both for electron and neutrino (39), or, better (in order to retam the 
asymmetry of /S-spectra), the second derivative d^<f>jdx^ for the 
neutrino in the expression for the interaction As we shall see later, 
other considerations also indicate the necessity of introducing higher 
derivatives mto this expression 

t For Z = 0 or 1 F(Z.E) ~ 1 

t These formulae give almost equal values of g because the companson is made 
m the region where E expressed m ttic* umts is of the order unity (half miUion volt 
^-particles) 
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We shall now attack the problem from the other side and, acceptmg 
the value of g as given (and, in future, due to be expressed in terms 
of h, c, k), we shall try to derive other information concermng the 
properties of heavy particles In this way Wickt succeeded m 
reaching mteresting conclusions concermng the magnetic moments 
of proton and neutron Considenng a heavy particle m free space 
(or in a field with not enough energy to induce )8-decay), we may 
expect, according to the wave -mechanical point of view, that the 
process of (i) electron creation will still occur but that the created 
hght particle, havmg not enough energy to get away, is swallowed 
back again imme4iately after creation, existing only for a very short 
time and having during its existence ‘negative kmetic energy’ f 
Dunng its short existence in statu nascendt, however, the electron 

must possess a magnetic moment of one Bohr magneton, —fi, and this 

m 

must make its contnbution to the observed magnetic moment of the 
heavy particle Adopting Fermi’s interaction expression, Wick was 
able to treat m some detail this process of creation of ‘half-born’ 
electrons and evaluate their average contribution to the magnetic 
moment which has to be added to the proper moment of the heavy 
particle {{ejM)h for proton and 0 for neutron, according to Dirac’s 
theory) With Fermi’s origmal mteraction one obtams values several 
thousand times smaller than the nuclear magneton, and only by 
introducing higher derivatives of the wave function into the inter- 
action law can one increase these values to the necessary order of 
magmtude The existence of this additional moment throws more 
light on the general considerations of Chapter III concermng the 
anomalously high values of the magnetic moment of the proton as 
obtained by Stern and others In the case of the neutron the con- 
tribution of magnetic moment due to the virtual creation of electrons 
wdl be almost equal to the corresponding contribution in the case 
of a proton, 1 1 but if both kinds of transformation, and 

n f+3, are possible (see p 15) the average contribution in the case 
of the neutron will be zero Excluding the second, doubtful, possi- 

t C Wick, Rend R Nat Accad I/incei, 21 (1935), 170 

J This process of creation of electron, m spite of unfavourable energy-balance 
IB analogous to the partial penetration of a particle through 
a barrier which is too high to let it go through, as for example happens for electrons 
in the atom 

II A slight difference may be due to the diSerence between the masses of neutron 
and proton 
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bility, we should expect the spin of the neutron to be almost equal 
and opposite in sign to the spin of the proton This is m agreement 
with the fact that the observed magnetic moment of the deuteron is 
very small 

Another apphcation of Fermi’s mteraction to the investigation 
of the properties of heavy particles would be to calculate the ex- 
change forces between neutron and proton, in order to compare them 
with our knowledge obtained from the general nuclear models 
(Chap II) This question was first considered by Ivanenkof and 
Tamm J If we remember that the mutual potential energy of a 
neutron and a proton due to such exchange forces must be pro- 
portional to the square of the constant g in the expression for the 
interaction (7), and must include also the mutual distance r and the 
constants h and c (the only constants entering into the calculations), 
we can easily obtain, on the basis of dimensional analysis, for this 
potential energy the following form |1 The calculations 

of Tamm actually give 


7(r) = 


1 

1077®^ r® 


j()-85y-5 erg 


(43) 


For distances r 10“^® cm this expression predicts for the exchange 
energy-values erg ~ 10~® e v , and only for r ~ 10~^® cm 

energy-values around one milhon volts We see, thus, that the 
exchange forces calculated on the basis of Fermi’s original expression 
(7) are too small to explain the attraction necessary to keep the 
nucleus together (Chap II) 

It should be noticed, however, that the mtroduction of the 
derivatives of the wave functions of the hght particles m the expres- 
sion for the interaction wdl considerably increase the attractive 
forces due to exchange this procedure may give the correct order of 
magmtude necessary for the understandmg of nuclear stabihty 


t D D Ivanenko, Nature, 133 (1934), 991 
J I Tamm, ibid 

/ \ 2^*^/ It) ^ Sivea 

U8i= — 1,1/= — 1, and 1 = —5 



VIII 

y-RAY EMISSION FOLLOWING jS-DISINTEGRATION 

1. Excitation of nuclei by -decay 

Just as in the case of a-decay, the product nucleus resulting from 
)8-transformation may be formed m an excited state In this case 
the total energy of transformation (upper hmit of the spectrum) must 
be reduced by the amount of energy necessary for excitation, t this 

energy later bemg emitted m 
the form of y-rays We should 
thus conclude that j3-decaying 
elements emitting strong y-radia- 
tion must give rise to several 
groups of )3-particles (in analogy 
with the ‘fine structure’ of a-rays) 
However, due to the contmuity 
of jS-ray spectra these j9-groups 
with different upper hmits will 
overlap and it is therefore, in 
general, impossible to distinguish 
them purely experimentally 
Nevertheless, it should be pos- 
sible to make such phenomena evident by a detailed study of the 
energy-distnbution in the continuous spectrum, as in such cases it 
should be different from the ‘simple spectrum’ corresponding to the 
transition from normal state to normal state An attempt to treat 
existmg data m this way was made by Ellis and Mott,J who were 
also the first to show that the total energy is conserved in the pro- 
cess of jS-emission — as far as the upper hmits of )9-ray spectra are 
concerned These authors estimated the energy -balance for the two 
different disintegration sequences leading from ThC to ThD The 
scheme for the branching m the thonum family is shown in Fig 40, 
where the energies of the two a-dismtegrations and the upper hmits 
of the two )9-ray spectra are also shown With these data, for the 

t This IS not necessary, however, if we accept the non-conservationa] hypothesis 
BO that the experimental proof of such an effect may be regarded as evidence against 
non-conservation of energy 

t C D Ellis and N F Mott, Proc Roy Soc A, 141 (1933), 602 
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energy -liberation for the sequence ThCC'D we have 
2 25+8 95 = 11 20X10® ev. 

whereas for ThCC"D we have 6 20+ 179 = 7 99 xl0®ev, giving, at 
first sight, the impression that energy is not conserved But it must be 
remembered that the j3-dismtegration of ThC" is accompamed by the 
emission of two very strong y-ray8,0 583x 10®e v and 2 620x 10®e v., 
both y-hnes havmg, accordmg to measurements of Elhs, mtensi- 
ties almost one quantum per dismtegration I We must thus con- 
clude that the observed upper limit of the ThC" )8-ray spectrum 
corresponds to excitation of the level 0 583+2 620 = 3 20x 10® e v 
of the ThD nucleus (the fast ^-group correspondmg to the ground- 
to-ground transition being too weak to be observed) and add this 
amount to the energy-balance of the second branch In this way 
we have now for ThCC"D 7 99+3 20 = 11 19 X 10® e v , m excellent 
agreement with the value obtained for the first branch These con- 
siderations not only show us that the conservation law holds for 
)3-transformations but also prove an interestmg fact that m certam 
cases the normal transitions are suppressed m favour of transitions 
with excitation, which fact, as it is easy to see, is connected with the 
above-discussed selection prmciple for )3-transitions and constitutes 
a complete analogy with the appearance of strong ‘fine-structure’ 
components m the case of a-decay In so far as the different sub- 
groups of contmuous )3-ray spectra cannot be separated empirically, 
we must draw conclusions about their energies and relative mtensi- 
ties from the energy and percentage excitations of the different 
quantum levels of the resultant nuclei mformation about these 
levels being obtamed from the analysis of y-ray spectra and long- 
range particles In Tables XIa,b,c, d the most important levels of 
ThC', RaC', ThC, and RaC nuclei are shown as adopted by Elhs 

Table XI a 


ThCC' Atotai = 1 23 X 10-« sec = 2 25 x 10® c w 


Energy of excited 
level X 10“* e v 

Excitation 

Upper hmit of 
group 

Partial decay 
constant 

K = P„>~sec 

Clasa of 
transfoTTnation 

0 

0 76 

2 25 

1 00x10-* 

II 

0 726 

0 20 

1 62 

2 46 X 10-“ 

II 

1 BOO 

0 06 

0 45 

6 20x10-' 

I 


t There are also other y-lines present for the elements m question, but they are 
comparatively weak and must give rise to feeble ^-groups which are lost m the 
intense P-iay spectra of the mam transitions 
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Table XI b 


RaCC' Atotai = 5 92 X 10~« sec -i, = 3 76 X 10® e t; 


Energy of excited 
level X 10”* e v 

Excitation p„ 

Upper limit of 
group 

Etot—E^ 

Partial decay 
constant 

Class of 
transformation 

0 

~ 0 

3 76 

< 10-’ 

III? 

0 ei 

0 66 

3 15 

3 39 X 10-‘ 

II 

1 67 

1 0 065 

2 09 

3 31 X 10-' 

II 

2 14 

0 065 

1 62 

3 31x10-“ 

II 

2 70 

0 14 

0 68 

7 24x10-“ 

I 

2-88 

0 21 

0 86 

1 07 X 10-‘ 

I 

ThBC 

Table XI c 

= 1 82 X 10 ~® sec - 1 , 

■^totai = 0 60 X 10 ® e r 

Energy of excited 
level X 10“® e v 

Excitation 

Upper limit of 
group 
Eiot—^n 

Partial decay 
constant 

K = y„A«ec -1 

Class of 
transformation 

0 

~0 

0 60 

0 

1 

0 238 

0 95 

0 36 

1 73x10-' 

I 

0 299 

0 

0 30 

0 

? 

0 414 

0 06 

0 19 

9 1 X 10-’ 

I 


Table XI d 


RaBC Atotai = 4 31 X 10-^ sec £’totai = 1 00 X 10® e w 


Energy of excited 
level X 10”® e v 

Excitation p^ 

1 Upper P-limit 

Partial decay 
constant 

K = Pn^ 

Class of 
disintegration 

0 (normal) 

0 

, 1 00 

0 

? 

0 0529 

0 

1 0 95 

0 

y 

0 2571 

0 01 

0 74 

4 3 X 10-' 

II 

0 2937 

0 47 

071 

2 07 X 10-* 

I 

0 3499 

1 

0 62 

[ 0 65 

2 24x 10-* 

I 


The maximum energies of the separate j8-ray groups and the corre- 
sponding partial decay constants are indicated m the third and 
fourth columns of these tables In Fig 41 the points for the separate 
j3-components are plotted m a (log A, log F)-diagram We see that 
these pomts can, without much ambigmty, be ascribed either to the 
first or to the second Sargent curve, thus giving us some mdication 
of the spm-differenoes between the respective states of the nuclei 
m question We notice also that two pomts for RaC groups are 
located considerably lower than the second Sargent curve, pre- 
sumably because they correspond to larger spm-differences 
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EUis and Mottf made a successful attempt to represent the /3-ray 
spectrum of RaC as the sum of components representmg the different 
excited levels of the product nucleus RaC' The scheme showmg the 
mam excited levels of RaC', as adopted by Elhs and Mott, and their 
percentage excitation (obtamed from the absolute intensities of 
y-rays) has been given in Table XI b Just as in the case of ThC"D 
the probability of normal transition is here negligibly small, and the 
observed upper Imut of the RaC /3-ray spectrum (3 20 X 10® e v ) 
must evidently correspond to the transition to the first excited level. 



A »» •« RbB 

X .. .. ThB 

Fra 41 

0 61 X 10® e V , thus the total hberation of energy in the RaCC' 
transformation is = 3 81xl0®ev Accordmg to previous con- 
siderations we must expect the observed /8-spectrum to be made up 
of components with upper limits and relative mtensities 

In order to construct the curve representing the result of the 
overlappmg of these components we must, however, know the shape 
for each component In their origmal work Elhs and Mott made the 
assumption that all these partial /3-components had the same shape 
(differmg only in linear extension along the axis of energy), and took 
for the standard shape the energy-distribution for the RaE /3- 
particles, which element, showmg no y-radiation, should possess an 
elementary spectrum The results of such construction are shown m 
Fig 42, together with the RaE-type curve used as a standard The 
agreement between the constructed and the observed distributions 
IS qmte satisfactory We must notice here, however, a fact which 

t C D EUib and N F Mott, Proc Roy Soc A, 141 (1933), 502 

85B5.18 X 
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has been mentioned before the energy-distribution is not the same 
for permitted and prohibited j9-transformations. Consequently, in 
the construction just given, different shapes of energy-distnbution 
should have been used for the different components However, m 
the case of RaC, as may be seen from Fig 41, many of the important 
components belong to prohibited transitions, therefore to use as 
standard the energy-distribution for RaE (itself belonging to the 
prohibited class) should give more or less correct results I 

As we have seen, the analysis of continuous j8-ray spectra mto 
components corresponding to the excitation of various levels, and 



the relation between A and for these components, can give us 
some information concernmg the spin-differences between the levels 
An attempt has been madej to use this information, together with 
the evidence supphed by the fine structure of a-rays (Chap VI) 
and the dipole or quadrupole character of y-radiation (Chap IV), 
to construct a tentative scheme of nuclear spins for the normal 
and excited levels of a number of nuclei of the same radioactive 
family The elements chosen for this purpose were ThB, ThC, 
ThC', ThC", and ThD — mcluding those involved in the branchmg 
at the end of the thorium series The detailed scheme for this 
part of the dismtegration senes, mcluding the energies and the 
excitations of different excited levels, is shown m Fig 43 The 
arrows marked /3 indicate the various )3-transitions leading to excited 
states of the product nuclei, the thickness of an arrow correspondmg 

t The analogouG construction made by Ellis and Mott for the (ThCC'-|-ThC"D) 
p-Tay spectrum failed because these elements give rise to a very strong permitted 
/^•component , consequently the use of the KaC spectrum as standard is no longer 
correct 

X G Gamow, Proc Roy Soc 146 (1934), 217, G Gamow and E Teller, Rev 
49 (1936), 895 
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to the relative frequency of the appropriate transition Of the two 
a-transformations (vertical arrows) the transition ThCC* shows 
marked ‘fine structure’ (p 108), indicating that the spins of the 
normal states of the two nuclei m question differ by at least two, 
or even three, umts The second a-transformation, havmg no fine- 
structure components, we must similarly conclude that the spins 
of the normal states of ThC' and ThD are the same 



Suppose that we start from the ThB nucleus, for which we make 
the plausible assumption that its spin m the normal state is zero 
This hypothesis is based on the absence of intense fine structure 
throughout the whole sequence of a-transformations 

EaTh 4 ThX 4 Tn 4 ThA 4 ThB, 

which shows that all these nuclei possess the same spin, and, m so 
far as all investigated nuclei of this type (even A and Z) possess the 
spm zero (compare Table C), it is more than hkely that this constant 
spin value is zero Now, as we can see from Table XI c, the normal 
j3-transition ThBC is not observed, but in 95 per cent of the trans- 
formations the product nucleus is formed directly with 0 238 X 10« e v 
excess energy We must thus conclude, using Fermi’s ongmal selection 

pnnciple, that .(ThC^o^mai) *(ThB„„^„) = 0 
t(ThCexoitod) = ^'(ThBnormal) = 


and 




160 y-RAY EMISSION FOLLOWING ^-DISINTEGRATION Chap VIII, § 1 
as the corresponding j3-group belongs to the class of permitted 
transitions Concerning the y-ray 0 238 X 10® e v , it was shown by 
EUis (from the value of the coefficient of mternal conversion) that 
this IS emitted m a quadrupole transition — and we are forced to 
adopt, for the normal state of the radiating nucleus, the spin value 
t(ThCnormal) = 2 

If, according to p 139, we assume that permitted jS-transitions 
correspond to = 0 or 1, we may have tlThCexcitad) = 0 or 1 and, 
consequently, i(ThCnon„ai) = 2 or 3 
The next ^-transformation, ThCC' gives a very small excitation 
of the ThC' nucleus, as indicated by the presence of two long-range 
a-groups (p 117) from levels 1 79 and 0 72x 10® e v , respectively, 
the mam )3-transition occumng between two normal states Now 
we can see from Fig 37 that the thorium C yS-spectrum belongs to 
the non-permitted class , we therefore have the relation 

l(ThCnonnal) 7^ *{ThC„onnftl) 

The absence of fine structure for the ThC' a-rays also gives us 
t(ThCooiinai) = »(ThDnonnai)> and the spin of ThD, according to 
general spectroscopic evidence, is most probably zero 
We may compare this last result regarding t(ThC') with the above 
conclusions regarding i(ThC) Moreover, since the latter conclusions 
depend upon the selection principle employed, we have the followmg 
alternatives 

Selection prmciple 

permitted Ai = 0 *(ThCoioited) = 0 

(Prohibited = 1 dThC„onnai) = 2 _ 

permitted Ai = 0 or 1 t(ThCe,„ited) = 0 or 1 ^ ® 

(Prohibited Ai = 2 or 3 i(ThCnormai) = 2 or 3 

Accordmg to the first possibility, for the )3-transition 
ThC^o^^i ^ ThC;„^^i, Ai = 2 

and, with the selection principle employed, the corresponding pomt 
should be located on the third Sargent curve With the second 
alternative Ai for this transformation might be 2 or 3, and the corre- 
spondmg point be on the second (A^ = 2) or third (Ai = 3) curve 
We see from Fig 41 that the pomt representmg the mam /S-groups 
of the ThC spectrum is m fact located on the second curve, which 
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leads to the conclusion that the modified selection principle should be 
employed and the following spin values chosen" 

t(ThBJ = 0. i(ThCeJ = 0, t(ThCJ = 2, 
i(ThC;) = 0, »{ThDJ = 0 

We can further conclude that the normal spin of the ThC' nucleus 
IS 4 or 5, as required for the strong prohibition of the ThC* -> ThD„ 
transition, evidenced by the 100 per cent excitation of the high 
energy-level (3"13xl0®ev)of the ThD nucleus 

We see from these considerations that present evidence is sufficient 
to make probable, though not absolutely certain, a number of con- 
clusions about the spins of different radioactive nuclei, it also 
provides a check on the vahdity of the selection prmciples for 
)3-transformations 

We may now ask whether, m the case of )3- disintegration, it is 
possible to observe phenomena analogous to the emission of long- 
range a-particles, i e the ^-dismtegration of an excited nucleus 
Remembering, however, that in the case of j3-decay the decay con- 
stant changes much more slowly than is the case with a-decay (for 
^-disintegration the change of energy from 1 to 3 x 10® e v increases 
A only by a factor of 600, whereas m the case of a-decay the change in 
energy from 4 to 8 X 10* e v increases A 10“*^ times), we must conclude 
that, even for a high-energy excited state, A^ is mcomparably smaller 
than the corresponding probabihty of y-emission and that, conse- 
quently, the ‘long-range j3-particle’, although possible in prmciple, 
must be far outside the limits of experimental observabihty. 

Cosmic ray showers 

{Note added in the proof ) 

It was indicated on pp 146-7 that if the energies involved m 
/3-transformations are of the order Mc^ {~ 10® e v ) one would expect 
many electron-neutrino pairs to be created in the period of time 
during which the heavy particle remains inside the limits repre- 
senting the uncertainty of its position This effect, which can 
be described as simultaneous creation of many paus of particles, 
has recently been used by Heisenberg’!' explam the showers of 
light particles produced by cosmic rays Accordmg to Heisenberg 
a cosmic ray proton, movmg with the high energy E, will be affected 
by the Coulomb field of a nucleus and will discharge its energy m 
t W Heisenberg, Zs f Phya 101 (1936), 633 
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the form of many negative and positive electrons and the corre- 
sponding number of neutrmos The effective cross-section for the 
simultaneous creation of n electron-neutrmo parrs is given by 




(44) 


where A is the de Broghe wave-length of the proton and / the new 
fundamental length of Fermi’s theory defined by 


/- 


■_g 

he [mef J 


(45) 


s being the number of derivatives mtroduced m the expression for 
the interaction (compare p 143) We can easily see that for A ~ /the 
simultaneous creation of many pairs becomes very probable In 
order to fit the experimental energy valueafor which shower produc- 
tion IS observed it is necessary, however, to choose for s the value 
2 or 3, which, as we have seen above, is also necessary for the explana- 
tion of the observed n-p exchange forces and of the magnetic 
moments of heavy particles 



PART III 

NUCLEAR TRANSFORMATIONS BY COLLISIONS 




IX 

COLLISIONS WITHOUT DISINTEGRATION 


1. Inverse -square scattering 

That the experimental investigation of colhsions between charged 
particles and the resultant scattering provided the first data which 
led to the present nuclear model of the atom is well known t On 
the basis of classical mechamcs Rutherford obtained a formula for 
the scattering of a-particles in the central field of Coulomb forces, 
showing its dependence on the angle of scattering, the velocity of 
the incident particle, and the charge on the nucleus Subsequent 
experiments demonstrated the general correctness of this formula, 
particularly as deviations from its predictions could be satisfactorily 
explained on the assumption that for very small distances of ap- 
proach specifically nuclear forces between the particles also become 
appreciable 

The wave-mechamcal theory of scattering was considered by Mott,t 
who was the first to show that Rutherford’s classical scattering 
formula remains unchanged by the apphcation of wave mechamcs 
The general expression for the scattering m any central field of force 
can be developed in the following way || Using the coordinate system 
in which the centre of gravity of the two particles is at rest, we can 
write the wave -equation in the form 


‘2M — 

= 0 , ( 1 ) 

n 

— MM 

where M = -A- is the reduced mass, v the relative velocity, and 

U{r) the potential energy of mteraction between the two colhdmg 
m^ticles 

For an incident plane wave moving parallel to the z-axis we must 
evidently write p 

I{z) = e'^ * = (2) 


the wave being normahzed to umt density Introducing polar 


t E Rutherford, Phil Mag 21 (1911), 669 
t N F Mott, Ptoc Roy Soc 118 (1928), 542 

II We give here only a short account on the theory of scattering A detailed mathe- 
matical study of the question can be found m the book by N F Mott and 
H S W Massey, Atomic Colhaiona, Clarendon Press, Oxford (1933) 

SS95 IS V 
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coordinates {9 being the angle between the radius vector and the 
z-axis), we can, as is well known, expand the plane wave ( 2 ) in 
the senes 

= gifcroosS = i 2 l)i'P,(c 0 B (3) 

where i^(cos 0 ) is a spherical harmonic of order I and xi can be 
expressed m terms of Bessel functions, f with asymptotic form 

xHr) = i8m(i:r-^77l) (4) 

r — tC 

The general solution of ( 1 ) for an arbitrary potential function U{r) 
can be wntten m the form 

1 = 0 

Here (1 = 0 , 1 , 2 , ) are arbitrary coefficients and the vanous yj(r) 

satisfy the equations 


dV 2ifr - 

with the boundary condition y,( 0 ) = 0 (m order to have T - X, 

r 

fimte at the origin) Integrating equation ( 6 ) from r = 0 to r = oo 
we evidently obtam as an asymptotie expression for the solution for 

large r s ^ ^ 6 in(*r-^, 7 ;+ 8 ,), ( 7 ) 

r— *■« K 


where the phases 8 j are determined in the process of integration by 
the special form of the potential function XJ[r) The difference be- 
tween this solution (7) and the expression (3) for the incident wave 
will clearly represent the scattered wave, and, as this must ^ 
divergent, the difference 

T-/ = 1 2 ^(cosd)[^,X,-(2?+l)i'x|>] (8) 

1 = 0 

must contam only terms of type (not those of the type 
Usmg the asymptotic expressions for xi and yP ((4), (7)), we have for 
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the bracket terms in (6) 

and the condition of divergence gives 

Ai = 


The general solution now becomes 

'F(r,0) = i 2 (2i+lHVS<P,(co8fl)xAr), 


1=0 


and for the scattered wave only 


r 

with f{d) = 2 (2^+l)[e^**'— l]i^i(cose) 


The scattered intensity in the direction 9 now becomes 


163 

( 9 ) 

( 10 ) 

( 11 ) 


( 12 ) 

( 12 ') 


L ^ (to 1 L *- ^ J 

and the total cross -section effective for elastic scattermg 


(13) 


2tr IT ir 

a = j J |/(fl)l^sin0d^d0 = 277 J |/(0)|^sin0 dS 
0 = 0 8=0 0 

= 52 (2^+l)Bm*S, (14) 

1 = 0 

If the potential energy U{r) is the ordinary Coulomb energyj 
Zj Z^e^jr, the phases 8, are given, according to Gordon, ■!■ by 

8, = argr(iy+Z+l), y = Z^Z^e^lhv, (15) 

then the cross-section for scattenng is obtamed from 

Z Z 

— — I cosec* iP, (16) 

2Mv^ I 



which is exactly Rutherford’s classical result 

If the mass of the incident particle, is small compared with 
the mass of the scattering particle, (scattering m heavy elements), 

the reduced mass becomes equal to M^, the relative velocity is the 
original velocity of the mcident particle, and the coordinate system 
t W Gordon, Zs f Phys 48 (1928), 180 
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used m the above calculation is one in which the heavy scattering 
particle is initially at rest In this case formula (16) can be directly 
employed for comparison with experimental data If the masses of 
the coUidmg particles are comparable, however, we must first make 
the transformation to a coordinate system at rest with respect to the 
observer The result of this transformation may easily be obtained, 

it IS 



cosec^d 


[cot 0±^{cosec®6— 
^{cosec^fl— 


(17) 


Clearly, when equation (17) goes over into (16), as would 

be expected 

A notion of some importance at this stage is that of the distance 
of closest approach This distance has immediate sigmficance in 
classical theory, m the wave theory it represents the beginmng of 
the rapid exponential decrease of the wave function For this 
distance we obtam simply 


where x is the angle of recod 

In their early experiments on the scattermg of a-particles in dif- 
ferent materials Rutherford and 
his collaborators demonstrated 
the validity of these formulae 
for the heavier elements In 
Fig 44 the fit between theory 
and experiment is shown for the 
case of a-partiele scattering in 
gold On the other hand, for 
hght elements deviations from 
inverse square-law scattering 
have been found, especially for 
very fast a-particles and large 
angles of scattermg This is due 
to the fact that m these cases 
the incident particles penetrate 
very close to the nucleus and 
are influenced by the nuclear exchange forces A detailed discussion 
of this ‘anomalous scattering’ will be given m the next section 
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We must refer here to one case for which the wave-mechamcal 
treatment gives results considerably different from those of the 
classical formula (8) As was first shown by Mott,']' this happens for 
coUisions between identical particles (for example, with a-particles 
m hehum) and is due to a special type of interference between the 
waves representing the scattered and recoil particles respectively 
The situation can be briefly stated as follows According to classical 
mechamcs, m the colhsion between identical particles (equal masses), 
those particles observed in a given direction 9 to the mcident beam 
belong to two classes, mcident particles ‘really scattered’ in this 
direction and recoil particles corresponding to other mcident particles 
scattered in the direction tt—O (m the coordinate system bound to 
the centre of mass) From this point of view the mtensity m the 
direction 6 should be proportional to 

coaec^^0+coBec*^(iT— fl) (19) 

On the other hand, from the pomt of view of wave mechamcs, in 
which the streams of scattered and recoil particles are represented 
by waves of amphtudes proportional to cosec^JS and cosec^i(77— 6), 
there is a possibdity of interference if the two particles are identical 
The total intensity m the direction 9 is then given m terms of 


cosec*ifl+cosec*J(TT— 0)+2cosec^J0cosec4(7r— fl)cos Aa, (20) 

where Aa is a phase-difference which can be estimated from the 
complete solution of the wave equation According to Mott, the flux 
of particles m the sohd angle sm.9d9d<f> is 

(^4^) |cosec^fl+cosec*(iiT—fl)— 

— cosec®^ cosec^(j5T— fl)cos/»log |4’.?^?^\j2sin 29d9d(f>, (21) 

y 1 — COS 2 c7/ J 

when the particles possess spm i = \, and, when they do not. 



cosec*0+cosec*(|iT— fl)-|- 


+ 2 cosec*^ cosec®( J 77 — 0)cos 



1+cos 29\\ 
1— cos 29/1 


2 sin 29 d9d</> (22) 


Here n is defined by n = — — 

hv 


and the angle 9 is measured m the observer’s space 


t N Mott, Ptoc Roy Soc 126 (1930), 259 


(23) 
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In Fig 45 (o, b) is shown the ratio of the ‘wave-mechamcal scat- 
tering’ to the ‘classical scattering’ m its dependence on velocity 

and the angle of scattering Fig 45 (a) 
refers to colhsions between two particles 
possessing spin ^ (two electrons or two 
protons), Fig 46 (b) to those of particles 
without spin (say, two a-particles) We 
see that in both cases quite appreciable 
deviations from the classical result are 
to be expected 

The experimental results of Chad- 
wick'l' for the scattering of a-particles in 
helium are given in Fig 46 This figure 
refers to observations made at 45° to the 
incident beam We see that for com- 
paratively small energies of the mcident 
particles the scattenng is about twice 
as large as would be expected from 
classical theory This is in fuU agree- 
ment with Mott’s prediction For larger energies considerable devia- 
tions are found These deviations are evidently due to the action of 
intranuclear exchange forces when the distance of closest approach 



Fio 45 



becomes of the order of magnitude ~ cm This effect will be 
discussed separately in the next section 

For particles possessing spin i the scattermg at 45° should be one- 

t J Chadwick, Proc Roy Soc 128 (1930), 114 
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half of that given by Rutherford’s formula Again, this is in agree- 
ment with the observations of Wilhams, who investigated (by the 
expansion-chamber method) the scattering of electrons by electrons 
He found the scattering at 45° about half the expected amount 
A much better illustration of the quantum-mechamcal laws of scat- 
tering, however, is provided by the recent experiments of Tuve, 
Hafstad, and Heydenburg on proton scattering in hydrogen f Their 
results for different proton energies and different angles of scattering 
are represented in Fig 47 We see that, for small energies, the ratio 



of the observed scattering to the value given by Mott (formula (21)) 
approaches umty very closely For larger energies and larger scat- 
tering angles deviations from Mott’s formula again take place These 
have to be accounted for by a strong interaction (attraction, as we 
shall see later) between two protons, effective at small separations 

2. Influence of nuclear exchange forces on inverse -square 
law scattering 

As we have already mentioned, the scattering of fast particles 
by light nuclei cannot be explained entirely in terms of Coulomb 
forces when the closest distance of approach is small The curves 
of Figs 46 and 47 show this in the case of a-ct and p-p colhsions 
Another example is furnished by Fig 48, which gives the results of 
a-particle scattering in hydrogen Already on the basis of classical 
considerationsj it was concluded that such results provide evidence 
for attractive forces of range 10“^* cm 

t M Tuve, L Hafstad, and N Heydenburg, Phys Rev 50 (1936), 800 
t E Bieler, Proc Camb Phil Soc 21 (1923), 686 
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The wave-mecharucal treatment of the deviations from mverse- 
square law scattering can be carried out along the broad lines 
mdicated m the last section The general solution is again 


T'(r, 6) 




with asymptotic form 

= ^Bin(fcr— J77l+S,+A8;) 


(24) 


(25) 


The change in phase AS, (relative to the inverse-square law case) is 



to be estimated by integration of equation (6) for the new potential 
distribution Comparing the solution (24) with the inverse-square 
law solution (11), we must again choose the coefficients A'l so that 
the difference Y'—'i' contains only terms of the type This 
gives us = (21-1-1 (26) 

and the deviation from Coulomb scattering becomes 


1 ” 

Y'-T = _ y (2l-|-l)(c2‘^*'-l)e2‘S'P,(cos0)e‘*'- (27) 


Z = 0 


For the ratio of mtensities of the new scattering and mverse-square 
law scattering we now have 

® Is 


B. = 


i-o 


(28) 


where y is dehned by (15) 
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A detailed study of ‘anomalous scattering’ in respect of its con- 
nexion with the shape of the nuclear ‘potential hole’ has been earned 
out by Taylor t As an example we consider his results for the colh- 
sion between an a-particle and a proton The expenmental data for 
this case (scattering of a-particles in hydrogen) are shown in Fig 48, 
where the ratio R is plotted against the angle ^ of proton recoil (in 
these expenments protons and not ot-particles were counted owing to 
the greater range of protons with the same energy) Neglecting terms 
for which I > 0 and introducing the recoil angle ^ instead of the 
scattering angle 6, we can rewrite (28) m the form 


R= (29) 

y 

This expression now contains only one unknown phase ASj, which is, 
of course, a function of the velocity v (but does not depend on 6 or cf)) 
Usmg the observed values of R for one recoil angle ijA (mdicated m 
Fig 48 by the circles) Taylor estimated the values of AS^ for three 
different velocities The broken curves in Fig 48 show the depen- 
dence of on as calculated, with these phases, from the formula 
(29) The good agreement with the experimental curves shows that 
to neglect higher spherical harmonics {I > 0) is to work to a sufficient 
approximation 

Assummg for the potential energy near the nucleus the rectangular 
model V \ 

,30) 

U (r) = Ug = const (r < r^), j 

already used by us in the theory of a-disintegiation, Taylor adjusted 
(graphically) the values of and U„ in such a way as to obtam the 
phase-shifts ASp already calculated for tliree different velocities In 
this way, for the a.-p interaction he obtained 


rp = 0 45x 10“^^ cm 
U„ = — 6x 10“ e v 
in good agreement with other estimates of nuclear dimensions 

Similar calculations have been carried out by Taylor for a-a 
colhsions with the following results 




“] 




0 33x10-1* cm 
— 15 6 X 10+® e V 


t H M Taylor. Prtx Roy Soc 134 (1031), 103, 136 (1932), 605 

Z 
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The curves for p-p colhsions obtained by Tuve, Hafstad, and 
Heydenburg have been analysed theoretically by Breit and Condon 
(on the same bnes as indicated above) Breit was able to show that 
the observed deviations can be explained by short-range attractive 
forces and that the depth of the potential hole is approximately 
two-thirds of the mutual potential energy in the case of n-p inter- 
action, as estimated, for example, from the binding energies of 
deuteron and a-particle (compare Chap II) We may notice here that 
the observed interaction between two protons might be expected 
theoretically since, as indicated in Chapter III, the radius of the 
proton must be larger than A/mc ~ 1 3X cm , whereas m the 
above-mentioned experiments deviations of 20 per cent from Mott’s 
formula enter only when the apsidal distance between the colhding 
protons IS 2 7x10“^® cm 


3. Scattering by pure exchange forces (neutron scattering) 

That the observed scattering of neutrons by atomic nuclei is to be 
ascribed entirely to nuclear exchange forces is evident since here the 
force of Coulomb repulsion is completely absent Graphically the 
distnbution of potential energy may be represented roughly by a hole 
with rather steep walls 

' Exchange forces between elementary particles being directly re- 
sponsible for the scattering of neutrons in hydrogen, this case is 
especially mteresting It has been treated theoretically by Wickj'f 
Wigner,J and, in more detail, by Bethe and Peierls || The latter 
authors carefully mvestigated the difference in the distribution of 
scattered particles for the case of ‘ordinary’ central forces (used by 
Wigner) and that of exchange forces of the Heisenberg -Majorana 
type 

As we have seen m § 1, the effective cross-section for scattering 
between the angles d and is given by 


da = 

4 ** 


2 (2?+l)/^(coa ^)(e^**'— 1) 


smBdddtf), 


(31) 


where 8, is the phase to be estimated from the corresponding wave 


dr^ ' n \_ 


2M 


( 32 ) 


t G Wick, Ze S Phys 84 (1933), 79B 

j E Wigner, Za f Phya 83 (1933), 253 

II H Bethe and B Peierls, Proc Roy Soc 149 (1935), 170 
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With the condition XiW = 0 For the case of n-p colhsions 


M = 




and 


t_Mv_ ^[2ME) 
~ h ~ fi 


4{\ME) 


= u 


For the potential energy of interaction we now take over the 
model represented by a potential hole with a rather small radius, 
Tq ^ 10~^® cm , which, as we have seen, has been fairly satisfactory 
in the theory of the deuteron (p 19) Then, for not very fast 

2 . 77^1 

neutrons the de Broglie wave-length A = ^ ~ large compared 

with the dimensions of the hole and only the component ? = 0 of 
the mcident wave is of importance (other components have vamsh- 
ingly small amphtudes for r ~ due to the potential barrier of 
centrifugal force) In such a case the scattering is necessarily spheri- 
cally symmetrical in a coordmate system bound to the centre of 
gravity of neutron and proton Neglecting terms with I '> 0, we 
obtain for the cross-section effective for scattering (formula (14)) 


cr = ^sm^So (33) 

• 

In order to estimate the phase we must remember that equation 
(32) possesses a stationary solution representing the fundamental 
state of the deuteron This solution corresponds to an energy — e 
(= — 22x10“ ev) and extends to an average distance 

(the radius of the deuteron) For distances larger than the range 
Tq of nuclear forces we have 

Xo ~ ce-“^, 






Thus for r > ro the expression i ^ is negative and of the order of 

X 

magmtude — ot 

It can be shown that for the solutions of (32) correspondmg to 
positive (35) 


r>r. 


h 


where y is a numerical constant of the order of magnitude umty If 
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the energy satisfies the condition 

the second term on the right-hand side of (35) is small compared 
with oL, and, as Xo nnisf have the asymptotic form 



Xo = =Bm(ir-|-So). 

r-*.® Ic 

(37) 

we obtain 

4 cos(A:r-)-Sn) 

2- r>u a 

sm(I;r-t-So) 

(38) 

This gives 

8q = ^7r-(-arctan(=]— 

Xkf 

(38') 

or, neglecting kr^ 

~\<i. 



cot Sq = — = 
k 

(38") 


Thus we see that, for energies satisfying the condition (36), the phase 
< ^TT, and that it becomes > {tt for larger energies We may 
notice here that these results do not depend on any special hypothesis 
regardmg the type of forces acting 

For the phase of the next harmomc, which becomes important 
only for fast neutrons, Bethe and Peierls give 

S^-±A(^r)^ (39) 

where the positive sign must be taken in the case of ‘ordinary’ forces 
and the negative sign in the case of exchange forces (j3 is a numerical 
coefficient of the order umty ) 

For the scattered intensity m the direction 6 we now obtain 

da = i(4sin^So-)-128jSin2SoCos0)sm0(i0(i(jA (40) 

2k^ 

Remembermg what has been said about the phases Sq and 8j, we 
find the results concerning the angular distribution of the particles 
resulting from the coUision summarized m Table XII This table 
shows that by investigating the angular distribution of recoil protons 
we ought to be able to draw defimte conclusions concermng the type 
of force acting between neutrons and protons Unfortunately the 
asymmetry expected for E < 20 X 10® e v is much too small to be 
easily observed (~ 1 per cent according to Bethe and Peierls) On 
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Table XII 
‘Ordinary’ forces 



Small tnergiea 

< 20xl0« ev 

E„ > 20x 10* e V 

Neutrons scattered 

mostly 

uniformly 

at right angles 

forwards 

Recoil protons thrown 
mostly 

uniformly 

forwards 

at right angles 


Exchange forces 


Neutrons scattered 

mostly 

uniformly 

forwards 

at right angles 

Recoil protons thrown 
mostly 

uniformly 

at right angles 

forwards 


the other hand, present experimental means are not availahle for 
the study of neutrons with energies as high as would be necessary 
to observe the much stronger deviations which take place for 
> 20x 10® e V , according to our theory 

For the total cross-section effective for scattering we obtain from 
(33) and (38") 

(41) 


477 


47Tfl2 1 

'iF 


Using the experimental value € = 22xl0®ev,we calculate for 
F = 4 3 X 10® e V , cr = 12 x 10“^'* cm ^ and for F = 2 1 X 10® e v , 
tr = 16 X 10*^® cm in satisfactory agreement with the experimental 
values 5-8 x 10'^® cm and 11-15X 10“^® cm obtained by Chadwickt 
for these energies 

For very slow neutrons {E e) (compare p 176) the formula (41) 
gives a constant cross-section 




A-rrhP' 

jiT 


23 5 X 10-2® cm 2, 


(42) 


representing the maximum scattermg predicted by the theory 
ExperimentaUyJ much larger values for the collision of slow (thermal) 
neutrons have been observed, the most probable value being 
<7 = 300X 10-25 cm 2 

In order to understand such large cross-sections for slow neutrons 
Wigner|| has indicated that the results so far obtained hold only 


t J Chadwick, Proc Roy Soc 142 (1933), 1 

X C Westcott and T Bjerge, Proc Cam6 Pfnl Soc 31 (1935), 145, J Dunning, 
G Pogram, G Fink, and D Mitchell, Pfiys Rev 47 (1935), 970 

[| E Wigner, H Bethe, R Peierls, E Teller, Proceedings o/ ‘ #5 (1936) 
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for collisions m which neutron and proton have parallel spins as in 
the deuteron nucleus The binding energy of this nucleus was used 
in the calculations For that part of the scattering due to particles 
with anti-parallel spins we must use the binding energy of the 
(excited) state of the deuteron nucleus in which the spins of neutron 
and proton are oppositely orientated, but the orbital momentum 
remains zero Introducmg such a hypothetical excited state, and 
supposing that its bmdmg energy is rather small, we can obtain very 
large cross-sections for scattering The total scattering cross-section 

1 1 

M \4 .+^£.”^4 




(43) 


where e' is the bmdmg energy for the excited state, and the factors 
I and J occur because the probabdity of parallel spms is three times 
greater than that of anti-parallel spms In order to get the experi- 
mentally observed cross-section for slow neutrons (E„ -> 0) we must 
assume e' = 0 046 x 10® e v , and correspondingly the amazmgly large 
value 3 X 10-^^ cm for the radius of the deuteron in this 

state of excitation 

These considerations brought the above authors to the conclusion 
that the exchange forces between a neutron and a proton must be 
considerably smaller m the case of anti-parallel spms, m fact, the 
pure magnetic interaction between protomc and neutronic magnetic 
momenta amounts m the case of the deuteron only to about 100 v 
and thus cannot possibly account for the shift of energy-level from. 
— 2 2 mv to almost zero It was thus necessary to accept that the 
attraction due to exchange forces between a neutron and a proton 
IS considerably smaller m the case of anti-parallel spin, which means 
that one should mix the Majorana forces (independent of spin- 
direction) with a certain amount of Heisenberg forces (corresponding 
to repulsion m the case of anti-parallel spms) If the state of a deu- 
teron with the bmdmg energy near zero really exists, one should be 
able to prove the vahdity of the formula (43) also for the neutrons 
of small but not yet thermal velocity The experiments in this 
direction were earned out by Goldhaber,')' who used the neutrons of 
0 2x10® ev energy (photo -neutrons from deuterium illummated 
by the y-ray Av = 2 62 x 10® e v ) It was found by hun that for this 
energy the scattering cross-section is about three times smaller than 


t M. Goldhaber, Nature, 137 (1936), 824 
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one would expect from formula (43) One must notice, however, 
that careful more recent experiments carried out by Tuve and 
Hafstadf lead to results consistent with the above theory 

We must mention here a specific effect of the scattenng of very 
slow neutrons, in hydrogen It was indicated by Fermi that the 
effective colhsion cross-section will be increased by a factor 4 if one 
of the colhding particles is not free, but must remain at the same 
place after the colhsion This is, however, just the case which we 
have in the experiments with the scattermg of thermal neutrons 
the bombarded protons are bound in the molecules of hydrogen- 
containing substance (water or paraffin), the kinetic energy of 
incident slow neutrons being not enough to kick the proton 
out of the molecule Thus one should observe a much smaller scat- 
tering cross-section for slow neutrons in hydrogen gas, a proof 
of which, however, evidently represents very grave experimental 
difficulties 

The scattenng of neutrons by different complex nuclei has been 
very carefully investigated by Dunning and Pegram,J who estimated 
the effective cross-sections for scattermg from the measured absorp- 
tion coefficients || This, of course, mvolves the hypothesis that the 
absorption of fast neutrons is entirely due to scattering The results < 
of these measurements are given in Table XIII, shoning a gradual 


Table XIII 


Element \ 

<7 y 10“* cm “ 

Element 

<7 X 10^* cm ^ 

« ! 

1 6 

Cu 

3 2 

Li 

1 6 

Zn 

3 3 

C i 

1 7 

Sn 

4 3 

N 

1 8 

I 

4 6 

A1 

2 t 

W 

5 3 

S ' 

2 7 

Hg 

5 8 

Fe j 

3 0 

Pb 

6 7 


increase of effective cross-section with atomic weight, i e with 
the geometrical cross-section of the nucleus The wave-mechamcal 
calculation of scattering on the basis of the generally accepted 

t M Tuve and L Hafstad, Phys Rev 50 (1936), 890 

J J Dunning and G Pegram, Rev 43 (1933), 497, 775, J Dunning, ibid 45 

(1934), 586 

II The decrease of intensity of a neutron beam passed through a thickness d of the 
mvestigated substance varies as where a = No Here N is the number of nuclei 
per cm • and a the effective cross section for scattermg 
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‘rectangular hole’ model of the potential distribution mside the 
nucleusf is somewhat comphcated in this case as the wave-length of 
the mcident neutrons is of the same order of magmtude as the 
nuclear radius, and the higher barmomcs must be taken mto account 
We may say, however, that for non-resonance neutron energies the 
effective cross-section for scattermg must be approximately given by 
four times the geometrical cross-section a ~ 4t7Tq 

In Fig 49 the values of a are plotted against atomic weight We 
see that these values are m agreement with the curve representing the 
squares of nuclear radii as estimated on the hypothesis of constant 
nuclear density (compare formula (36) of Chapter II). 



After it became clear that neutrons traversing layers of hydrogen- 
containing substances are slowed down to thermal velocities by colh- 
sions with hydrogen atoms (for a more detailed discussion see 
Chapter XI), it also became interesting to investigate the scattering 
of such slow neutrons Experiments in this direction have been 
carried out mainly by Dunmng, Pegram, Fink, and Mitchell, J who 
again used the method of estimating scattering cross-sections from 

t An analysis of these data on the basis of the ' rigid sphere ’ model was carried 
out by I Rabi (Phys Rev 43 (1933), 838), who compared the observed cross-sections 
with the wave mechanical formula for scattermg on the hypothesis that very strong 
repulsive forces come into play between the nucleus and the neutron when the 
distance between them becomes equal to the sum of their radii -Sinucieua) d- 
Estimatmg the values of il-f r for different elements m this way and subtractmg the 
nuclear radius R deduced on the hypothesis of constant nuclear density (with the 
value R = 0 78x10-*“ cm for Pb), Babi obtained for the radius of the neutron 
the value r = 0 13x 10-*“ cm fairly constant for all elements investigated 

t J Dunmng, G Pegram, G Fink, and D Mitchell, Phya Rev 45 (1934) 686 
47 (1936), 416 
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absorption measurements These authors found that the effective 
cross-section obtained m this way varied very irregularly from ele- 
ment to element, as can be seen from the third column of Table XIV 

Table XIV 


Scattering of slaw neutrons 


Element 

Z 

a X 10^* cm * 
(obtained /rom i 

abaorption measurements) ' 

ffX 10“ cm * 

(obtained from * direct* 
scattering measurements) 

c 

6 

4 1 


Mg 

12 

35 

2 8 

A1 

13 

1 5 

0 9 

S 

16 

1 4 

0 8 

Cr 

24 

49 

1 3 

Mn 

25 

143 

2 0 

Fe 

26 

12 0 

9 9 

Ni 

28 

15 4 

17 0 

Cu 

29 

7 5 

7 7 

Zn 

30 

47 

3 4 

Ag 

47 

55' 

5 9 

Cd 

48 

3.300' 

1 2 

Sn 

50 

40 

3 8 

Hg 

80 

380' 

4 4 

Pb 

82 

8 6 

7 2 

Bi 

83 

8 2 

9 5 


As we can see from this table, the cross-section for the scattermg 
of slow neutrons (determined from absorption measurements) is, m 
general, somewhat larger than the corresponding cross-section for 
fast neutrons, but still of the same order of magmtude as the geo- 
metrical cross-section of the nucleus For a few elements, however 
(Ag, Cd, Hg), the cross-section is enormously greater than the geo- 
metrical cross-section of the nucleus In view of the fact that slow 
neutrons, as we shall see later, possess a very large probabdity of 
being absorbed directly by nuclei with the emission of y-rays, we 
must be careful m considermg these data as giving the real scatter- 
ing cross-section The direct determination of the scattering of 
slow neutrons was carr’d out by Mitchell and Murphy, "I" who 
measured directly the intensity of neutron beams scattered by dif- 
ferent materials The data of these authors are given m the fourth 
column of Table XIV, we can see that they show no trace of the extra- 
ordinary large cross-sections for Ag, Cd, or Hg, although the scatter- 
mg m some cases (such as Ni) is somewhat larger than the average 

t A Mitchell and E Muiphy, Phys Rev 48 (1935), 653, 49 (1936), 400 
sues 18 


A a 
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Thus we must conclude that the large cross-sections for slow neutrons 
obtained by the ‘absorption method’ are actually due to nuclear 
transformations produced by such neutrons and that the elastic 
scattering of neutrons does not show any large anomalous effects for 
small velocities 

The wave-mechamcal calculations of the scattering of slow neu- 
trons by an atomic nucleus, considered as a potential hole with very 
steep walls, have been carried out by Bethe Taking count only of 
the first spherical harmonic component of the incident wave Bethe 
obtamed for the cross-section for elastic scattering the expression 


a = 47r{AoCot^o+ro)2, (44) 

where r^ is the nuclear radius, Aq the de Broglie wave-length of the 


h 


, where 


neutron inside the nucleus (for slow neutrons Aq = ^(o {/ ^ ’ 

Uq is the depth of the nuclear potential hole), and <j>Q = <f>{rf) the 
phase of this wave at the boundary of the nucleus 

Substituting ro = 0 7 X lO'i* cm and Aq = 0 24x cm , we 

a = 0 7 X 10-2«(cot ^0+3)2 (44') 


We see that the cross-section may become fairly large in the reso- 
^nance case, when ~ nrt, far from resonance conditions, however, 
the magnitude of this cross-section must be ~ = 6 x 10“^* cm * 

(for J-j = 0 7 X 10-1* cm ), 1 e four times larger than the geometrical 
dimensions of the nucleus Not having an exact nuclear model one 
cannot calculate for each special case Thus only a statistical 
estimate may be made as to how often the resonance increase in the 
scattering cross-section is to be expected with the known elements 
On the basis of such statistical considerations Bethe concludes that 
possibly in 55 per cent of cases a lOx 10-** cm *, m 35 per cent 
of cases 10 X 10-** < a < 100 x 10“** cm *, and in 10 per cent of cases 
a > 100 X 10-** cm * It may seem at first sight that these conclu- 
sions fit with experimental evidence, since very large absorption 
coefficients have been deduced for certain elements (Ag, Cd, Hg) 
The results of Mitchell and Murphy, however, show that this agree- 
ment IS entirely illusory As we have seen (Table XIV, column 4), the 
strong absorption by these elements is due not to elastic scattermg 
but to a nuclear reaction (radiative capture — which will be discussed 
later), the scattering being normal throughout This fact constitutes 
t H Bethe, Pfiys Rev 47 (1035), 747. 
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an important pomt of disagreement with theoretical calculations 
based on the ordinary model of the nucleus which considers the 
motion of each separate constituent particle (m particular the inci- 
dent neutron after penetration inside the nucleus) as determined by 
the average field of other particles We shall see later (Chap XI, 
§ 1) that the absence of the selective phenomena for scattering for 
the energies for which the radiative capture shows distinct selective 
effects can be accounted for on the basis of new views on the nature 
of nuclear processes proposed recently by Bohrl in his critical m- 
vestigations concermng the behaviour of systems of particles bound 
together by very strong interactive forces 

4. Nuclear excitation by collision 

Now we can turn our attention to the case of inelastic coUisions 
in which the mcident particles are reflected after having lost energy 



and the bombarded nuclei are brought to an excited state, from 
which they return later, emitting the excess energy in the form of 
y-rays The general wave-mechanical theory of inelastic colhsions 
between charged particles has been developed by Landau f and its 
apphcation to the case of nuclear collisions gives for the cross-section 
effective for excitation the value 


2irt'Zz/l 1 \ 

(j = A = Ae — ^ 


(46) 


Here ^ is a coefficient of the order of magmtude A® (A = the de 
Broghe wave-length of the incident particles), slowly changing with 

t N Bohr, Nature, 137 (1936), 344 
i L Landau, Za Sov. Phya 1 (1932), 88 
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energy, and and are the transparencies of the nuclear 
potential bamer for the onginal and final energies of the bombarding 
particles, as given m Chapter V Thus we see that the probabihty 
of excitation by collision depends essentially on the ratio of the 


transparencies for the reflected and mcident particles 



, and 


thus reaches the largest possible value when this ratio approaches 
umty, 1 e when the excitation energy E—E' is small Formula (45) 
tells us also that this probability rapidly decreases with decreasmg 
energy of the mcident particles (for a constant excitation energy) 
and with increasing charge-number of the bombarded and bombard- 
ing nuclei For hght nuclei and comparatively small excitation 
energies the effective cross-section is, however, sufficiently large and 
one should easily observe the y-rays due to such colhsions It is very 
probable that many y-rays observed during the bombardment of 
light nuclei by fast a-particles are of this origin, but it is difficult to 
distmgmsh this radiation from other y-rays connected with the pro- 
cesses of nuclear transformation which also occur quite frequently 
in these experiments (p 183) It is clear, however, that the y-radia- 
tion of energy Av~06xl0® ev observed m the case of lithium 
.bombarded by slow a-particles is to be ascribed to such excitation 
by colhsion in this particular case no other nuclear transformation 
takes place Similarly, there are some indications of such process of 
y-emission m the a-bombardment of 7 N^*, pF^®, and 13 AP’, as stated 
by Savel f 


t X Savel, C R 198 (1934), 1404 
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NUCLEAR REACTIONS 

1 . Substitutional reactions 

If the incident particle possesses enough energy, it can, in the process 
of collision with a nucleus, give a part of its energy to one of the 
nuclear constituent particles, throwing it out and so producing arti- 
ficial transformation in the bombarded substance Such artificial 
nuclear transformations were first discovered in 1919 by Rutherford,| 
who, bombarding nitrogen atoms with the fast a-particles of RaC', 
observed the ejected protons which had evidently ongmated in 
mtrogen nuclei which had suffered violent colhsions The Wilson 
chamber photographs of this process taken by Blackett J (see Plate I) 
show the tracks of the bombarding particle, the ejected proton, and 
the recoil nucleus — but no track which would correspond to the 
original tx-particle reflected after collision This led to the conclusion 
that the a-particle itself is captured by the nitrogen nucleus Later, 
this suggestion was substantiated by an investigation of the balance 
of energy and momentum m the colhsions Thus the nuclear reac- 
tionis (ij 

where is the heavy isotope of oxygen (later found in very small 
amounts in the atmosphere) formed in the process of transformation 
and Q the energy-balance in the reaction Q may be estimated by 
measurements of the kinetic energies of the particles involved in the 
process For the particular case of nitrogen Q = — 13xl0®ev 
Transformations of this type, resulting in the substitution of one 
particle in the nucleus by another, we shall call substitutional reac- 
tions The schematic representation of the energetics of such reactions 
IS given m Fig 51, where and represent the original energy of 
the incident particle and the quantum level on which it is captured 
and Ei,^ and Ef, the original level of the disintegration particle and the 
energy with which it is ejected after the transformation || We see 

t E Rutherford, Phil Mag 37 (1919), 681 

j P Blackett, Ptoc Roy Soc 107 (1925), 349, P Blackett and D Lees, ibid 136 
(1932), 325 

II We must remember that in such diagrams as Fig 61 the quantum levels for 
captured and emitted particles belong actually to different nuclei (jO^’ and in 
our case) 
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that the energy of the ejected particle wiU he larger or smaller than 
the energy of the incident particle according as the level B is above 
or below the level A 

Investigating other elements, Rutherford and his collaborators 
were able to observe the emission of protons from most of the hght 
elements and with some of them found that the energy-balance was 
positive and rather large For example, in the reaction 

„AP’+,He^->i4Si«''+iHiH-0 (2) 

we have Q = +23x10® ev 



Fid 61 


As the atomic number of the bombarded element increased, the 
yield of protons rapidly decreased, and practically no disintegrations 
were observed for the elements heavier than argon For a given 
element the yield of protons decreases exponentially with the energy 
of the bombarding particles, and for energies less than ~ 4 x 10® e v , 
in most cases, the number of ejected particles becomes too small to 
be observed An explanation of these facts was first proposed by 
Gamow]" in terms of the transparency of the potential barriers sur- 
roundmg the nucleus for the incident and ejected particles respec- 
tively We shall discuss this question in more detail in the next 
section 

Now we must consider the possibihty that the incident particle, 
on entering the nucleus, can be captured, not on the fundamental 
level, but on a level corresponding to an excited state of the nucleus. 

■f G Gamow, Za f. Phya 52 (1928), 610 



ChapX, §1 SUBSTITUTIONAL REACTIONS ' 183 

In such a case the emitted particle will have an energy less than 
normal by the amount of excitation — and we may expect to observe 
several groups of emitted proton8,f in complete analogy with the 
phenomenon of ‘fine-structure’ m the case of the radioactive emis- 
sion of a-particles It is also clear that those transformations which 
are characterized by several groups of emitted particles must likewise 
be accompamed by y-radiation, corresponding to the transition of 
the product-nucleus to the normal state after the reaction 

In the case of mtrogen (reaction (1)) only one group of protons has 
been found This is evidently due to the fact that, because of the 
very low energy-balance in this reaction (loss of energy 1 3 X 10® e v ), 
excitation is either energetically 
impossible (‘negative energy’ for 
the ejected protons) or possesses 
a very small probabUity (small 
transparency of the potential 
barrier for very slow protons) 

On the other hand, in the case of 
alumimum (reaction (2)) a short- 1__ 
range group with an energy- ° 
balance Q' = —0 1 X 10® e v has 
been observed^ corresponding to the formation of the product nucleus 
with the extra energy Q—Q' = 24x1 0*ev This energy should be 
emitted subsequently in the form of one or more y-rays Actually 
the experiments of Bothe|| have shown that the bombardment of 
A1 by ot-particles is accompanied by a rather intense y-radiation 
In the case of boron (consisting of two isotopes of mass numbers 
10 and 11 with the relative abundance 1 4) Bothe and Franzf'f’ 
observed two groups of protons each givmg a positive energy-balance 
and one group correspondmg to negative balance 

More detailed investigation of proton groups from boron was earned 
on by Baton, JJ who found that the protons emitted from boron by 
a-rays of BaEm consist of four homogeneous groups (Fig 52) with 
the energy-balance +3 1, +0 35, — 0 78, and — 1 86x 10® e v It 
seems reasonable to asenbe the observed fast proton group to the 

t J Chadwick and G Gamow, Nature, 76 (1930), 54 

j E Rutherford and J Chadwick, Proc Camb Phil Soc 25 (1929), 186 

II W Bothe and H Becker, Zs J Phys 66 (1930), 289 

■ft W Bothe and H Frknz, ibid 49 (1928), 1 

it R Baton, ibid 90 (1934), 686 
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disintegration of the hghter isotope of boron according to the equation 

(3) 

In fact, substituting in (3) the values of the nuclear masses, we 
obtain for energy-balance of transformation without excitation 

Q= 10 0161 + 4 0039—13 0073—1 0081 = 0 0046 = +4 6xl0«e v . 

which is, considermg the possible errors, in reasonable agreement with 
the observed maximal energy-balance If the reaction responsible for 
the fast group were 

^Bii+.He* ^ eC^"+aHi+ Q, (3') 

the mass of would be 14 0055 and the ordinary (mass 
14 0073) would be unstable, transformmg into with the emission 
of a positive electron It is, however, not impossible that some of the 
slower observed proton groups have their origin in reaction (3') 
Bombarding beryUium nuclei with the a-particles of Po, Bothe| 
observed a very penetrating radiation which was at first interpreted 
as y-rays This radiation was carefully mvestigated by Jobot and 
Cune,t who found it to possess the property of throwing out protons 
of high velocity from hydrogen-contaimng compounds (e g paraffin) 
through which it passed This fact alone might have been considered 
as providing evidence against the ‘y-ray interpretation’, as the 
effective cross-section for the Compton effect of y-rays of these 
energies scattered by protons should be much smaller than the ob- 
served value The problem was cleared up by Chadwick, |l who 
mvestigated the recoil of mtrogen nuclei under bombardment by the 
new radiation and compared it with the recoil of protons previously 
observed According to the y-ray hypothesis, Ej., the maximum 
energy of recoil of a nucleus of mass number Jf,., after scattering 
of a hght quantum of energy hv, should be 

^,= 2/.v/(2+fe'). (4) 

Substituting in (4) the value E^ = 5 1 x 10® e v , found with hydrogen 
by Curie and Joliot, we have hv = 55 x 10® e v On the other hand, 
with mtrogen Chadwick observed E^ = 16x1 0® ev This gives, 
accordmg to (4), hv = 110x10* ev The discrepancy here shows 

t W Bothe and H Becker, Zs f Phya 66 (1930), 289 
t F Johot and I Curie, CB 193 (1931), 1412 
11 J Chad-wick, Ptoc Roy Soc 136 (1932), 692 



ChapX, §1 SUBSTITUTIONAL REACTIONS ' 186 

conclusively that the y-ray hypothesis is untenable To explain the 
expenmental facts Chadwick made the alternative suggestion that 
the radiation emitted by beryUium as the result of bombardment by 
at-particles m fact consists of material particles carrying no electric 
charge (otherwise these particles would give — contrary to the findmgs 
of experiment — ^lomzation tracks in a Wilson chamber) These are 
the so-caUed neutrons, the possibihty of the existence of which, m 
atomic nuclei, had long before been emphasized by Rutherford I If 
the mass number of the neutron is and the velocity with which 

it IS emitted from the Be nucleus is the maximum velocity of 
the recoil particle (of mass number M^) will evidently be given by 


Vr = 


y 


( 6 ) 


Using this equation for the cases investigated {M^ = 1, = 3-3 x 10* 

cm /sec ,J^ = 14, ^ = 47x10® cm /sec ) Chadwick obtamed ~ 1 
and ~ 3 3x 10® cm /sec The reaction leading to the formation 
of the neutron is now 


4Be*+2He^ -> Q (6) 

The discovery of the neutron as an important constituent part of the 
atomic nucleus gave a strong impulse to the development of the^ 
general theory of nuclear structure as set forth in previous chapters 
It was shown as a result of further experiments that neutrons are 
emitted from many light elements under bombardment by a-particles 
(Table G at the end of the book) Using the known masses of nuclei 
entering into such reactions, many estimates of the exact value of 
the neutron mass have been made, ranging in wide limits due to 
inexact knowledge of nuclear masses The best estimate, however, 
has since been obtamed from the experiments on the disruption of 
the deuteron nucleus by y-rays (see § 4 of this chapter) 

Investigating the emission of neutrons caused by a-bombardment, 
Johot and CurieJ observed that in a number of cases (B, Al, Si, P) 
positive electrons are emitted, after the source of bombarding a- 
particles is removed This mduced positive /3-activity behaves qmte 
similarly to the ordinary jS-activity of the radioactive elements 
Thus, the number of positrons which are emitted decreases expo- 
nentially with time, and we are able to introduce the notion of a 


t E Rutherford, Ptoc Roy Soc 97 (1920), 374 
X I Curie and F JoUot, C R 198 (1934), 264 

B b 
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decay constant Also, the emitted positrons have a continuous energy 
distribution, similar to those which characterize ordmary /3-dis- 
integrating elements These observations suggest that in the corre- 
sponding nuclear reaction the product nucleus is not stable, but, 
possessing more protons than would correspond to the mimmum 
energy for a given mass-number (see Chap II), is subject to positive 
)8-traiisitions The reactions with boron and aluminium can be 


wriiren 5 Bi<>+ 2 He'‘ -> ,N“+o7ii+ Of (7) 

and (8) 

These are followed by the transformations 

,Ni3 ^ ^T^ = 10 mm ) (7') 

and igP^® -> i 4 Si^®+a (Tj = 3 2 mm ) (S') 


It was shown by Johot and Curie that if one mixes activated boron 
(or aluminium) with ordinary mtrogen (or phosphorus) and then 
makes a chemical separation of the added substance, the a-actmty 
separates with it and no trace of activity is left with the original 
boron (or alumimum) J This proves, without ambiguity, that the 
observed activity is really due to the species produced according to 
the above equations The discovery of the artificially produced 
«-active elements is of very great importance for nuclear theory, first 
because it gives new arguments in favour of the neutron-proton 
model of the nucleus (p ^ w-transformations), and, secondly, because 
it gives us (when considered together with Fermi’s discovery of 
similar e-emittmg elements) much new material for the study of the 
processes of nuclear transformations (see Chap VII) 

According to Gamow’s|| theory of artificial disintegration the prob- 
abihty that an incident particle wdl penetrate inside the nucleus 
IS given essentially by the transparency of the potential barrierff 


' g MEo * 


where m^, z„ e, and are the mass, charge, and energy of the incident 
particle, and Z is the charge-number of the bombarded nucleus 
From this formula we conclude that the probability of penetration 
increases when the charge and mass of the bombarding particle 


t The lighter isotope must be responsible for the reaction since the isotope 
would give the stable nucleus 7 N'* 

X F Johot and I Curie, C R 198 (1934), 659 
II G Gamow, 1 c 193 fE 
tt Compare Chap V 
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decrease If we use, for example, protons instead of a-particles the 
factor m the exponent will be four times smaller This means 

that, if we use protons of the same energy as the a-particles pre- 
viously employed, the hmit at which disintegration is still observable 
will be shifted to the element with four times larger atomic number. 
On the other hand, for a given element dismtegration by proton 
bombardment should be observed for sixteen tunes smaller energy 
than IS the case for a-bombardment This theoretical conclusion has 
been verified by the experiments of Cockcroft and Walton.^ who first 
succeeded m producing artificially mtense beams of fast protons and 
effecting nuclear disintegration by means of them Bombarding a 
lithium target, Cockcroft and Walton observed the emission of 
oi-particles of 8 5 X 10® e v energy, evidently produced m the reaction 
3Li’+iHi^2,He*+e (10) 

The yield of a-particles rapidly decreases with the energy of the 
bombarding protons, but it has been traced for energies as low as 
0 02 xl 0 ®e V The observed energy-balance fits very well with the 
value (17 04 X 10® e v ) calculated from equation (10) ( 3 L 1 ’ = 7 0147, 
= 1 00778, and aHe^ = 4 00216) A Wilson chamber photograph 
of the disintegration of hthiumj by protons is given in Plate II a 
and shows clearly the pairs of a-tracks of equal length in opposite 
directions, each such pair representing the two a-particles formed 
from a hthium nucleus in this transformation 

Cockcroft and Walton observed also the presence of short-range 
a-particles emitted by lithium bombarded by protons These were 
investigated in detail by Ohphant, Kinsey, and Rutherford, |1 who 
showed that they formed two groups of 1 1 5 mm and 6—8 mm range 
respectively They suggested that these groups are due to the dis- 
integration of the hghter hthium isotope 

3Li®+iHi->2He*-)-2He®+Q, (11) 

with Q = 36x1 0® ev Thus a new, hitherto unknown, isotope of 
helium (with mass 3 0163±0 0004) was found 

The dismtegration of other hght elements by artificially accelerated 
protons has been investigated by Cockcroft and Walton and by many 
other authors, the important results are shown in Table G at the 
end of the book 

J Cockcroft and E Walton, Proc Roy Soc 137 (1932), 229 
J P Dee and E Walton, ibid 141 (1933), 733 
II M Obphant, B Kinsey, and E Rutherford, ibid 141 (1933), 722 
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After the discovery of the heavy isotope of hydrogen by Ureyf it 
became mterestmg to study the reactions produced by the bombard- 
ment of different elements by deuterona (nuclei of heavy hydrogen) 
The first experiments in this direction were carried out by Lawrence, f 
who found that the isotope 3 L 1 ®, when bombarded by deuterona, 
gives rise to two a-particles according to the equation 

3Li®+iH='->2 2He^+e, (12) 

with Q = 2208xl0® ev Another possible reaction following this 
colhsion IS, according to Lawrence, 

3Li«+iH2^3Li’ + iHi+G, (13) 

with Q=48xl0®ev A Wilson chamber photograph providing 
evidence of both modes of disintegration is given in Plate II b || 
The two heavy tracks in opposite directions are due to two a-particles 
formed in reaction ( 12 ), and the thin track in the foreground is most 
probably that of a proton formed in reaction (13) (the range of the 
recoil sLi’ nucleus is not great enough for it to pass from the target 
vessel into the expansion chamber) 

Especially interesting are the expemnents on the collision between 
two deuterons which have been carried through by Ohphant, Har- 
teck, and Rutherford In this case it is found that two different 
“reactions may take place 

(14) 

with Q = 40X10® ev, or 

+ 37114 - G (15) 

The first reaction gives rise to a hitherto unknown isotope of 
hydrogen of mass-number 3, in the second is produced the light 
hehum isotope jHe®, already figuring in reaction ( 11 ) For the mass 
of the present estimate is 3 0151 A photograph of this reaction, 
(14), taken by DeeJ J is shown in Plate III a, where the longer tracks 
are those of ordinary protons and the shorter tracks are due to the 
isotope jH®. For the calculation of the energy-balance and the mass 
of jHe® from reaction (15) we must know the velocity of the emitted 
neutrons This can be obtained by observing the energy of protons 
projected by these neutrons In Wilson chamber photographsf J one 

t H Urey F Bnckwedde, and G Murphy, PAys Eev 39 (1932), 164, 864 
i E Lawrence, PAyj Rev 44 (1933), 55 
II P Dee and E Walton, 1 c 

tt M Oliphant, P Harteck, and E Rutherford, Froc Roy Soc 144 (1034), 692 
ft P Dee, Nature, 133 (1934), 564 
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can sometimes observe, apart from tbe two groups of particles due 
to reaction (14), the tracks of such recod nuclei From a number of 
such photographs Dee estimated that the neutrons from (15) con- 
stitute a homogeneous group with an energy close to 2 Ox 10® e v 
This gives for the energy-balance in reaction (15) the value 
Q = 26x1 0® ev and for the mass of jHe® the value which is in 
good agreement with that obtained previously from reaction (11) 
We must notice here that substitutional reactions may sometimes 
result in the emission of several particles simultaneously This is prob- 
ably the case in the bombardment of jLi’ by deuterons from which 
Ohphant, Kinsey, and Rutherfordf observed a continuous distribu- 
tion of ejected a-particles with ranges up to 7 8 cm and neutrons 
with energies up to 6x 10® e v The reaction most probably is 

+ 22He*-l-Q7!.^-)-Q, (16) 

the available energy being distributed at random between two ct- 
particles and a neutron The largest energy for an a-particle will be 
obtained if this particle is emitted in a direction opposite to that of 
the other a-particle and the neutron, the latter escaping in directions 
parallel to one another In this case the first ot-particle takes nearly 
five-ninths of the total energy Assummg that the observed upper 
limit of the emitted a-particles can be explained in this way, we 
obtain for the energy -balance the value 146x1 0®ev,in satis- 

factory agreement with the value 14 9 X 10® e v , calculated from the 
known masses of the nuclei taking part in the reaction Another 
case, in which the two ‘emitted particles’ and the ‘residual nucleus’ 
are of the same kind, is that of boron Bombardmg boron with 
protons we may expect the reaction 

5Bii+iHi^32He*+8 7xlO®ev (17) 

The fact that this reaction really does take place (at least much more 
often than the alternative reaction jBe®-)- 2 He^) has 

recently been shown by Dee and GilbertJ by the direct Wilson 
chamber method, one of their photographs showing three a-particles 
diverging almost symmetrically from the pomt of colhsion is given 
in Plate III B 

When neutrons are used as bombarding particles, due to the 
absence of electric charge, they should penetrate without difficulty 

t M Ohphant, B Kinsey, and E Rutherford, 1 c 
j P Dee and C Gilbert, Ptvc Boy Soc 154 (1936), 279 
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inside the nucleus However, one must not, on this account alone, 
expect aU nuclei to be disintegrated in this way 

As we have mentioned already, the probabihty of disintegration 
is governed by the prodiLct of the transparencies for the entering and 
escaping particles, if the first factor is umty when neutrons are used 
as bombarding particles, the second factor, correspondmg to the 
ejected a- or other nuclear particle, will stdl rapidly decrease with 
increasing charge-number of the bombarded nucleus The first case 
of disintegration by neutron bombardment was registered by 
Feather, I who observed m a Wilson chamber filled with nitrogen the 
paired tracks of the particles origmatmg in the reaction 

7N“-)-owi^5B*i-|-2He^+0 (18) 

One of such photographs is shown in Plate IIIc Here the long 
track belongs to the emitted a-particle and the short one to the recoil 
nucleus The energy -balance Q, estimated from about thirty photo- 
graphs, did not appear to be constant This was taken as evidence 
that very often the nucleus is formed in an excited state 
Amongst other elements emitting a-particles under neutron bom- 
bardment we may mention gC^^, gO^®, and mNe^®, from which result 
the stable nuclei 4 Be®, gC^®, and gO^’ 

It was first established by Fermi and his collaboratorsf that in 
many cases the substitution of an a-particle by a neutron leads to 
a nucleus which, having an excess of neutrons relative to piotons, is 
therefore radioactive, emitting a negative electron (Fermi’s reactions 
of the first type) In one sense these are the reverse of the Joliot- 
Cune reactions (see p 185) in which substitution of a neutron by an 
a-particle leads to the emission of a positive electron The activity 
of the product nucleus makes it very easy to study such reactions, 
investigating the j3-activity ‘induced’ in the bombarded element, 
after removing the source of neutrons Making chemical tests on the 
irradiated substance, one can find with which element the induced 
activity IS precipitated, establishing m this way the chemical identity 
of the product of the transformation Thus, for example, phosphorus 
irradiated with fast neutrons shows a )3-act]vity with a decay period 
2 3 min If one takes phosphorus m the form of phosphoric acid and, 
after irradiation by neutrons, neutrahzes the solution with sodium 

t N Feather, Proc Roy Soc 136 (1932), 709 

t E Amaldi, O D’Agostino, E Fermi, B Pontecorvo, F Rasetti, and F Segr6, 
Proc Roy Soc. 146 (1934), 483, 149 (1936), 622 
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carbonate and adds alu min i um chloride, the activity is found to be 
concentrated in the precipitated alumimum In this case, therefore, 
the active element is an isotope of alumimum In so far as the active 
element has an atomic number two umts less than that of the bom- 
barded element, we must conclude that its formation is due to the 
ejection of an a-particlej" and wnte the reaction in the form 

^^p3i+^„i^^3A12s+^HeS (19) 

-> iiSi^+e (2 3 min ) (19') 

With some other elements Fermi has found, by analogous chemical 
tests, that the active element has an atomic number only one umt 
less than the original one, m these cases we have evidently the sub- 
stitution of a nuclear proton by the mcident neutron The active 
product with the period ~ 10 mm obtained by neutron bombard- 
ment of aluminium, for example, must have its origin in the reaction 

( 20 ) 

ijMg®’ jgAl^’-f-e (~ 10 min ) ( 20 ') 


We may notice here that, in reactions of this type, the final stable 
nucleus is identical with the original nucleus, the complete process 
being equivalent to the sphtting of the incident neutrofi into a proton 
and an electron 

Finally, there are many cases m which, according to Fermi, the 
active product is an isotope of the original species, in such cases we 
must assume that the neutron is directly captured by the nucleus, 
without ejection of any nuclear particle, the excess energy being 
emitted in the form of y-radiation J For example, alumimum irra- 
diated by neutrons shows, apart from the activity already discussed 
(active product with the period 10 min ), another activity decreasing 
more rapidly (period 2-3 min ) and precipitating in chemical tests 
with alummium itself We must suppose that in this case we have 
the reaction ^ ( 21 ) 

13 AP® ^ „Si2®-)-e (2-3 mm ) (21') 


We see that the active product here is identical with the product m 
reaction (19), a fact which is supported by the consideration that 


t Such a-particles have been reported by H Klarmann, Zs f Phys 95 (1935), 221 
t Another hypothesis that the incident neutron knocks out a nuclear neutron 
(igAl^ + Qn^ iaAl®* + 2on^) must be excluded on the basis of energy -balance con- 

BideratioELS 
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both activities have the same penod We see that the possibihty of 
several kinds of reaction for a given bombarded species with the 




Fro 63(a) 



Fia 53(6) 

additional circumstance that many elements are mixtures of several 
isotopes makes the complete picture rather complicated However, 
chemical tests and the comparison of periods of the different induced 
activities usually permits us to classify the observed phenomena 
The different kinds of nuclear reaction m the region of light 
elements are summarized in Figs. 53(a) and 63(6).t 

t According to D Evans and M Livingston, Rev Mod Phys 7 (1935), 229 
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We must notice here that these phenomena (of induced activity 
by neutron bombardment) were observed by Fermi for many very 
heavy elements also In these cases, however, the chemical test 
almost always shows that the process is that of radiative capture of 
the mcident neutron, which is qmte natural, as for heavy elements 
the potential barriers are too high to permit the ejection of any 
charged particle from the nucleus (except perhaps with radioactive 
elements, for which compare p 201) The process of radiative capture 
of neutrons will be discussed in detail in the next chapter 

The types of reaction mentioned above represent the complete 
set of substitutional reactions involving bombarding and emitted 
particles of small charge (2 ^ 2) f Reactions involving heavier par- 
ticles, as, for example, 

3Ll’ + 3Ll«^4Be9+2He^ (22) 

or 3 Li’+ 3 Li’^,BeK>+,He*, (22') 

^Beio^gBio+e, (22") 

although possible in principle, possess very small probabilities, due 
to the small transparencies of nuclear barriers for particles with 
larger z These reactions can hardly be expected to be observed by 
present experimental means , 

2 Probabilities of substitutional reactions 

The naive description of a substitutional reaction would consist m 
"the hypothesis that the incident paiticle, upon entering the nucleus, 
gives its energy by direct collision to some other particle previously 
existing in the nucleus, thus throwing it out However, it seems that 
such a simple picture cannot correspond to reality, as, for example, 
if the ejected particle is an a-particle it seems doubtful whether we 
may treat it as ‘existing’ in the nucleus before the transformation 
In fact, we have seen in Chapter II that, due to the strong inter- 
actions inside the nucleus, we should rather speak of saturated a- 
shells (as of electromc shells in an atom) without attributing to the 
Qi-particle the properties of an individual umt Thus it seems much 
nearer to reahty to consider any substitutional reaction as a splitting 
of the system formed after the entrance of the incident particle mto 
two (or more) parts, one of which might be a nucleus of hehum, 1 e 
an a-particle The result of such sphtting is governed, not by the 

t With the exception of reactions leading to the emission of deuterons 
36»o IB ^ » 
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presence of such and such complex particle in the ongmal nucleus, 
but by the relative probabilities of disintegration, defined m terms 
of the penetration of the potential barrier f However, in the present 
stage of our knowledge, the naive picture of ‘direct substitution’ may 
be used to a certain extent and we may attempt more elaborate 
calculations of transformation probabilities, assuming that the pro- 
cess can be considered as the transition between two states of equal 
energy for the system, consisting of the incident particle a and the 
ejected particle b in the central field of the rest of the nucleus The 
schematic representation of such a model is given in Fig 51, where 
and Ef, are the energies of incident and emitted particles, and E^^ 
and Ef, the stationary levels of negative energy on which the particle 
a IS captured and from which the particle b is ejected The potential 
distribution is naturally different for the two particles (left and right 
halves of the diagram) The curves in Fig 51 are specifically drawn 
for the reaction of substitution of a nuclear proton by an incident 
a-particle — and correspond to a negative energy-balance The two 
states between which the transition takes place are (1) a-particle 
coming from outside with positive energy and 6-particle on the 
stationary level with negative energy Fj, , (2) a-particle on the 
stationary level with negative energy F^^, and 6-particle going out 
with positive energy F^ The solutions of the wave equation for the 
bound state can evidently be written in the form 






(23) 

(23') 


where 1/VQ is the normalization coefficient (f2 ~ |77?-o = nuclear 
volume) and the functions and a>j, , representing the solution of 
the wave equation inside the nucleus, can be approximated to (m the 
case of a nuclear model deviating only slightly from a rectangular 
potential hole) by harmonic functions of unit amplitude 

The incident wave, normahzed to umt flow across unit cross- 
section, can be written in the form 

vp ^ pikz — ^ pikrcoeB 1, 

t Thus, for example, the reaction 4 Be®-f-gHe* -> gLi’-f-jLi® is unknown, not 
because the Li nucleus ‘does not exist’ m the Be nucleus, but because the potential 
barrier between these two product nuclei la too high 
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As mentioned in § 1 of the last chapter, can be developed in the 
senesj" 

(25) 


oikz 


= 2 (21+l)»'^/z(cos0)x„(r), 


which means that the incident plane wave can be considered as 
represented by the superposition of spherical waves with relative 
intensities 


( 21 + 1)2 _ ( 21 + 1)2 ^2 _ ( 21 + 1)2 

r^k'^ r2 2ME r2 


where 27rA is the de BrogUe wave-length of the incident particles 
For the spherical waves representing the emitted particle we 
evidently have // 97 'j_ii i 

where the different T’s correspond to particles ejected with different 
amounts of angular momentum The functions Xa Xb (25) and 
(27) represent the radial solutions of the corresponding wave equa- 
tions, and are, at infinity, represented by harmomc waves of unit 
amplitude 

When there is no resonancef the amphtudes of the waves (25) and 
(27) will be reduced mside the nucleus by the penetjation factor of 
the potential barrier, which, according to Chapter V, is given by • 

V(?= 

JIE, I) - 2^ I y(cM+ S *- m 

u 

Here and must be replaced by and for the a-particles and 
by and for the 6-particles Thus the wave functions for incident 
and emitted particles, inside the nucleus, can be written in the form 






^(2mEJ V?;„. Tq “ 


^ (29) 


and 




otj,. 


(29') 


where the functions oiq- and are again closely represented by 
harmomc functions of umt amphtude 


t Here as T-^cx), Xo(r) ~-8in(A:r — J ttZ) 
t Resonance phenomena will be considered m § 4 
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The effective cross-section, corresponding to the transition from 
the original state [T],, Tj, ] to the final state , Tj] is given, accord- 
ing to the general theory of perturbations, by 



where V is the mutual potential energy between particles a and b 
In so far as and rapidly vamsh for r > the integral m 

(28) can be taken only inside the nucleus Substituting (23), (23'), 

(29) , and (29') into (30), we obtain for the effective cioss-section the 
expression 

. = (31) 

w 

where W^., which can he called the probability of disintegration per 
collision, IS given by 

Wii. = I ^ ^ e~i ')v\ (32) 

with r = i- J (32') 

representing the average energy of interaction of the particles a and 
•b in the nucleus The summation m (31) must be taken only for such 
pairs {I, V) as (when the spins of original and final nuclei are con- 
sidered) satisfy the law of conservation of angular momentum 
Remembering that ~ r\, we can write 

which allows us to estimate the order of magmtude of this probabihty 

H h 

per colhsion Actually we know that v ~ , Vu ~ , thus 

1 

~ The coefficient before the exponential terms m 

(33) now becomes 


rl 1 F^ 

v^. Vf,, nif, v^. v^. 7(A„_ K^. K^.) ' 


(34) 


where Aj , Kf,. are the kinetic energies of a- and fi-particles 

inside the nucleus before and after transformation Because the 
kinetic energies of nuclear particles must be of the same order of 
magmtude as their mutual potential energies, the expression 
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y2 

means that (due to strong interaction) the probabihty of disintegra- 
tion per colhsion is given simply by exponentials expressing the 
transparencies of potential barriers — and the effective cross-section 
can reach values comparable with the square of the wave-length of 
the incident particle, if both incident and ejected particles possess 
energies corresponding to the tops of the appropriate potential 
barriers, or possess greater energies 

Now we are in a position to compare the results of our calculations 
with the experimental evidence In most of the experimentally in- 
vestigated cases of a- and p-bombardment the emitted particle has 
an energy larger than that corresponding to the top of the potential 
barrier, so that only the transparency for the incident particle need 
be taken into account Furthermore, the additional potential barrier 
due to centrifugal force makes the terms corresponding to incident 
particles with fimte angular momentum small compared with the 
term for ‘head-on’ colhsions (except for those cases in which the main 
term is prohibited by spin conditions), so that only this term in the 
probability formula remains to be considered 

In comparing our theoretical formula with experimental evidencs 
we must remember that in most experiments thick foils of the bom- 
barded substance are used, so that the increase m the observed yield 
of ejected particles with increasing energy of the bombarding particles 
IS due, not only to the greater transparency of the nuclear potential 
barriers, but also to the deeper penetration of the incident particles 
into the bombarded target (and, consequently, the larger total num- 
ber of collisions) In particular, after the energy ol the incident 
particles reaches values higher than that corresponding to the top 
of the potential barrier of the bombarded nucleus, the increase m the 
observed yield must become proportional to the extra range of the 
incident particles (which may be given by the ^ power of the incident 
energy) Thus when thick targets have been used one must either 
differentiate the experimental curve, constructing a graph of the 

t In the case of ^ B-\-p transformations the potential barrier for the ejected 

particle (p) is only half as high as for the incident a-particle, so that, if the energy- 
balance has not a very large negative value, the proton goes above the barrier For 
most of the observed reactions A-\-p B+a the energy -balance is usually so large 
(due to the formation of a new a-shell in the nucleus) that the a-particle now goes 
above the barrier 


must be of the order of magmtude umty This 
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denvative 


dW 

dR 


dW 

d(Ei) 


against the incident energy, or integrate 


the expression (31), taking into account the change of energy of the 
incident particles in their passage through the target material f 
We must further remember that the exponential factor represent- 
ing the transparency of the potential bamer, and giving the main 
dependence of disintegration probability on the energy of the incident 
particles, is very insensitive to the shape of the potential distribution 
inside the nucleus On the other hand, the coefficient multiplying 
this factor can be calculated only very roughly and depends markedly 
on the law of interaction between nuclear particles The value of 
this coefficient is also considerably affected if the incident or emitted 
particles possess angular momentum Thus, in further comparison 
with experiment (Figs 54, 55, 56), we shall adjust this factor so as 
to fit the experimental curve in one point 

In Fig 64 is reproduced the first test of the potential-barrier theory 
for artificial nuclear transformations The crosses represent the re- 
sults of early measurements by Rutherford and ChadwickJ on the 
yield of protons by disintegration of the A1 nucleus by a-particles of 
different energies (as abscissae are plotted the corresponding ranges, 
R, of these particles) and the full curve gives the relative disintegra- 
tion probability as calculated by Gamow|l on the basis of wave 
theory We see that the agreement is quite good 

Much more exact measurements of disintegration yields have been 
made for the reactions occurring under proton bombardment, these 
also are in good agreement with the theoretical calculations In 
Fig 55 are given the results of measurements by Rutherford and 
Oliphantll of the yield of a-particles from very thin Li foils bom- 
barded with protons of various velocities Fig 56 gives the analogous 
results of LawrenceJJ for thick foils of F (CaFg) The theoretical 


t Such integration has been earned out by J R Oppenhoimer for comparison 
with Lawrence’s expenmontal results for F'® For the total number of dismtegra- 
tions in the thick foil Oppenheimer obtains 


N 


N* E Ei 

KE{ IH 1 1 1- 

\ 6 24^ 72 




ft V 



j M^M 1 

Q+£ 



where E is the energy of the incident pioton, Q the energy-balance in the reaction, 
and K a numerical coefficient depending upon the interaction inside the nucleus 
t E Rutherford and J Chadwick, Phil Mag 43 (1921), 816 
II G Gamow, Za f Phys 52 (1928), 510 

it E Rutherford and M Ohphant, Proc Roy Soc 141 (1933), 259 
tj E O Lawrence, Phya Rev 46 (1934), 38 
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curve in Fig 55 has been calculated directly from the expression 
(31), whereas, for the case of F (Fig 56), integration over aU ranges 
of protons has been carried out We see that in both cases the theory 
IS m excellent agreement with experimental data 



Fig 55 Fio 56 


Somewhat elaborate calculations for the case of substitutional 
reactions have been carried out by Breit,! who developed exact 
mathematical expressions for the probability of such reactions for 
the simphfied rectangular-hole model of potential distribution mside 
the nucleus on the heuristic hypothesis that the probabdity of dis- 
integration IS proportional to the density i/tiji of the mcident beam of 
particles inside the nucleus (the coefficient of proportionality P bemg 
constant for each individual case but different for different nuclei). 


t G Breit, M Ostrovsky, and D Johnson, Phys Rev 49 (1930), 22 
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Comparing his calculations with the experimental evidence con- 
cermng the aLi’+^H^ reaction, Breit was able to estimate the depth 
of the corresponding potential well Assummg for the radius of the Li 
nucleus the probable value rg = 0 35 X 10“^^ cm , he concluded that 
the depth of the potential well must be Z7 q = — 35x 10® e v , if one 
supposes that the incident protons with Z = 0 are responsible for the 
reaction (‘head-on’ collisions), or, alternatively, Uq = —21 X 10® e v , 
if the protons producing the dismtegration are those with 1 = 1 
It seems that we should rather adopt the second possibihty (? = 1), 
particularly as the value — 21 X 10® e v fits mcely with the approxi- 
mate estimate of this depth from the mass defects of the hght 
nuclei We may, however, notice here that one must be careful m 
estimating the accuracy of such ‘exact’ mathematical calculations, 
as they are based on very rough physical hypotheses concerning the 
potential distribution and the laws of interaction forces inside the 
nucleus All this makes the mathematical rigour of the calculations 
rather illusory 

As we have seen, when an element is bombarded by neutrons sub- 
stitutional reactions leading to the emission of protons or a-particles 
may take place (radiative eapture of neutrons will be discussed m 
^ the next chapter) In aU these cases the incident neutrons penetrate 
without difficulty inside the atomic nucleus This does not mean, 
however, that such reactions can take place for all elements in the 
periodic table as, with increasing charge-number, the potential bar- 
rier preventing the ejected particle from escapmg becomes higher 
and higher and its transparency rapidly decreases We must take 
account of the energy released in each type of reaction which may 
occur 

Now the average energy of bmdmg of a neutron in the nucleus 
can be estimated (from a comparison of the mass defects of isotopes) 
to be about 10x10® ev For an a-particle we have only about 
8x 10®e V This shows that the substitutional reactions {n^a) must 
have, on the average, a positive energy-balance of ~ -l-2x 10® e v 
In the case of substitutional reactions m which protons are emitted, 
on the other hand, similar considerations show that in general the 
energy-balance will be negative (and approximately equal to the 
energy of the )3-particles subsequently emitted if the product is 
unstable, i e to a value between 1 and 6x 10* e v ) Thus, using fast 
neutrons with energy ^ 7 x 10* e v , we may expect a-particles 
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having energies — '9x10® ev and protons with energies from 

2 to 6 X 10® e.v For very slow neutrons (F„ 0) the energy of the 

ejected a-particles should be 2x 10® e v and the emission of pro- 
tons generally excluded on energy-balance conditions The trans- 
parencies, G, of nuclear potential barriers for such a-particles and 
protons are given in Table XV f 


Table XV 


Element 

B 

N 

Ne 1 

P 

Ca 

Mn 

Zn 

Zr 

Sn 

z 

5 

7 

10 1 

15 

20 

25 

30 

40 

50 

„ X 10' e V 

^“l£„ = 2xl0' e V 

1 

) 

1 1 

1 

1 04 

0 1 

0 01 

io-‘ 

2 X 10-' 

0 05 

0 004 

5 X 10“'l 

2x 10-“ 

O 

T 

o 

X 

10-” 

2 X 10-1’ 

I0-" 

lO-'i 

G^^7, = 4 5xlO'ev 

1 

1 1 

1 

1 ' 

1 

0 7 

0 4 

0 2 

0 04 

0 Ol 


Assuming that for < 0 1 the process cannot be detected, we come 
to the conclusion that with fast neutrons a-emission should stop for 
Z ' — '25 and jo-emission for Z <; 35 For slow neutrons the cross- 
section for collision is greater by a factor of about 5,000 than that 
for fast neutrons and 2 x 10* e.v a-particles should be emitted. 
Thus the effect of a-emission with very slow neutrons should extend 
to those elements for winch the transparency of the potential barrier 
begins to be smaller than 0 1 = 2x 10-*, i e up to Z .-w 10 

We must notice here what was first indicated by Gamow.J that 
we may expect the substitution (n -> a) in the case of radioactive 
elements emitting a-particles spontaneously, because in such cases 
the nuclear a-particle is already originally located on a high positive 
level and, in the case of capture of a fast neutron, will have enough 
energy to get out through the potential barrier with sufficient prob- 
ability Such transformations of the nuclei of a radioelement of 
one family will give rise to nuclei belonging to an element of another 
family Thus elements of the uranium family (4w.-l-2) will be trans- 
formed into elements belonging to the actinium family [(4w-l-2)-|- 
+ 1 — 4 = 4(n. — l)-t-3], and elements of the actimum family into 
elements belonging to the thorium family [(4»i-(-3)-(-l — 4 = 4w] 
The elements of the thonum family, on the other hand, will be 
transformed by (n— a) substitution into elements of the yet unknown 
radioactive family of the mass-type 4n-)-l [4n+l — 3 = 4(n — l)-[-l], 
as, for example, 

9oTh*®2-(-gTCi^ jgRo®29+2He* (35) 

Befche, 1 c J G Gamow, VapeKh^ Phiaicheskikh Nauk (1934). 

•^595 18 ^ 
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The occurrence of the last reaction was probably observed by Hahn 
and Meitnerf and Curie, Halban, and Preiswerk.f who were able to 
show that the element ggRo*®* of the new family undergoes two subse- 
quent jS-transformations accordmg to the scheme 


ggRo**® 


iS 

> 

(1 min ) 


ggRoAc*!** > BoRoTh«9 

(11 mm ) 


(36) 


These /3-dismtegrations are piobably followed by a sequence of a- 
transformations, but the latter have not as yet been detected 

We may notice here that when neutrons bombard radioactive 
nuclei the process of radiative capture (see p 217) is highly probable 
Bombarding uranium with neutrons Fermi observed several periods 
of induced j8-activity and was able to show by chemical tests that 
at least two of the active bodies so produced have atomic numbers 
greater than 92 The reactions m this case most probably are 

, (37) 

( 37^) 


3. Jnfluence of nuclear spin on disintegration probability 

[in the previous section we have already remarked that, just as m 
the casa-of a-disintegration, the transparency of nuclear potential 
barriers for the incident and ejected particles can be considerably 
reduced if the particle m question possess rotational momentum 
(non-zero azimuthal quantum number) As the rotational momenta 
of the particles takmg part m any transformation are connected with 
the spm-differences between the original and product nuclei, it is 
clear that studying the absolute probabihties of dismtegration we 
can draw certain conclusions as to the spins of the nuclei entermg 
into the reaction, )as was first done by Goldhaber || 

\ (Let us first consider the disintegration of lithium by protons In 
this case, as we have seen above, two different reactions have been 
observed correspondmg to the two known isotopes of this element: 

BLi’+iHi^gHe^+gHeS (38) 

aLi^-hiHi^gHe^+aHe* (39) 

The number of a-particles emitted m the first reaction (long-range 


t O Hahn and L Meitner, Naturwisa 23 (1935), 320 
I Curie, H Halban, and P Preiswerk, J de Phya 6 (1935), 361 
II M Goldhaber, Intern Conf on Physica, London (1034), 103 
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group) IS about two or three times smaller than the number of oc- 
particles emitted m the second one (short-range groups) Remember- 
ing that the relative abundance of the lithium isotopes is, according to 
Aston, 3L1’ gLi* =11 1, we must conclude that the probabdity of 
the first reaction is about thirty times smaller than the probabihty 
of the second one 

In so far as the potential barriers due to Coulomb repulsion must 
be practically identical for the two isotopes of lithium) (except per- 
haps for a small difference due to slightly different nuclear radii), 
we see that the small probability of the 3L1’ reaction must be ex- 
plained either in terms of the additional potential barrier of centn-* 
fugal force or by the small ‘internal probabihty’ discussed in the last 
section Goldhaber has pointed out that this ‘internal probabihty’ 
may be very small if, in the process of transformation, a proton or 
a neutron has to reverse the direction of its spii^ This conclusion is 
based on the fact that the interaction between the magnetic moments 
of these particles, 

17 ~ ^ ~ 10® e V , (40) 

r® 

which might be responsible for the change of spin-direction, is very 
small compared with other forces acting in the nucleus * 

Let us consider now the spin conditions govermng the nLi’ + ^H® 
transformation The most probable model of the 3L1’ nucleus| con- 
sists of an a-particle, a neutron-shell of two neutrons with opposite 
spins, and an extra proton with orbital momentum 1=1 and spin 
parallel to it, so that the total spin of the nucleus has the experi- 
mental value f The spins of the incident proton and the ejected 
a-particle are | and 0 respectively 

Now, due to the symmetry of the wave functions describmg ol- 
particles, the total angular momentum of the two a-particles which 
are produced in the reaction must necessarily be an even number 
(0, 2, 4, ) and, from the law of conservation of angular momentum, 

we conclude that the total angular momentum of the proton and 
3L1’ nucleus before the colhsion must also be even 

If before the colhsion the proton possesses zero angular momentum 
relative to the nucleus (head-on colhsions), this condition can only 
be satisfied if the spm of the proton is origmaUy parallel to the spin 

t See, for example, A Land6, Phya Rev 44 (1933), 1028 
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of the nucleus (f+i = 2 ), that is, to the spin of the nuclear extra 
proton Remembering, however, that in each of the a-particles 
formed in the transformation the two protons must possess opposite 
spins, we see that in this case the reaction must involve the inversion 
of protonic spin and, therefore, be very improbable On the other 
hand, considering an incident proton with spin opposite to that of 
the 3 L 1 ’ nucleus, we must, in order to satisfy the above condition 
for the total angular momentum, assume that the orbital momentum 
about the nucleus is one unit| (|— = 0 or 2 ) This, again, 
makes the probability of the reaction very small, due to the addi- 

'tional potential barrier of centrifugal force Thus we see that the 
spin conditions in the transformation (38) will always lead to a 
smaller probability than would be expected from a Coulomb potential 
barrier only On the other hand, if one of the a-particles is formed 
in an excited state with spin 1 (containing protons with parallel 
spins), the reaction can happen for head-on collisions also We shall 
return to this question m the next section 

In what follows we shall be dealing chiefly with ‘probable’ trans- 
formations If we make the assumption that in no case is there 
reversal of particle spin in these reactions, we may consider that the 
spin components and the orbital components of angular momentum 
are separately balanced m them We shall treat these two com- 
ponents apart, therefore, throughout the discussion 

From the fact that the reaction (39) is much more probable than 
(38) we must conclude that m this case no such prohibitions as 
previously considered are effective, and that the relative angular 
momentum of the two particles is zero both before and after the 
transformation As the orbital momentum of jHe^ is also zero, we 
conclude that the orbital momenta of gLi® and jHe^ have the same 
value 

. In order to obtain more information concerning the 3L1® nucleus 
we now consider the reaction 

gLi®-)-iH* ->■ jHe^+gHe*, (41) 

which shows a large disintegration probability For the deuteron 
nucleus we adopt (see p 57) a model consisting of a neutron and 
a proton with parallel spins (raf, pf) and zero orbital momentum 
From the large probability of the reaction (41) we must again con- 


t Or 1 + 2n, where n is a whole number 
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dude that the relative angular momentum ot the two particles is 
zero before and after']' colhsion, i e that the orbital part of the 3 L 1 ® 
spin IS zero 

Now, in order to be able to obtam a closed shell for the a-particle 
(n\n^p\p^) which is formed we must assume that the extra neutron 
and extra proton in the 3 L 1 ® nucleus have parallel spins Thus we 
come finally to the conclusion that the spin of 3 L 1 ® must be 1 
(a+wf+pf, with no orbital momentum) and that its magnetic 
moment must be of the same order as that of the deuteron (1 e very 
small) A similar conclusion regarding the magnetic moment is 
necessary to explain the failure to observe hyperfine structure in the* 
optical spectrum of this isotope 

We shall consider next the reactions 

(42) 

iH2+iH2->,HeHo^\ (43) 

which are about equally probable The experimental evidence seems 
to show that one or other transformation takes place in almost all 
colhsions, from which we must conclude that, just as in the case of 
(39) and (41), we are deahng with zero angular momentum before 
and after transformation Remembering that the orbital momentum 
of IS zero, we deduce that the same is true for jH® and aHe®’ 
In so far as the two neutrons in jH® and the two protons m jHe® are 
assumed to have opposite spins, we should expect that the total spin 
of each nucleus is whilst the magnetic moments are of the same 
order as for a free proton and a fiee neutron respectively 
Finally, let us consider the reactions 

.Bio+.H^^SaHeS (44) 

^Bll+,Hl^3aHe^ (45) 

both of which show high disintegration probability Remembering 
that the spins of neutrons and protons in aHe* constitute two anti- 
parallel pairs, we must conclude that the spin momenta of and 

gB^^ are 1 and I respectively Since the velocities of the a-particles 
formed m the reaction (45) are not very large, the large probability 
of disintegration indicates that all orbital momenta are zero, from 
what we have already said, therefore, the total spm of is \ We 
cannot draw similar conclusions for (44) as here the energy-balance 

f Due to the identity of the t ^^'0 a-particles, the angular momentum after collision 
must be even The value 2, however, would give a large decrease in probability 



206 ' NUCLEAR REACTIONS Chap X, § 3 

18 too great, and the a-particlea are hberated with large velocities. 
The results of Goldhaber’s analysis are summanzed in Table XVI 

Table XVI 


Nucleus 

Sp^n 

momentum 

Orbital 
momentum '' 

Total 

1 Order of 

magnetic 
moment 


i 

0 

i 

1 same a*! ]> 

jHe» 

i 

0 

1 

, n 

,Li» 

1 1 

0 

1 



1 

(0)» 

(i)’ 



i 1 

« 1 

i 

HSmo as p 


This method of estimation of nuclear spm is of great importance for 
unstable /3-active nuclei produced by artificial transformations, 
especially where the same nucleus can be produced in many different 
ways (for example 13 AP® which, as can be seen from Table G, can 
be produced in five different ways) Unfortunately, in most cases 
experimental data are not complete enough to permit such estimates 


4. Resonance disintegration 

It was first indicated by Gurney! cases in which the energy 

of the bombarding particles is close to one of the nuclear virtual 
energy-levels (of positive energy) the phenomenon of resonance may 
be expected, resulting m a large increase of the reaction proba- 
bihty We can get a simple idea as to how such phenomena can 
occur by considering the simplified rectangular model of potential 
barrier (Fig 57) for which calculations can be easily carried through J 
The general solution of the wave equation can, as usual, be written 
in the form , ^ 

if, = -^(r)Pi{cos 9} ^ (46) 


where y(r) satisfies the equation 


dr^ 


2M 


1 ( 1 + 1 } 

2M 



= 0 


We shall consider, for simphcity, only the solution for 1=0 
can be written in the form 


(47) 

This 


X{r) = ^ + sin 


V(2iH) 


^/Er-\-A_cos 


^{2M) 


'JEi 


(for Jo </■ < Jj), 

(48) 


t R W Gumey, Nature^ 123 (1929), 565 

J R H Fowler and A H Wilson, Froc Roy Soc 124 (1929), 493 
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x(r) = 5+e +5_c (for < r < r^), (48 ) 

x(r) = V.Kr+f7_cos '^^^^^ V^r (for rg < t")! (48") 


and we have to satisfy the condition of finiteness of ^ at r = 0, 
which gives ;^(0) = 0 or ^_ = 0 Satisfying next the conditions of 
continuity of x(r) and dx{r)jdr at the boundaries r = and r = t-j, 
we find that for r > we shall have two waves (divergent and con- 
vergent) of equal amplitude and representmg the incident and 



scattered particles with zero angular momentum For the ratio of 
mtensities inside and outside the nucleus we obtain 


= ie/[8( 




J(2M) 




+ 


E 


ui-E^ ^ 

X (sin^— ^VFr 

n 


U^-E 


'vi E 

.-yty-'”" 


)) 


COS ^ ^ ^lErA 


, (49) 


V(2M) 


V(l7,-E)(r,-i-.) 


With S = e ", (49') 

which shows that, in general, the density inside the nucleus wiU be 

g' TT times smaller than outside If, however, for cer- 

tam values of E 

,„,Vfflvj;r.+y(^)cos8Mv®'-. = 0, (50) 

the density inside becomes by the same factor larger than outside, 
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which means that, for those energies, the transparency of the barrier 
becomes umty The two types of possible solution — for arbitrary 
and for resonance energies — are mdicated in Fig 57 by curves I and 
II It IS easy to show from (49) that the breadth of resonance is 


given by 


^E 

E 


1 




A 




(51) 


These considerations show us that, in cases in which the energy of 
the bombarding particles is close to one or other resonance energy, 
the effective cross-section for dismtegration may increase up to a 
, value ~ A* (A is the de Broghe wave-length ol the incident particles) 
A somewhat more elaborate study of the theory of resonance dis- 
iritegration has been given by Mott,| who has shown, in particular, 
|that the breadth of the resonance maximum depends on the azi- 
muthal quantum number of the resonance-level Thus a detailed 
study of resonance disintegration may give us some indication about 
the quantum numbers of nuclear energy-levels \ One point should be 
particularly stressed at this stage the calculauons given above can 
only be used to get a general idea as to the process of resonance in 
nuclear transformations, the real process being much more com- 
phcated For we have considered in the above calculations the 
‘penetration of the incident particle inside the nucleus as independent 
of the process of ejection of the dismtegration particle This should 
not actually be done, on account of the very strong interaction 
between the two particles in question One result of such a treatment 
IS to give rise to the wrong idea that there can, in fact, be two kinds 
of resonance-level one corresponding to the entrance of the incident 
particle and the other to the exit of the nuclear particle ejected m 
the process Due to the very strong interaction of particles inside 
the nucleus, however, the distmction between the levels of the 
separate particles becomes rather illusory, and one should better 
speak about the energy-levels of the excited nucleus as a whole This 
wdl not considerably change our results concerning the efficiency and 
the breadth of resonance, but the conditions necessary for resonance 
disintegration must now be formulated in the following general way 
^If we consider the nuclear reaction C ^ -B+b, the phenomenon 

of resonance will take place if the nucleus C, representing the inter- 
mediate state of transformation, possesses energy corresponding to one 


t N F Mott, Ptoc Roy Soc 133 (1931), 228. 
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of ita quantum levels From thia it follows, for example, that if for 
oertam velocities of the mcident a-particle resonance takes place, it 
will also take place if we bombard the product nucleus with protons 
having the same energy as those emitted in the first reaction\(we 
neglect here the recod energy) ^ 

We shall now turn our attention to the experimental evidence 
for resonance phenomena The first indication of a large mcrease 
in the yield of emitted particles for certam discrete energies of the 
bombarding particles was found by Posef in his experiments on 



the artificial transformation of alumimum under bombardment by* 
a-particles ^In these experiments Pose used thick layers of A1 
0 04 mm ), so that the incident a-particles were gradually losing 
energy and were finally stopped before escaping on the other side of 
the target In such a case we should expect that the protons pro- 
duced by coUision of a-particles with A1 nuclei at different depths 
should have different velocities, so that their observed energy- 
distribution would be in the form of a continuous spectrum extending 
from an upper hmit determined by the original energy of the ol- 
particle to much smaller values The measurements mdicated, how- 
ever, that the ejected protons belonged to several more or less 
discrete groups, as shown m Fig 58, where the number of ejected 
protons 18 plotted against their range This observation can be ex- 
plained only on the hypothesis that the observed groups of protons 
were produced at a number of particular depths m the A1 target, 
evidently the depths at which the a-particles (contmuously slowing 
down) have energies just corresponding to resonance penetration 

t H Pose, Zb f Phya 30 (1929), 780, 64 (1930), 1 
£ e 


asas.is 
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A somewhat more detailed study of the resonance phenomena with 
alumimum was earned out by Chadwick and Constable, f who found 
a still larger number of discrete groups than was origmally observed 
by Pose It was shown that to each resonance-level correspond 
several proton groups — as if the a-particle entermg the nucleus with 
a particular resonance-energy might be captured on different inside 
levels and consequently give rise to an ejected proton of one of a 
number of different energies J The results of more recent investiga- 



tions by Duncanson and Millerj) are summarized m Fig 59,^where 
the resonance-levels and the stationary levels for the a-particle are 
shown, together with the fundamental level of the proton before its 
ejection We see that an mcident a-particle may enter the nucleus 
through any one of six resonance-levels and that in each case four 
distinct modes of capture are possible — the particle may, first of aU, 
occupy any one of the levels «□, or atg Thus, with a beam of 

a-particles bombarding an alumimum target, four discrete groups of 
protons are produced for each of six resonance -energies of the a- 
particles The shaded region near the top of the potential barrier m 

■f J Chadwick andJ Constable, Proc Roy Soc 135 (1932^), 48 t Compare p 183 

11 W Duncanson and H Miller, Froc Soy Soc 146 (1934), 390 
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Fig 59 IS the region of high transparency through which an a-particle 
may enter the nucleus for a wide range of energies the corresponding 
feature of the protons ejected from a thick alummium target bom- 
barded by a-particles is a more or less continuous energy spectrumJ 
^In the case of disintegrations produced by proton bombardmelft 
no defimte indications of an mcrease m the yield of a-particles for 
defimte discrete values of proton energy have as yet been reported 
This simply means that, with the nuclei investigated, no resonance- 



levels are located m the range of proton energies used in the experi- 
mentsy It remains probable that further experiment will bring to 
hght resonance phenomena m this case also Meanwhile, ve should 
notice an effect which, though not yet quite clear, may be due to 
resonance penetration of the incident protons ^As we have already 
mentioned, the yield of a-particles from Li increases smoothly with 
the energy of the incident protons, showing no trace of resonance 
phenomena in the range investigate^ The a-particle reactions are, 
however, according to Lauiitsen,f accompanied by strong y-radia- 
tion, and this, according to Tuve and Hafstad,J shows quite a defimte 
increase for certain discrete proton energies (Fig 60) However, the 
origin of these y-rays is not yet quite clear They may be due to 
direct radiative capture of a proton by the bombarded nucleus (which 
IS certainly the case for carbon, as will be discussed in the next 
chapter), but it is also very hkely that they are due to the formation 
of an a-particle m an excited state, according to the equation 

aLi’-t-^H^ 2He*-|-2He^(exc ) (52) 

t C Laiintsen, H Crane, L Delaasso, and W Fowler, Phys Pev 46 (1934), 631 

J L Hafstad and M Tuve, ibid 48 (1935), 300 
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It was indicated by Feenbergt that the excitation energy of an a- 
particle is probably of the order of magnitude 16 x 10 ® e v , and this, 
bemg subtracted from the energy-balance of the reaction (17 1 x 10® 
e V ), would give very small kinetic energies to the two a-particles 
formed according to (52) (This would account for the fact that these 
a-particles have not been observed experimentally ) If this explana- 
tion be accepted, we naturally conclude that the observed maxima of 
y-ray mtensity are due to the resonance penetration of the mcident 
protons But we are left to account for the fact that resonance does 
not occur in the reaction leading to the formation of two normal 
a-particles, but does occur if one of these a-particles is formed in an 
excited state This might be done on the basis of spin considerations 
discussed in the last section Regarding the reversal of particle spm 
as entirely excluded, we have already seen that the normal reaction 
IS produced only by protons with spin axes oppositely directed to 
the axis of spin of the gLi’ nucleus, and that from this it follows that 
only incident P protons (with angular momentum i = 1 ) are re- 
sponsible for the reaction We do not know the relative directions 
of the spins of constituent particles in an excited a-particle, but if 
we make the hypothesis that in the two protons have parallel 
tspins, it will follow immediately that the reaction leading to the 
formation of an excited a-particle is due solely to mcident protons 
with spins pointed parallel to the spin of the 3 L 1 ’ nucleus The spm 
part of the total angular momentum bemg now even (f+ J = 2 ), we 
must conclude that mcident S protons (with angular momentum 0 ) 
alone can be responsible for the reaction 

Thus the absence of resonance phenomena in the normal reaction 
and their presence in the ‘reaction with excitation’ may now be 
interpreted by sa 3 nng that m the range of proton energies investi- 
gated IS located an S resonance-level but no P resonance-level 
Analogous considerations may be applied to the F-|-H reaction, 
which, according to Tuve and Hafstad.J also shows some sharp 
maxima m the mtensity of the y-rays which are ermtted 

We must remember, however, that all these considerations remain 
purely hypothetical until the real origin of the observed y-rays has 
been defimtely established 

t E Feenberg, Phys Rev 49 (1030), 328 

% M Tuve and L Hafstad, 1 c 
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5 Disintegration ‘en passant' and ‘exchange reactions’ 

In previous sections we have discussed the most frequent modes 
of nuclear transformation, in which the incident particle, entering 
through the potential barrier into the nucleus, stays there, giving all 
its energy to another nuclear particle which is consequently ejected 

There are, however, other types of nuclear reaction in which the 
incident particle is not necessarily captured -^We shall first consider 
the case in which the energy of the incident particle is greater than 



the energy necessary to remove the nucleai particle In such cases 
it IS always possible that the nuclear particle will be ejected from 
the nucleus in the process of colhsion and the incident particle escape 
with the rest of the energy (Fig 61) Such reactions, which are of 
course always characterized by a negative eneigy-balance, we shall 
call disintegrations ‘en passant’ This process is in many ways analo- 
gous to the strong excitation by colhsion, discussed in the last section 
of Chapter IX, if excitation is followed by the emission of a particle . 
— with this difference, that in this case the energy can be randomly 
partitioned between ejected and melastically reflected particles 
The probability of the process can be roughly estimated as the 
product of the excitation probabihty given by formula (45) on p 179 
and the transparency of the potential barrier for the ejected particle 
Thus the probabihty of the process depends essentially on the factor 

(53) 

where and are the energies of the exciting particle, a, before 
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and after collision, and AEf, is the energy necessary to extract the 
particle b from the nucleus Remembenng that the average binding 
energies of nuclear particles m light nuclei is usually about 1 0 X 1 0® e v 
and that the fastest projectiles (a-particles from ThC') have energies 
not above 9x10® e v , we should conclude that disintegrations of 
this type are in moat cases either energetically excluded or, because 
they involve reflected and ejected particles of very small energy, are 
characterized by extremely small disintegration probabilities accord- 
mg to (53) In fact, nuclear reactions of this type have never yet 
with certainty been observed 



Another, somewhat pecuhar, tjrpe of nuclear reaction has been 
discussed by Oppenheimer,| it may be said to take place with ‘partial 
capture’ of the incident particle. Suppose that the incident particle 
IS a complex particle (such as a deuteron or an a-particle) One can 
emphasize the possibility that, in the process of collision, one of the 
constituent parts of the incident particle may be detached from it 
and captured by the bombarded nucleus^'leaking’ through the 
barrier separating its normal state in the incident particle from 
the corresponding normal state in the bombarded nucleus (Fig 62) 
Such an exchange process will give rise to two product nuclei which 
will then move apart with an energy determined by the energy- 
balance appropriate to the reaction Exchange processes of this t 3 rpe 
may be of particular importance if the particle to be exchanged is 
a neutron, as m this case there are no additional potential barriers 
of Coulomb force preventing the transition For example, if the 
nucleus is bombarded by deuterons (^H* = n-j-p), the neutron 
can be captured by the nucleus and the proton escape with an excess 
energy determined by the difference of binding energy for a neutron 
in and m respectively | We may notice that, from the point 
t R Oppenheimer and M i^illips, Phi/s Rev 48 (1936), 600, 
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of view of the product and the energy-balance m the reaction, such 
a process can be considered as an ordinary substitutional reaction 
m which a deuter on enters the nucleus and is captured, and a nuclear 
proton IS emitted However, there is an important difference m the 
process itself which leads to a different value for the dismtegration 
probabihty V Quahtatively, we may understand this difference as 
follows A^ording to the ‘exchange’ point of view, transformation 
becomes possible when the neutron in the deuteron comes within 
range of the nuclear exchange forces, a substitutional reaction is 
impossible until the centre of mass of the whole deuteron enters the 
nucleus Clearly, owing to the fimte size of the deuteron, the former* 
condition is frequently fulfilled when a substitutional reaction would 
still be impossible In the quantitative treatment of the exchange 
process we should notice that the velocity of the incident deuteron 
is small compared with the velocities of particles inside the nucleus, 
so that the effective time of colhsion is large compared with the 
periods of oscillation of the mtranuclear particles This consideration 
allowed Oppenheimer to treat the transition of a neutron from one 
of the colhdmg nuclei to the other as an adiabatic process, i e to 
consider the transition as taking place whilst the distance apart of 
the deuteron and bombarded nucleus remained constant After 
rather troublesome calculations Oppenheimer finally obtained the 
foUowmg expression for the effective cross-section 


a • — ' A^e 




(54) 


Here F is the average taken for different relative distances, r, be- 
tween the deuteron and the nucleus, E and A are the energy and 
the de Broghe wave-length of the incident deuteron, e is the deuteron 
internal binding energy (e = 2 2x 10® e v ), and the function F{x,y) 


IS defined by /] \ 1 

F(x,y) = yA(- — lj-\-^B{x,y), (55). 


X I W 

where A(?/) = —^cot-^Vy— 1, 

B(x,y) = B{z) = cos“^Vz— [z(l — z)]* (z > 1) 

= [ 2 ( 1 — z)]*— tan-H'zj (0 < z < 1) 

= [2(1 _z)]i_ 1 + Jtanh-i J -tanh-V(-2)] (z < 0 ) 
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According to Oppenheimer these expressions can be evaluated 
numerically in a finite time In Fig 63 (a, b) the excitation curves for 
the reactions of this t 3 rpe with Al and Cu are shown as obtained by 
Lawrence | The dotted curves represent the nse of probabihty as 
expected from the ordinary theory of potential bamers (formula 



Fig 63(6) 


(28)), we see that they give too rapid an increase of disintegration 
probabihty The curves calculated from (54) with different values 
for the mternal energy of the deuteron, however, fit the experi- 
mental points much better In the case of Al the best fit is for 
€ = 2 Ox 10® e V , and for Cu for e = 2 4x 10® e v Taking mto 
account the approximate character of the calculations we may say 
that general agreement can be reached m aU cases if we use the 
currently accepted value 2 2x 10® e v for the binding energy of the 
deuteron nucleus 


■f E 0, Lawrence, B McMillan, and R Thornton, PAja. Hev 48 (193S), 493 



XI 


NUCLEAR REACTIONS ESSENTIALLY INVOLVING 
RADIATION 

1 . Radiative capture 

If an Incident particle penetrates inside a nucleus it need not neces- 
sarily eject another nuclear particle (substitutional reaction), sinpe 
the excess energy can also be got rid of by the emission of a y- 
quantum We shall call such a process radiative capture 
An the cases where the bombarding particles are neutrons the pro- 
cess of radiative capture becomes very important especially for 
heavier elements where, due to the height of potential barriers pre- 
venting the ejection of charged particles, the emission of a y-ray is 
the only way to get rid of the extra energy brought in by the incident 
neutron ' 

The fifst, and the moat simple, example of such a process was 
reported by Lee,| who observed that hydrogen bombarded by neu- 
trons emits a strong, hard y-radiation and interpreted this result as 
due to formation of deuterons according to the reaction 

( 1 ) 

The energy of such reaction must be hv = \E-\- e = 2 2 X 10® e v* 

(where E is the energy of incident neutrons) Accordmg to Lee the 
effective cross-section for this process is of the same order of magm- 
tude as the geometrical dimensions of the nuclei 
It was later shown by Eerrai and his collaborators^ that practically 
all elements, especially heavy ones, being bombarded with neutrons 
capture the incident neutrons, thus formmg the heavier isotope, 
and emit the surplus energy in the form of y-radiation, for all such 
processes the effective cross-sections turn out to bi also of the order 
of magnitude of the nuclear cross-section The understanding of , 
these comparatively high capture probabilities presented for a period 
of time serious difficulties, the theoretically calculated cross- 
section for the velocities ofdieutrons used m these experiments lead 
to considerably smaller values (a ~ 10"®* cm ®) 

The important step towards the understandmg of the large proba- 
bility of radiative capture of neutrons was made by Fermi’sj; 

t D Lee, Nature, 133 (1934), 24 
f E Fermi and others See referenoe p 190 

Ff 


3141 IS 
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discovery that, m those cases in which activation can only be due 
to radiative capture, the intensity of activation is usually considerably 
increased if during irradiation the bombarded substance is sur- 
rounded by a layer of hydrogen -containing material (such as water, 
paraffin wax, etc ) This fact, together with Lee’s observation of the 
unexpectedly large effect of neutrons in hydrogen itself, led Fermi 
to the important conclusion that radiative capture is very much 
more probable in collisions of atomic nuclei with very slow neutrons, 
the observed increase of activity when irradiation takes place in 
paraffin being due to the slowing down of neutrons by collisions with 
' hydrogen atoms In fact, due to the almost equal masses of neutron 
and proton, each such coUision will reduce the kinetic energy of the 
neutron by a factor 1 je, so that neutrons with imtial energies of 
4x10® ev, after 10 colhsions each, will retain only 2^000 
1 e about 200 e v , and less than 20 colhsions will be necessary to 
bring them into thermal equilibrium with materials at ordinary tem- 
peratures In so far as the effective cross-section mcreases rapidly 
with the increasing de Broglie wave-length, which is very large for 
thermal velocities, it is plausible to assume that the cross-section 
for radiative capture may become very large for such slow neutrons 
Parallel with the increase m activation is the increase in absorption 
coefficient for slowed-down neutrons, thus, for example, in the case 
of boron the absorption of slow neutrons is 1,000 times larger than 
that of fast neutrons The corresponding collision cross-section has 
the surprisingly large value ct = 3,000 xlO-^^ cm ^ Actually, still 
larger values have been recorded for some other elements, as, for 
example, a = 7,000 X 10“^® cm ® for yttrium and a = 10,000 x 10“^* 
cm ® for cadmium We must notice here, however, that the radiative 
capture of slow neutrons vanes very capriciously from element to 
element, several metres of lead, for example, absorb less than a milli- 
metre of boron If we assume, then, that slow neutrons (of thermal 
velocities) are especially effective in the process of radiative capture 
by atomic nuclei, just because the large cross-sections can, in this 
case, be understood theoretically in terms of large values of the de 
Broghe wave-length, it seems natural to suppose that the radiative 
capture processes observed with the ordinary fast neutrons are 
actually due to an admixture of slow neutrons m the admittedly 
unhomogeneouB radiation used m 'fast-neutron' experiments 

In the case of the reaction the explanation based on the 
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hypothesis that the large capture-probability is due to neutrons slowed 
down in the previous colhsions with other hydrogen nuclei, meets 
another serious difficultj’ in the considerations concernmg the condi- 
tions governing angular momenta of colhding particles This difficulty 
may be stated as follows As we have seen, it is usually accepted 
that t^e observed spin (^ = 1) of a deuteron arises from neutron and 
proton with parallel spins but no orbital momentum (S state) If, 
then, particle spin is not reversed in any nuclear reaction (cf § 3 of the 
last chapter), it would follow from this assumption that the incident 
neutrons which are radiatively captured by protons are those havmg 
unit angular momentum (in respect of the proton) before the colhsion* 
(P neutrons), the transition between an S state of the continuous 
spectrum and an 5 state of the stable deuteron being prohibited for 
electric radiation One can easily understand, however, that for very 
slow neutrons of angular momentum different from zero the proba- 
bility of collision IS vanishingly small (the wave functions describ 
mg such states of the continuous spectrum vanish rapidly for r 0), 
so that we should not expect to observe any capture effect in this 
case It was first pointed out by Fermif that these conclusions no 
longer hold if we take into account the possibility of magnetic radia- 
tion connected with the inversion of spin of one of the two colhding^ 
particles, in fact, the incident S neutron, having originally its axis 
of spin antiparallel to that of the proton, can be captured into the 
stable S state of the deuteron nucleus, if in the process of capture 
the direction of neutron — or proton — spin is reversed and energy is 
liberated in the form of magnetic radiation Straightforward electro- 
magnetic theory gives for the inverse mean life of a neutron moving 
with a velocity w in a medium containing n protons per unit volume 
the following expression 


1 

T 


1287rSAe* 




( 2 ) . 


where v is the emitted frequency (of magnetic dipole radiation) and 
and / 1 q^„ are the magnetic moments of proton and neutron 
respectively (po is the nuclear magneton) The wave function /(r) 
corresponds to the fundamental state of the deuteron nucleus and 
to the state in the continuous spectrum representing the mcident 

t E Fermi, R/ii/s Rev 48(1935), 570 Compare also E Wigner, H Bebhe, R Peierla, 
and E Teller, see reference p 173 
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neutron Evaluating the integral in (2), Fermi obtams 

1 ^ 26? ,3. 

T ftVm* I ’ 

where e is the binding energy of the deuteron (6=22xl0®ev) and 
I IS the free path for elastic scattering of slow neutrons in hydrogen 
Inserting numerical values in (3), we have for the inverse mean hfe 

of a neutron passing through hydrogen - = 5 2 X 10+® sec in good 

T 

agreement with the expenmental estimate of this quantity 

~ 10* sec 

Turning our attention to the process of radiative capture of slow 
neutrons by heavier nuclei we find that capture with the emission of 
electric dipole radiation is m general possible-|-except in some cases 
(analogous to that of capture by protons, already discussed) in which 
considerations of angular momentum make such capture impos- 
sible t The general theory of the capture of slow neutrons by heavier 
nuclei — each considered as a potential hole with steep walls — 
was developed independently by Perrin and ElsasserJ and by 
Bethe |1 

The effective cross-section for capture is given in this case by the 
ordmwy tormul. 4(2„)»| f , p 


where again <f) and / are the wave functions for the imtial and final 
states and R is the electnc moment of the system with respect to 
the centre of gravity If the nucleus in question possess mass M 
and charge Ze (the charge of the neutron is 0), we have 


R = —e'r. 


e' 


Z 


(5) 


where r is the distance between the centre of the nucleus and the 
neutron Developing the incident normahzed wave into spherical 
harmomcs, and taking only the first term (corresponding to head-on 


t The necesaary condition for the poaaibihty of electric dipole capture of a slow 
neutron by a nucleua poBaeasing total orbital angular momentum L la that the 
product nucleua shall poasesa a state with orbital angular momentum L or Z/±l 
(except L = 0 -»■ i = 0) and an energy lower than that of the ongmal nucleua 
and the neutron at rest 

X F Perrin and W Elsaaser, J de Phys 6 (1935), 194 
II H Bethe, Phys Bev 47 (1935), 747 
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collisions), one can bnng the expression (4) into the form 


a = 


tic Mc^ “{sin2(/>„-)-(Ag/A2)} 
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(6) 


where A and Aq are the de Broghe wave-lengths of the neutron out- 
side and inside the nucleus, is the phase at r = r^, and / is 
defined by 


4:1TvM 


t7) 


z being the matrix element of the distance between neutron and 
nucleus After making a number of approximations and inserting 
numerical values, Bethe finally obtained 


^ _ AA„ 1^ 

2300 {smVo+(Ag/A2)} 


(8) 


For slow neutrons A^ A, and the term (AJA)^ can in general be 
neglected as compared with sin^i^u Then (in so far as Aq is almost 
constant) the cross-section cr vanes as A, i e as the inverse velocity 
of the incident neutrons For neutrons of thermal velocities we have 
E = kT = j'g volt (at room temperature), and for the corresponding 
A we obtain A = 2 9 X 10~® cm The value of Ag is of the same order 
ofmagnitude as the nuclearradius, Bethe accepts Ag = 0 24xl0“^^cnf 
With these values we have 

(7 = 0 3x10-24 cm ■= (9) 


Thus we see that for slow neutrons the cross-section for electric 
capture is generally of the same order of magmtude as the geometrical 
cross-section of the nucleus (for sin2(^~l), but can reach much 
larger values if 0 ~ 0 The probability of such a resonance effect 
has already been discussed in the section dealing with elastic scatter- 
ing of neutrons (Chap IX, § 3), and we have seen that according to an* 
estimate of Bethe m about 10 per cent of all cases the cross-section 
may be larger than 100 X 10“24 cm * This is in good agreement with 
experimental evidence, as can be seen from Table XIV (Chap IX), 
where two elements out of sixteen (namely, Cd and Hg) have a very 
large absorption coefficient, which, as has been indicated, must be 
due to high probability of radiative capture in these cases 

We must remember, however, that these large values of capture 
cross-sections are not accompamed by corresponding mcrease of 
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Bcattermg (compare the last two columns of Table XIV, Chap IX), 
which is in direct contradiction to the theory which requires that 

*^Boatt/*^oapt ~ ^ 

It was indicated by Bohrf that this fundamental discrepancy is 
most probably due to the failure of ordmanly used methods of cal- 
culation of nuclear processes in which the incident particle is con- 
sidered as moving in the average field of the rest of the nucleus 
(Hartree method) In fact, due to very strong interaction of intra- 
nuclear particles, we shall be much closer to the truth if we consider 
the energy of the incident neutron as being rapidly distributed 
'between all nuclear constituent parts even before this neutron is able 
to cross the diameter of the nucleus Trom such point of view the 
scattering of the incident neutron must rather be considered as the 
‘re-emission’ taking place when the originally dissipated energy is 
again accumulated in a single particle If the energy of the incident 
neutron is small compared with its binding energy in the nucleus 
(slow neutrons), such reaccuraulation of energy in a single particle 
becomes very improbable and m most cases the radiative capture 
(and not re-emission) takes place 

^ Experimental evidence for radiative capture of a charged incident 
particle by a bombarded nucleus was first furnished by Cockcroft, J 
who noticed that a carbon target bombarded by an intense beam of 
protons becomes positron-active, the activity being evidently due to 
the formation of 7X1^ by the reaction|| 

( 10 ) 

( 11 ) 

The chance that a charged particle will be captured by atomic 
nucleus depends on two factors the probability that it penetrated 
the nuclear potential barrier due to Coulomb forces, and the proba- 
bihty that it will emit y-quanta during its stay inside the nucle^ 
The chance of penetration has already been discussed in the previous 
chapter I one would expect that such penetration will happen with 
appreciable probabihty only for hght elements The chance that the 

t N Bohr, Nature, 137 (1036), 344 

j J D Cockcroft, C Gilbert, and E Walton, Nature, 133 (1934), 328 

|[ The fact that the active product is an isotope of nitrogen has been proved by 
Cockcroft by chemical methods It is evidently identical with the active product 
obtained by Joliot and Curie in the reaction -> both have 

the same decay constant The same active product may also be formed by the 
reaction + 



Chap XI. § 1 RADIATIVE CAPTURE * 223 

particle having penetrated inside the nucleus shall get rid of its energy 
in the form of y-quantum evidently depends on the relative values 
of the period for y-emission and the time during which the incident 
particle stays inside the nucleus \ 

The period t for y-ray emission is given, according to Chapter IV, 
by thjB expressionf 

T<j = — ~ 5x (;2) 

'^d 

in the case of dipole radiation We have seen, however (Chap IV, 
p 73, Chap VI, p 120), that in all cases so far investigated the actual 
probabihty of y-emission is about 10,000 times smaller than corre- 
sponds to the periods given by (12), this means cither that we are 
deahng with quadrupole radiation or with dipole radiation the in- 
tensity of which IS considerably reduced on account of certain sym- 
metry properties of the nucleus For quadrupole radiation we havel 


'AV 

To 


5xlO+i2(Av)-* 


(13) 


For the time, T, that the particle stays inside the nucleus (when 
there is no resonance) we evidently have 


T 


V, 


-12 


cm 


10 


10® cm /sec 


10“^i sec 


(14) 


where is the nuclear radius and the velocity of the particle 
inside the nucleus Thus we see that the probabihty that the 
particle will be captured by a radiative process after entering the 
nucleus is rather small (T/t 1) Then the effective cross-section 
of capture evidently becomes 

(15) 

T 

where A is the de Broglie wave-length of the incident particle and 
g-r(E) ^;}je transparency of the potential barrier 
/in the case of resonance (i e when upon entering the nucleus the 
incident particle forms, together with the bombarded system, an 
excited state of the resultant nucleus) the probabihty of capture 
may become considerably larger 

The yield of the reaction (10) for a proton energy about 0-5 x 10® e v. 


t hv expressed ui e v 
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IS, according to Cockcroft, one capture per 5 10® incident protons 
corresponding to effective cross-section a ~ 10“®^ cm ® Assummg 
that the emitted radiation possesses the energy hv 10“® e v , we 
obtain from the formula (13) ~ 3.10“^® sec , and the chance that 

the proton will be captured after penetrating mside the carbon 
T 

nucleus is — ~ 10“® With this value of Tjr the formula (13)'gives 

T 

tlie value for the effective cross-section for capture which is much 
smaller (about 1,000 times) than the experimentally observed cross- 
section This large discrepancy — and also the fact that no similar 
“effect has been found for other neighbouring elements — suggests 



that we may have here a case of resonance-capture In the case of 
resonance the transparency of the barrier becomes umty and the 
expression (15) gives a result in agreement with the experimental 
value In fact, the detailed investigations of Tuve and Hafstadf 
have shown that the process of proton-capture by the C nucleus 
takes place only for incident protons of quite defimte energies 
(~ 0 45 X 10® e V ), as can be seen from Fig 64, in which the reaction 
yield IS plotted against the energy of the protons These experiments 
also indicate that the resonance maximum may have a complex 
structure, although the measurements are not sufficiently exact to 
prove this with certainty as yet Thus we see that the experimental 
evidence is in this case m satisfactory agreement with results of 
rough theoretical estimates 

The exact calculations concerning the radiative capture-probabihty 
t M Tuve and L Hafstad, Phye Rev 48 (1935), 300 
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for a schematized nuclear model have been earned out by Breit f 
In these calculations it was assumed that the capture of a proton is 
due to a transition from the P state of free motion to the bound 
S state in the nucleus Taking reasonable values for the nuclear 
radius and for the depth of the potential well, Breit was able to 
locate the resonance-level at the correct place However, for the 
probaliihty of capture he obtains values about 3,000 times larger 
than experimentally observed This is most probably due to the fafct 
that in these calculations the probabihty of y-emission (corresponding 
to transition P -> jS) was automatically considered as that of dipole 
radiation, whereas, as we have seen above, there are many reasons’ 
to expect that the probabihty of nuclear radiation usually fits with 
values calculated for a quadrupole (comparep 120) Adding to Brei^’s 
calculation this additional assumption one obtains a very good fit 
with the experimental results of Cockcroft and more recent data on 
this subject by Tuve and Hafstad 

2. Nuclear photo -effect 

By analogy with the excitation and ionization of atoms by light, 
we may expect that the atomic nucleus can be excited or ‘ionized’ 
by absorbing a y-ray quantum of suitable energy For excitation the 
energy of this quantum must be larger than the energy of the first' 
nuclear quantum level, for ‘ionization’, le for the ejection of one 
of the nuclear constituent parts, it is necessary that the quantum 
energy of the incident y-rays should be greater than the binding 
energy for that constituent which is ejected If we employ the y-rays 
Ai' = 262xl0®ev, which are the most energetic y-rays available 
m sufficient intensity, we might expect the process of excitation 
to occur, at any rate in most of the heavier elements, as, accord- 
ing to our general knowledge, we should conclude that the energy- 
difference between the fundamental and first excited levels is, for 
these elements, often much smaller than the quantum energy of 
the radiation employed Such nuclear excitation by y-radiation, 
however, has not as yet been observed, due no doubt mainly to 
the diffieulties of detecting the very weak ‘fluorescent’ radiation 
(the only evidence of excitation) in these cases On the other 
hand, the energy conditions which have to be satisfied before 
the ejection of a nuclear particle by the action of y-radiation is 

t G Breifc and M Ostrovsky, Fhys Rev 49 (1936), 352 

360B 18 Q g 
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possible (nuclear photo-effect) are fulfilled only for very light nuclei, 
such as and 4 Be®, or for the radioactive nuclei which emit a- 
particles f 

The disintegration of the deuteron into a neutron and a proton, 
according to the scheme 

Jl^+hv ^ o (16) 

was first reported by Chadwick and Goldhaber,J who observed that 
heavy hydrogen, heing irradiated by an intense beam of y-rays (from 
ThC" or RaC), emits protons and neutrons which evidently originate 
in the sphttmg of the nucleus m the manner indicated The 
emitted protons were directly observed by their ionization effect and 
their energy was estimated to be 0 24 x 10® e v The neutrons, which 
should have about the same energy, were first of all detected by the 
activation of silver, and, in later experiments, by the reactions with 
Li and B,|| in which fast — and thus easily detectable — particles are 
produced (on account of the considerable positive energy-balance in 
each case) Subtracting the total energy of the resulting proton and 
neutron (/-^ 0 5 X 10® e v ) from the original energy of the y-quantum 
(2 6x 10® e V ), we obtain for the bmdmg energy of the jH® nucleus 
the value 21x1 0®ev orO 0023 m mass umts Combming this value 
with the masses of the nuclei and obtained from other nuclear 
reactions (Chap X, § 1), Chadwick and Goldhaber deduced for the 
mass of the neutron the value 1 0084 This was the best value 
available at that time ff Investigating the angular distribution of 
the emitted particles Chadwick and Goldhaber were able to show that 
in this case spherical symmetry did not exist Instead, a distinct 
maximum was found in a direction at right angles to the axis of 
the y-ray beam — an observation m good agreement with what one 
would expect if the disintegration were due to the action of the 
electric vector of the incident electromagnetic wavqi Finally, for 
the effective cross-section for this nuclear photo-effect they give 

t The chances of observing the mcroaso in a activity induced by y-rays are still 
very small, for, as we have seen in Chapter VI, the transparency of the potential 
barrier of a heavy nucleus is quite small even for a-particles with a considerable 
excess of energy (long-range particles) 

J J Chadwick and G Goldhaber, Nature, 134 (1934), 237, Proc Roy Soc 151 
(1935), 479 

II 3 Li"-t-„n' -i- jHeHiH’ and ^ jLi’-t-^He* 

ft The currently accepted value for the bmdmg energy of the deuteron is 
2 26 X 10“ e,v, and for the mass of the neutron 1 0090 
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about 6 6 X cm which, as we shall see later, is again in good 
agreement with theoretical calculations 

The disintegration of 460 ® by y-rays was first observed by Szilard 
and Chalmers, who used the y-radiation of a sealed Ra source and 
were able to observe the ‘photo neutrons’ by means of the induced 
radiO£\|ptivity in iodine A more detailed study of this case of photo 
disintegration was made by Chadwick and Goldhaber,J who were 
able to show that the neutrons previously observed originate in th’e 
reaction ^Be^+hv^ ^Be ^ + oni (17) 

(and not in the reaction 460 ® +^v = 2 jHe^+Qii^) and that the energy • 
required to remove a neutron from the 460 ® nucleus is about 
16xl0«ev 

(^Except for these two cases (jH^ and 460 ®), however, no further 
e'^dence of a nuclear photo-effect has been obtained Twenty-six 
elements, of small and great atomic number, have been investigated, 
but without success' This fact supports the suggestion previously 
made that the binding energy of a neutron in a heavy nucleus is in 
general greater than 2 6 x 10 * e v 

The wave-mechamcal calculation of the probability of the nuclear 
photo-effect has been carried out by Bethe and Peierls|| on the basis 
of the deuteron model discussed in § 1, Chapter II The effective 
cross-section for the nuclear effect is given, just as in the case of the 
ordinary photo-effect in the outer atom, by 

87r®eV, ,0 


with Zqe = j ( 1 ®') 

Here is the z-component of the distance of the proton from the 
centre of mass, i/iq is the wave function for the proton in its normal 
state in the deuteron nucleus, and tftj/, the wave function representing 
the emitted proton, which with sufficient accuracy can be considered 
as a free particle We have seen (p 171) that ifi^ for the accepted 
deuteron model is given by 




t L Szilard and T. ChalmerB, Nature, 134 (1934), 494 
II H Bethe and R Peierls, Proc Roy Soc 148 (1936), 146 
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wheref a = (19') 

n 


Now, the wave function can evidently be written m the form 


where 


^ _ ^{M(hv—e)} 


(20) 

(20') 


and a is the coefficient of normalization Inserting (19) and (20) in 
(18') Bethe and Peierls obtain, after some calculation, 



12 2 txk^ 

*2 (a:2+ifc2)4’ 

(21) 

and the effective cross-section becomes 



167r2 Me\cJc? 

(22) 



Substituting for <x 

and k, using (19') and (20'), we get finally 



167r2 h^eh>{hv — e)*e* 

3 lidcQivY 

(23) 

o 

Q 

II 

f i ~ 1-25 X 10-28 cm 2, 

nca.‘’ y® y® 

(24) 

where 

hv 

7 = — 

(24') 


€ 


' This expression has a maximum for y = 2 {hv = 26 = 4 2 X 10® e v ) 
and has then the value = 1 6x 10”^’ cm ^ 

For the y-ray Av = 262xl0*ev used by Chadwick and Gold- 
haber formula (24) gives ct = 8 x 10“^® cm ^ As previously men- 
tioned, this IS m satisfactory agreement with the experimental value 
a = 6 6x10-2® cm ^ 

These results, however, are somewhat changed if we take into 
account the magnetic dipole radiation introduced by FerrmJ to 
explain the reverse process of radiative capture of a neutron by a 
proton As was shown by Fermi, the effective cross-section for the 
photoelectric dismtegration of the deuteron due to the interaction 
of the mcident hght quantum with the magnetic moments of neutron 
and proton is 

_ 2na^aYoi9p-9n? (y-1)* 

3hc y[l+aV(y-l)]’ ^ ‘ 


■j" € IS the binding energy of the deuteron 
t E Fermi, see reference on p 219 
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where y and a have the same meamng as above and a = l/'rml This 
cross-section must now be added to that previously calculated for 
pure electnc forces. 

Bethe and Peierls have also discussed the probabihty of the 
sphttmg of the deuteron by the impact of a fast electron — the pro- 
cess teing completely analogous to that just discussed, the sphttmg 
by a y-quantum For the effective cross-section they obtam 




P2 

432 




( 26 )* 


where E is the energy of the electrons employed This formilla 
shows, for example, that electrons with an energy = 10® e v 
passing through heavy water will produce one disintegration per 
0 8 km of their path the process will evidently be rather difficult 
to observe 



XII 


RELATIVE ABUNDANCE AND ORIGIN OF 
THE ELEMENTS 

1 . Relative abundance of different nuclei ' 

In" discussing the relative abundance of different nuclei in the uni- 
verse we may start with a rather striking experimental fact the 
remarkable constancy in isotopic constitution of the elements found 
on the earth * The investigations of Astonl have shown that the 
relative amounts of the different isotopes of a given element remain 
vefy nearly constant for samples obtained from very different places 
on the earth’s crust This is probably also true on the astronomical 
scale, as, for example, the ratio of the amounts of the lithium isotopes 
Li® and Li’ in the ehromosphere of the sun (determined by a spectro- 
scopic method) is exactly the same as the corresponding ratio for the 
ordinary hthium used in our laboratories) Furthermore, a chemical 
analysis of the earth gives for the relative abundance of the different 
elements results differing only very shghtly from those found for 

stellar bodies Fig 65 represents the relative numbers of different 

• 

atoms in the earth Inspecting this diagram we first notice that the 
rare gases (He, Ne, A, Kr, Xe, ) are really very rare — but, since 
this may be explained on purely chemical grounds, it need not be 
stressed too seriously in further discussion The chemical explana- 
tion IS as follows the rare gases, being chemically inert, do not 
readily enter into stable compounds, they cannot easily be held in 
sohd matter, simply on this account 

A second point in comparing the data for the earth’s crust and 
for the meteorites is that the latter contain relatively larger amounts 
of elements possessing small atomic volumes, i e large densities This 
again can be understood as a subsidiary difference if we remember 
that meteorites are probably formed in the breaking up of larger 
stellar bodies and consequently may be expected to have a constitu- 
tion more approaching that of the interior of the earth, where, 
generally, denser elements are known to predominate 

If we wish to understand theoretically the relative abundance of 
the different nuclei m the umverse we must evidently take into 

t Aston, Masa Spectra and Isotopes (1033) 
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account two different factors (1) the relative stabihty of different 
nuclei in respect of several possible nuclear reactions, (2) the physical 
conditions existing in different places in the universe where trans- 
formations of nuclei can take place Although our present knowledge, 
especially regarding the second point, is far from being complete it 
18 stUl possible to reach some interesting conclusions concermng the 
creation and transformation of elements in different parts of the 
umverse 



Fiq 05 Relative abundance of elements in the earth’s crust 


2. Thermal transformation of elements in stars 

f As we have seen in previous chapters, the efficiency of nuclear 
transformations produced by the bombardment of different materials 
by beams of fast charged particles is never very great, the yield being ■ 
sometimes one disintegration per million incident particles— and 
frequently much less The reason for this is that such fast charged 
particles lose most of their energy passing through the electromc 
shells of atoms on theu- way so that only very few of them have 
the chance of hitting a nucleus and producing disintegration Only 
in the case of neutron beams has each particle this chance of pro- 
duemg nuclear transformation, but, as there are no free neutrons m 
nature, we have first to produce them by ejecting neutrons from 
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stable nuclei by a- or proton-bombardment We are again brought 
back to a process which has a very small efficiency^ 

One can, however, instead of usmg artificially accelerated beams 
of charged particles, expect nuclear transformations to take place as 
the result of thermal coUisions if the temperature of the reagent 
substances is high enough It is clear that if we keep a mixture of, 
say, hthium and hydrogen at a very high temperature for a suffi- 
ciently long time the reactions of nuclear transformation between 
colliding nuclei will go on until we shall have our vessel filled with 
pure hehum — and we should expect that, if such a reaction once 
'Starts, the energy developed m the Li+H ->■ 2He transformation 
will raise the temperature of the mixture to such an extent that 
thb process will be accelerated and may even have the character 
of an explosion, with the hberation of an immense amount of energy 
per gramme of substance However, the temperatures necessary to 
keep such reactions going are themselves extremely high, as we shall 
see, they can be expected to obtain only inside our sun and other 
stars The first calculations concerning thermal nuclear reactions 
were earned out by Atkinson and Houtermans,t who considered the 
process of ‘thermal’ penetration of protons through the potential 
bamers of different elements for temperatures of the order of 10’ 
degrees (usually beheved to occur inside the sun) 

In calculations of the transparency of the nuclear barriers for the 
thermal protons in this connexion one should not take for the proton 
energy the average energy IcT {k, Boltzmann constant, T, absolute 
temperature), as there are always, according to Maxwell’s law, fast 
protons present m small number and they are much more efficient in 
theu disintegration effect 

In Fig 66 IS given a schematic representation of the r^umber of 
particles N and their effective cross-section for dismtegration a as 
i^a function of the velocity We can see that the total number of 
disintegrations, given essentially by the product Ng, reaches a 
sharp maximum for certam velocity well above the average velocity 
correspondmg to a given temperature In order to estimate the total 
number of disintegrations one should mtegrate Ncr over all different 
velocities from 0 to oo, the most essential part, however, being given 
by the particles possessing the optimum velocities The results 

t R Atkinson and F Houteraians, Zs f Phya 54 (1029), 656, G Gamow and 
L Landau, Nature^ 132 (1033), 507 
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obtained in this way are shown in Table XVII, which gives the 
average hfe of different elements in contact with hydrogen at a 
temperature of 60x 10® °C on the assumption that each penetration 
gives rise to disintegration 



Table XVIIf 


Element 

He 

Ho 

c 

o 


Pb 

Average hje 

8 set. 

5 days 

100 years 

3 10^ years ^ 

]0* years 

10®' years 


We see that only the lightest elements may be appreciably trans- 
formed at this temperature during a time equal to the estimated 
present age of the stars (~ 10® years) We must notice, moreover, 
that these comparatively short disintegration periods for the lightest 
elements themselves refer only to the case of the hydrogen reactions, 
if we try to calculate the lifetime corresponding to thermal collisions 
with hehum atoms, we get extremely large values, even for the lightest 
elements, owing to the much smaller penetration ability of the 
a-particles Atkinson and Houtermans considered particularly those 
thermal reactions involving radiative capture of protons and the 
gradual building up of heavier nuclei As we have seen in the last 
chapter, the probabihty of reactions of this type is only Tjr^ 10~® per 
nuclear penetration, which means, for example, that the average hfe 
for the reaction between carbon and hydrogen 

will be almost 10’ years This lifetime can, however, be largely 
reduced if the nucleus possesses a resonance-level m the region of 
thermal protons 

t This table is taken from the article of Atkinson and Houtermans, the periods 
being calculated on the assumption that the cross-section of colhsion is given by , 
assuming the cross-section A^, we get somewhat shorter periods 

3995 18 U h 
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The discovery of neutrons started a new stage m the discussion of 
the thermal transformations of elements in stars It is not impossible 
that, by some process takmg place inside a star (as for example the 
photoelectnc nuclear dismtegration by very hard y-rays emitted 
durmg radiative capture of protons), a considerable amount of 
neutrons can be produced On the other hand, we have seen that 
neutrons (especially slow neutrons) possess a very large probabdity 
of bemg radiatively captured by nuclei, especially heavy nuclei, in 
reactions such as 

( 1 ) 

"forming heavier isotopes which, by the process of ;S-emission, 

( 2 ) 

may give rise to elements located higher up m the periodic table 
Thus we see that thermal transformations inside the star (assuming 
a sufficient supply of hydrogen, which seems, however, always to be 
present in large quantities) may be effective throughout the whole 
range of elements — and, being considered along with the relative 
stabihty of different types of nuclei, may lead to an understanding 
of the relative amounts of the various elements in the universe 
We may also notice at this point that reaction-chains of the type 
(1)(2), corresponding to the budding up of heavy nuclei, must in 
general involve the emission of large amounts of energy — ^probably 
enough, in fact, to provide a source for the radiation of the stars, 
which for a long time presented an mexphcable puzzle to astro- 
physicists 

3. Nuclear state of matter in the interior of a star 

/We can now approach the very interesting problem of the physical 
state of matter under the immensely high temperatures and pressures 
existing mside a star It is quite clear that such extreme conditions 
will not only completely dissociate all chemical compounds (which 
already happens on the surface of the stars), but wdl also produce 
complete ionization of the atoms, tearing away, in vigorous collisions, 
the electrons even from the most tightly bound sheds surrounding 
the heaviest nuclei The resultmg mixture of free electrons and bare 
nuclei can be considered as an ideal gas untd the density reaches 
such a high value that the average distance between particles be- 
comes of the order of magmtude hjinc ~ 10~^" cmVcorresponding to 
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a density p ~ 10+® gm /cm For still higher densities electrons wdl 
probably be absorbed by the nuclei (an mverse j3-decay process) and 
the mixture will tend to a state which can be described very roughly 
as a gas of neutrons For densities of the order of magmtude 
p 10+^* gm /cm ® (average density of atomic nuclei) nuclear ex- 
change forces between the gas particles will come into play and the 
conditions in the ‘gas’ will become analogous to the conditions inside 
an atomic nucleus Such an extreme state of matter we shall chU 
the ‘nuclear state’ and the region of the star occupied by such nuclear 
matter the ‘stellar nucleus’ We must consider now the conditions 


under which such stellar nuclei can really be formed In order to sed 
whether such high densities can m fact be reached inside a star we 
shall compare the gravity pressure tending to decrease the star’s 
volume with the pressure of the gas inside the star opposing it, as 
was first done by Landauf and Chandrasekhar J As is well known, 
the gravitational energy of a sphere of mass 31 and radius It is 


given by 


u-h^" 




where k is Newton’s constant of gravitation and V is the volume of 
the star 

For the pressure due to gravitation we thus obtain 



dV 2077 Jt^ 



(4) 


Of course, at sufficiently high temperatures the gas-pressure can 
always be large enough to compensate the pressure of gravity, but, 
if we wish to know anything about the final state of the star we must 
compare (4) with the gas-pressure at the absolute zero of temperature, 
when in the course of time all the kmetic energy originally available 
has been radiated The kinetic energy of a gas consisting of particles 
subject to the Pauh principle at the zero-point temperature (de-, 
generate Fernu gas) can be calculated in the following way The 
kmetic energy of a single molecule mside a volume is evidently 


given by 


1 „ 1 477%^, 2 I 2 I 2\ 


2m 4i* 


where n^, Uy, and are the three quantum numbers descnbmg the 

motion of the particle The number of particles possessing a defimte 

t L Landau, Za f Sov Phys 5 (1932), 286 
J S Chandiaaekhar, Aatroph Journal, 74 (1031), 81 
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value of K is similarly the number of combinations of quantum 
numbers corresponding to the same value of n {= 
and IS given (for large n) by Thus the total energy of the gas is 


ftm.. ’1^* 


TT 


n = l 


Replacing the sum by an integral, we have 

ItW C . , 

2mP 


E 


nm&K 

j" n*^dn = 


.nZ 


Now nmax 18 given by the condition that aU levels are occupied 


tljB 


^ = N or ^71^, = N, 


(0) 


(7) 


(8) 


fi=i 


where N is the total number of particles Combimng (7) with (8), we 
obtain o5 2^2 

E = - 


lOwiZ^ 

The pressure of the gas is now given by 


P _ - 


IV 

and, substitutmg the density p = —m. 


8E ^ 3» 
3Pdl 5 m 
N 


Pj, = 


1 


(9) 


(10) 


(11) 


This may be taken as the final expression for the pressure of the 
degenerate Fermi gas Comparing (11) and (4), we notice that P^ 
increases with a higher power of the density than does Pg, and there- 
fore, for sufliciently high densities, we conclude that equihbnum is 
always possible 

However, the formulae which have ]ust been developed hold only 
'when the velocity of the particles of the gas is everywhere much 
smaller than the velocity of light For sufficiently high densities, 

however (small 1), the classical expression k = must be re- 

placed by the relativistic expression k = cp The formula for the 
kmetic energy now becomes 


E = 




Z 

Tl«l 



ttHc , 

_ 

41 ““ 


3*it^c 

^ii 


m 


(12) 
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and for the pressure 


^F.R — 


dE 

w 


dE 3*Trfic ,,, 3 * 77 ^ . 

= 

3P81 4m* ^ 


(13) 


We see, m particular, that the pressure of the ‘relativistic Fermi gas’ 
depends on the total number of particles per umt volume {NjP), but 
not on their mass m This makes it more or less immaterial whether 
we consider, inside the stellar nucleus, an electron gas or a gas of 
heavy particles The graphical representation of the (P, p) relation 
is given m Pig 67 Again, comparing (13) and (4), we see that now 



both pressures increase with the same power o'" p, so that if originally 
Pg IS larger than Ppji equilibrium will never be possible for larger 
densities and the compression will proceed without limit The con- 
dition for such unhnnted contraction is evidently 


which gives! 

M>M„ 



kJiP > 




fic H 

Y — 
/cm* 


3 10+®* gm ~ 1 5 sun-masses 


(14) 

( 15 ) 


We may notice here that unhmited contraction may start already 
for smaller masses than Mg, if we take into account the exchange 
attractive forces between particles discussed in previous chapters 
Thus we see that most of the stars, and possibly all stars, if the 
hmitmg mass Mg is lowered by mtranuclear forces, are subject to 


t 


Y = 


6 3 * 
4* 
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the fonnation of matter in the nuclear state m their interior at some 
period of their existence The question whether most stars at present 
actually possess such nuclei cannot, however, be answered defimtely 
until the relevant astronomical evidence has been thoroughly ex- 
amined, but there seems to be no reason why they should not The 
theory of stellar nuclei gives us another aspect of the question of 
the creation of the elements and the hberation of energy in the stars 
In fact, the surface of a stellar nucleus must not be considered as 
a smooth mathematical sphere, since eruptive processes of different 
types may go on contmuously over the boundary between a large 
stellar nucleus and the surrounding matter m the ordmary gaseous 
state Such processes give innumerable occasions for the tearing 
away of portions of the nuclear substance which, commg into a region 
of smaller pressure, immediately spht into small fragments, thus 
forming the nuclei of different elements As to the hberation of 
energy, one can easily see that pure gravitational energy hberated 
m the contraction to such immense densities will already be qmte 
enough to secure the life of the star for a very long period of tune 
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In the investigation of nuclear phenomena it is always very im- 
portant to know the energies of the various particles and of the 
electromagnetic radiations emitted in the process of nuclear trans- 
formation fThe most direct and precise method of energy-measure- 
ment for the charged particles emitted in spontaneous and artificial 
dismtegration is the study of the curvature of their paths m a mag- 
netic field {magnetic spectra) This method led, for example, to the 
discovery of the 'fine structure’ of a-rays and it is also very im-* 
portant m the study of the shapes of the continuous spectra of 
electrons emitted in ^-transformations However, it cannot always 
be apphed, especially in the study of artificial nuclear transforma- 
tions in which, due to the comparatively small yield of particles, it 
meets with serious technical difficulties In such cases conclusions 
regarding the energies of emitted particles are generally made on the 
basis of measurements of their absorption coefficients m various sub- 
stances In the case of heavy particles (such as a-particles or protons) 
the distance travelled in a given substance is, except for small devia- 
tions, completely determined by the origmal energy,) and it is 
customary, therefore, to express the energy of such jiarticles by 
quoting this length, which is called the range of the particles The 
presence of several discrete energies in the onginal beam can then 
be distinctly recognized by the occurrence of a number of rapid 
increases in the intensity of the transmitted beam with decreasing 
thickness of the absorber 

In the case of electrons the defimtion of range cannot be made so 
exactly as with a-particles because the intensity decreases more or 
less umformly with increasing thickness of the absorber,^ This fact, 
also, makes very difficult the analysis of absorption curves when* 
electrons of several velocities are thought to be present In particular, 
the absorption method fads almost completely to give any rehable 
indication of the distribution of energy amongst the electrons emitted 
in natural j3-decay As we have seen already, these electrons possess 
a continuous energy spectrum, which makes such analysis almost 
impossible'^ Thus, in this case, absorption measurements can give 
only a rough idea as to the maximum energy of the emitted electrons 
and the magnetic method must always be preferred 
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In the case of electromagnetic radiation, as we have seen, measure- 
ments fby the method of ‘mtemal conversion’ are able to provide 
very accurate data concermng the energies of y-ray quanta, but this 
method also requires large intensities and, practically speaking, is 
mappbcable to the y-radiation accompan 3 ang artificial nuclear trans- 
formations In some cases the (Skobelzyn’s) method of investigating 
the Compton electrons can then give us valuable information, but 
m very many experiments this y-radiation is studied by the ordinary 
absorption methods^ We shall, therefore, at this stage include a short 
account of the energy-dependence of the absorption of various kinds 
of radiation by matter 

Absorption of heavy particles (range-energy relation) 

The absorption of heavy charged particles, such as ^-particles or 
protons, in their passage through matter is mainly due to the loss 
of energy in colhsions with atomic electrons The first detailed cal- 
culations of the stopping power of matter for such particles were 
made by Bohr,! who, assuming that the atomic electrons could be 
represented by harmonic vibrators with different frequencies v„, 
obtained for the loss of velocity per umt length of path the expression 

‘ dV 4776^22 KmMV^ 

dx ~ MmV^ Z ® 2771'„ Ze^M+m) ^ ^ ’ 

Here N is the number of atoms per umt volume of the absorbing 
substance, M and Ze are the mass and charge of the moving par- 
ticle, and the summation is to be taken over all electron vibrators 
present in the atom The numerical constant K was found by 
Bohr to have the value 1 123 This formula remains essentially 
unchanged when, instead of the vibrator-model of the atom used 
in the original calculations of Bohr, the quantum picture is used 
‘ Such calculations have been carried out successfully by various 
authors, we do not discuss them here, as this problem has no direct 
connexion with the questions of nuclear structure 

For very large V, when one can neglect the variation of the 
logarithmic term in (1), direct integration gives 

V*—Vt = A{x-Xo), (2) 

showing that the distance which the particle can go before its velocity 
t N Bohr, Phil Mag 24 (1013), 10, 30 (1016), 681 
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becomes zero (the range of the particle) is proportional to the fourth 
power of its mitial velocity For particles of smaller velocities, such 
as are ordinarily used m our laboratories, the logarithmic term vanes 
approximately as V, and we have 


F®— F§ B(x—x^) (3) 



Fio 68 

This IS the well-known Geiger rule estabhshed experimentally, it 
provides a very good approximation for the velocities of the a- 
particles emitted by most radioactive bodies 

Furthermore, we can easily see from formula (1) that the range of 
a particle in a given substance is, for a given velocity, proportional 
to MjZ^ and for a given energy proportional to 1/Z^M^ (this pro- 
portionality IS only approximate, as again it is derived neglecting* 
the vanation of the logarithmic term) Thus, for example, com- 
paring a-particles with protons, we must conclude that for equal 
velocities they have approximately equal ranges, whereas for equal 
energies the ranges of protons will be about eight tunes longer than 
the ranges of a-particles 

We see, from what has been said above, that the detailed theoreti- 
cal calculation of the range-velocity relation m the general case is 
rather difficult and that only approximate laws can be deduced in 

3685 19 , , 
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ttufl way Therefore, for practical purposes, i e for estimating 
energies from the measured ranges, it is better to use the empirical 
curves obtamed by the measurement of range and energy (by mag- 
netic deflexion) directly, for several groups of particles Such curves 
as used m the Cavendish laboratory for a-particles and protons are 
given in Fig 68 The dotted curve represents the Geiger rule which, 
as can be seen, leads to considerable errors except in a restricted 
interval of energy One can also see that the above-mentioned de- 
pendence on the mass and charge of the particles is very rough, for 
example, for F = 6 X 10« e v we have = 4 5 cm and = 47 cm , 
fliffermg by a factor 10 instead of the expected factor 8 


II. Absorption of )9-rays 

The absorption of fast electrons can be calculated in the same way 
as has already been done in the case of heavy particles, with the 
difference that, due to the large velocities of the |9-particles, relativistic 
corrections have to be taken into account In his original paper Bohr, 
applying these corrections, obtained the following expression for the 
range of an electron with initial velocity 

'ifi 


where S = (5) 

The general notation is the same as in the corresponding formula for 
a-particles The coefBcient K, which again had the value 1 123 
according to Bohr’s calculation, is slightly changed m the quantum 
calculation, in much the same way as for heavy particles 

If, as IS usual for ^-particles, we express the range in grammes per 
cm * (G), we can write (4) m the form 

0 = - 

[log^' cW^||j+log G-logi^' ’ 

where is Avogadro’s number and C stands for ~ ^ logv,,, being 

a characteristic constant for each substance Since one cannot easily 
calculate this constant C m the general case, its value has to be found 
empirically 
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In order to illustrate the agreement between this formula and 
experiment we give the ranges 0 of electrons of various velocities 
in mica as measured by White and Millmgton I These results are 
shown in Fig 69 by the small circles For comparison the full curve 
gives the results of calculation from the formula (6) with C = 11 2 



Fig 69 

However, as we have already noticed, this curve is of no great use 
for the purpose of estimating disintegration energies for various 
j3-transformations, as in all cases the emitted electrons have a con- 
tinuous energy -spectrum 

Besides the ordinary losses of energy due to collisions with atomic 
electrons, the beam of charged particles can lose energy by radiation 
due to strong accelerations during passage close to atomic nuclei* 
These radiative losses become of particular importance when the 
velocity of particles is very close to the velocity of light Thus, 
though they can be neglected for the heavy particles emitted by 
radioactive bodies, they must be taken mto account for high-energy 
y3-rays For a more detailed account of the energy-losses of fast 
electrons in matter the reader may refer to Heitler’s monograph on 
this subject 

I P White and G Millington, Ptoc Boy Soc. 120 (1928), 701, 
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III. Absorption of neutrons 

We have already seen that, due to negligibly small mteraction of 
neutrons with electrons, the absorption of neutrons in matter is 
mamly due to elastic and inelastic colhsions with atomic ^nuclei, 
which have been discussed in detail in Chapters IX and XI It has 
recently, however, been suggested by Bloch f that when the absorber 
18 a^magnetic substance an additional scattering of slow neutrons may 
be expected, due to the action of the internal inhomogeneous field on 
the magnetic moment of the neutro^ of which the value at present 
accepted (p 60), is about 2 nuclear magnetons The effect must be 
particularly large in strongly ferromagnetic substances and, accorchng 
to 91 och, may then reach values comparable with nuclear scattering 
(for example should be about 1 4 for iron) 

A glance at Table XIV shows us that the observed scattenng 
cross-sections for Fe and Ni are actually exceptionally high, which 
is in agreement with Bloch’s suggestions This additional magnetic 
scattenng should disappear when the substance is heated above the 
Curie point, experiments to test this prediction are now in progress 

It may be emphasized here that the investigation of the magnetic 
scattenng of neutrons may prove to be a valuable method for the 
direct estimation of the magnetic moment of the neutron 

IV Absorption of y-rays 

( The absorption of y-rays m their passage through matter can be 
due to three different causes 

(1) First of all the decrease m intensity of a beam of y-rays may 
be due to Compton scattering m collisions with atomic electrons 
The effective cross-section per atom for ,such scattering has been 
calculated by Klein and NishmaJ on the basis of Dirac’s relativistic 
wave equation and is given by the expression 

' = 4 96X + + 

+ llog(l+2.)--^,]z, (7) 

where a = (w = 277v) (7') 

me* ' ' 

t F Bloch, Phya Rev 50 (1936), 2S9 
t 0 Klein and Y. Nishina, Za / Phya 52 (1929), 863. 
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and Z the number of electrons m the atom This formula is in very 
good agreement with experiment for hght elements, but for heavier 
elements there appears to be some additional scattering or absorption 
(increasing, when estimated m terms of the cross-section per electron, 
with atomic number)| which has to be ascribed to the next process 
(2)^If the energy of the y-quantum is greater than 2mc^ ~1 X 10® e v , 
the process of formation of a pair of positive and negative electrons 
in the Coulomb field of the nucleus becomes possible, the incident 
y- quantum in such cases completely disappears and energy in amount 



hv—2mc^ IS distributed as kinetic energy between the two created 
electron^ (a very small part of the energy is also given to the recoil 
nucleus/ The effective cross-section per atom for such pair-forma-, 
tion IS given byj; 


2 j^aj_ 218 \ 
\mc^j 2TTfic \ 9 ^ mc^ 27 / 


(8) 


In so far as this expression contains Z^, whilst the Klem-Nishina 
formula does not, we see why the additional absorption due to pair- 
formation becomes especially important for heavier elements 

The absorption coefficients for y-rays in lead and copper, due to 
Compton scattering (7) and pair-formation (8), are shown in Fig 70 
for different quantum energies ^e see, in particular, that the sum ^ 
of these absorption coefficients, first decreasing with increasing 
energy, begins to increase again for higher energies, so that the 
determination of hu from absorption measurements in only one 
absorber is ambiguous 

( 3 Finally, we can expect some absorption of y-rays due to 

t C Y Chao, Proc Nut Acad Amer 16 (1930), 431 , G Tarrant and L Gray, Proc 
Eoy Soc 128 (1930), 345, L Meitner and H Hupfeld, Zs f Phya 67 (1931), 147 
% R Oppenheimer and M Pleaaet, Phya Rev 44 (1933), 63, H Bethe and 
W Heitler. Proc Eoy Soc 146 (1934), 83 
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scattering by atomic nuclei 'r(coherent scattering) or to the dismtegra- 
tion or excitation of the nuclei if the energy of the y-quanta is great 
enough It can be shown, however, that the ordinary scattermg of 
electromagnetic radiation by nuclei is neghgibly small and that the 
dismtegration processes due to the action of such radiation (nuclear 
photo-effect) take place with a few of the hghtest elements only, and 
then possess rather small probabihties Thus we may conclude that 
the contribution to the total absorption due to strictly nuclear pro- 
cesses is very small indeed It can properly be neglected in estimating 
hv from the absorption measurements 



TABLES 



T«4BLE A 

PERIODIC SYSTEM OF THE ELEMENTS 
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TABLE B 

STABLE ISOTOPESt 


Nucleits 

M 

{exact atomic 
masa) 

I per cent 
{relative 
percentage) 

Nticleua 

M 

{exact atomic 
tnass) 

I per cent 
{relative 
percentage) 


1 0091 

100 

i,Cl>‘ 

„C1"“ 

34 983 

36 980 

75 

26 

<1 

(D) 
iH“ (T) 

1 0081 

2 0147 

3 0171 

99 98 

0 02 
~ 10-’ 

A38 

1§A 

A8B 

18^ 

A 40 

18" 

39 9754 

0 33 ' 

0 05 

99 62 

,He» 

aHe* 

3 0171 

4 0039 

100 

aLi' 

0 0167 

7 0180 

7 9 

92 1 

„K"» 

i.K“ 


93 4 , 

6 6 

,Be“ 

^Be" 

8 0078 

9 0149 

10 0164 

~ 0 05 

99 95 

joCa“ 

,„Ca« 


96 76 

0 77' 

0 17 

2 30 

.Bi“ 

10 0161 

11 0128 

20 6 

79 4 

„Sc“ 

44 968 

100 

.C» 

.Cl" 

12 0036 

13 0073 

99 0 
~ 1 0 

saTi" 

„Ti‘» 

„Ti"» 


8 5 

7 8 

78 3 

5 5 

6 9 

,Ni* 

14 0073 

15 0048 

99 7 

03 

.0” 

16 0000 

17 0046 

18 0065 

99 80 

0 03 

0 17 



100 

..Cr"" 

..Cr"" 

2.Cr« 

51 948 

49 

81 6 

10 4 

3 1 

,F“ 

19 0045 

100 

ioNe"» 

loNe"" 

19 9986 

90 00 

0 27 

9 73 

i.Mn"" 


100 

^.Fe» 


6 5 

90 7 

2 8 

nNa« 


100 

12Mg“ 


78 

~ 11 
~ 11 

,.Fo" 

„Co"» 


100 


57 942 

67 5 

27 0 

1 7 

3 8 

i.Al"" 

26 9909 

100 

ggiNl 

i.Si"" 

27 9860 

28 9864 

89 6 

6 2 

4 2 

2.Ni« 

B.CU'" 


~ 70 

~ 30 


30 9825 

100 

.,Cu«" 

i.S"“ 

1.S"" 

1.S“ 


~ 97 

0 8 

(,.Zn”) 

.oZn- 

(».Zn«) 

aoZn“ 

63 937 

50 4 

27 2 


t Taken essentially from tables by O Hahn (Her Chem Qea 69 (1936), 6), exact 
atomic masBes are based on combined evidence of mass spectra and nuclear reactions 
In this table = 16 0000 by definition The values in Table A which are derived 
from those here have therefore been divided by the oonvorsion factor 1 00023 to 
reduce them to the chemical scale for which by defimtion ‘mixed oxygen’ = 16 0000 
SSB6 18 2 ^ 
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TABLES 


Nucleus 

M 

{exact atomic 
mass) 

I per cent 
{relative 
percentage) 

Nucleus 

M 

{exact atomic 
masa) 

I per cent 
{relative 
percentage) 

.oZn*’ 

..Zn«» 

.oZn’" 


4 2 

17 8 

0 4 

44Ru»' 

(4.Bu">) 

44Ru»" 


5 

12 

14 

22-' 

30 

17 

„Ga« 


61 5 

38 5 

44Ru1“" 

4,Ru»»1 

4,Ru»"" 

44Ru>"* 

3-.Qe'" 

„Ge’' 
3.Ge’» 
,.Qe’‘ 
r ..Ge’* 


21 2 

27 3 

7 9 

37 1 

6 5 

44Rhl»" 

(102 92) 

100 

4.Pd'“ 

.,Pd»* 


c 

a 

a 

a 

a 

b 


74 034 

100 

4,Pd“' 

./Se’* 

.4Se’' 

3.Se” 

..Se’» 

348e““ 

34Se“ 

77 938 

79 941 

0 9 

9 5 

8 3 

24 0 

48 0 

93 

4,Pdi“" 

4,Pd'““ 

4.Pd““ 

47Ag>"’ 

4,Ag>"» 


52 6 

47 5 

4,Cd>“« 

„Cd>»" 

43Cd»» 


1 5 

1 0 

15 2 

15 2 

21 8 

14 9 

23 7 

0 8 

5 9 

3.Br" 

78 929 

80 926 

50 

50 

3,Kr’“ 

..Kr«» 

..Kr« 

, 3»Kr«« 
3»Kr»‘ 

s.Kr"" 

77 926 

79 926 

81 927 

82 927 

83 028 

85 929 

0 42 

2 45 

11 79 

11 79 

56 85 

16 70 

43Cd»l 

4,Cd>l* 

43Cd»» 

4,Cd>» 

4,Cd“" 

,sCd”» 

(4BCd>‘*) 

„Rb“ 

„Rb»’ 


72 7 

27 3 

4 . 1 n»" 

4Dln*“ 


4 6 

95 5 

33Sr»« 

33Sr>’ 

3BSr'* 


10 0 

6 6 

83 4 

3oSn»» 

3.Sn>» 

3.Sn»* 

3oSn»» 

3»Sn“' 

3oSn»* 

..Sn“» 

.oSn>“» 

3.Sn>« 

3.Sn»» 

3oSn“‘ 

119 912 

1 07 

0 74 

0 44 

14 19 

9 81 

21 48 

11 02 

27 04 

2 96 

5 03 

6 19 

VB8 

SQ A 


100 

4.Zr»“ 

4oZr” 

4oZr“ 

..Zr» 

4oZr»« 


48 

11 5 

22 

17 

1 5 

,iNb” 

92 926 

100 

„Mo“* 

4, Mo"* 

.jMo"" 

„Mo"’ 

„Mo»" 

(97 946) 

99 945 


14 2 

10 0 

15 5 

„Sb>« 

3,Sb’i'» 


56 

44 

17 8 

9 6 

23 0 

9 8 

.jTe'” 

3,Te>» 

3»Te»‘ 

„Tei“ 

33Te“" 

(..Te“’) 


2 9 

1 6 

4 5 

6 0 

19 0 

4,(») 
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Nucleus 

M 

{exact atomic 
mass) 

1 per cent 
{relaivue 
percentage) 

Nucleus 

M 

{exact atomic 
TTiasa) 

I per cent 
{relative 
percentage) 

»sT6i»» 


32 8 

33 1 

..Dyi” 

,.Gy'“ 


25 

28 


126 932 

100 



100 

B4Xe“» 

„Xei»“ 

..Xei” 

„Xe»* 

BiXe”" 

133 929 

0 08 

0 08 

2 30 

27 13 

4 18 

20 67 

26 45 

10 31 

8 79 

.sEr*" 

.sEr*»“ 

..Erl’" 


36 

24 

30 . 

10 



100 

,oYbi’i 

,.Ybi” 

,„Yhi’> 

,.Ybi’* 

,„Ybi’« 


9 

24 • 

17 

38 . 

12 

BBCa”“ 

132 933 

100 

„Ba»» 

B.Bai»’ 

B,Ba«« 

137 916 

6 9 

8 9 

11 1 
a 74 1 

„Lui’i 


100 



5 

19 

28 

18 

30 



100 


6bCb»« 


89 

11 


„Ta»‘ 

180 928 

100 



100 

,jW“i 


22 6 

17 3 

30 2 • 

29 9 

.oNci»« 

.„Ndi« 

.aNd»* 

.„Ndi« 

.„Nd»» 




186 981 

38 2 

61 8 

ei(’) 



„Os“» 

7,08»’ 

,.Osi»" 

„08i»» 

,.08»’ 

189 98 

191 98 

1 0 

0 6 

13 4 

17 4 

25 1 

42 5 

„Sm>« 

.BSini*’ 

.sSm**" 



„Iri'’ 


33 

67 

.bEuI'i 

.bEu»= 


50 6 

49 4 

7.Pt»‘ 

7.Pt“' 

,8Pt«" 


d 

b 

a 

a 

c 

.4Gdi»= 

.4Gd»* 

,4Gd»’ 

.4Gd“» 

.4Gdi»" 


21 

23 

17 

23 

„Au»’ 


100 

16 

..Hgi" 

.oHg“» 

200 016 

0 10 

0 01 

9 89 

16 45 

23 77 

.BTbi»- 


100 

„Dyi" 

..Dy»“ 


22 

25 
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TABLES 



M 

1 per cent 


M 

I per cent 


{exact atomic 

(relative 

- 

(exact atomic 

(relative 

Nucleus 

maaa) 

percentage) 

Nucleus 

Tnass) 1 

percentage) 



13 67 

(„Pb“»>) 





29 27 



28 03 



0 006 

B.Pb“’ 


20 40 

>oHg2"‘ 


6 85 

.BPb““ 


50 05 

biTP"'* 

203 037 

29 4 

(BiPb'”") 

(..Pb“") 



biT1""“ 

205 037 

70 6 



(.■.Pb^) 

,sPb="‘ 


1 52 

8bBP«» 


100 


1 
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TABLE C 

MECHANICAL AND MAGNETIC MOMENTS OF NUCLEIf 


(Meclianical moment, i, m ^ umta , magnetic moment, /x, m nuclear 
magnetons = ehj2My^c) 


Zi even, even 


Nucleus 

1 

y- 

jHe‘ 

0 

0 

,C‘“ 

0 

0 


0 

0 

r.S” 

0 

0 


0 

0 


0 

0 

,,Cdn‘ 

0 

0 

.eCd”* 

0 

0 

..Bai« 

0 

0 


0 

0 


0 

0 

eoHg=«o 

0 

0 

BoHg'"' 

0 

0 

BoHg*"* 

0 

0 

„Pb«« 

0 

0 


0 

0 

„Pb»«» 

0 

0 


Z, odd, M, even 


Nucleus 




1 

0 75 

,N“ 

1 

<0 2 


Z, even, iV/, odd 


Nucleiia 



bBb" 

i 1 

1 

.oZn” 

3. 1 

i 1 



>i 


4»Cd^“ 

i 

-0 07 

„Cdi» 

4 

-0 07 

BoSn’” 

4 


BoSni" 

4 



4 

1 


„Xe»i 

B.Ba”’ 

BoHg"» 

s^Pb'"’ 

2 

3. 

2 

4 

a 

2 

4 

1 0 

0 55 • 

-0 62 

0 60 

Z, odd, M, odd ' 

Nucleus 



iH‘ 

4 

2 5-3 S 

.LP 

2 

3 29 

,F'“ 

4 

rw 3 

iiNa=» 

a 

2 

1 4 

i.Al" 

4 

2 1 

ibP“ 

4 


i,CP' 

Z 


„K« 

S. 

2 

-0 4 

BlS0« 

1 

2 

3 6 

„Mn“ 

5 

2 


„Co» 

T 


B.Cu" 

i 

2 5 

j.Cu's 

1 

z 

2 5 

„Ga'» 

A 

s 

2 01 

o.Ga” 

A 

2 

2 55 

bbAs” 

3 

a' 

0 9 

„Bb»> 

5 

2 

1 3 

„Bb" 

a 

2 

2 7 

„Nb»» 

P 

2 

3 7 


R 

2 

5 4 

„Sbi» 

S 

a 

2 7 

„Sb>^3 

2 2 

2 1 

.,Cs»= 

7 

2 



2 2 

2 5 

B.Pl'“ 

A 

2 


„Tai» 

2 


,.Au»’ 

3 

2 



4 

1 8 

„TP"> 

4 

1 8 

BaBi'»» 

A 

a 

40 


t These values are taken from tables by N Dallaporta, 2\rMOvo 12(1936), 576 
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TABLE Dt 

y-RAY SPECTRA 

(a) MsTh^ ^ MTh^ (j8), MsTh^ ^ BaTh {P)X 


hv X 10" e V 

Conversion 
observed in 

Relative 

intensity 

0 0581 

ij, M, N 

250 

0 0795 

Ll, ij 

15 

0 129 

i„ M, N 

100 

0 184 

K. L„ M 

50 

0 250 

K, Li 

18 

0 319 

K, 

16 

0 338 

K, Li 

8 

0 408 

K,L^ 

3 

0 462 

K, Li, M 

8 

0 914 

K, Li 

6 

0 970 

K, Ly 

3 


(b) RaTh^ThX (oi)ll 



Conversion 

Relative 

hv X 10® e V 

observed %n 

intensity 

0 0848 

Ly, My 



(c) ThB -> The (/3)tt 


hvx 10* e V 

Conversion 
observed in 

Relative 

intensity 

0 1147 

'' Ly,Ly,M.N 

16 

0 1757 

-h-» I^\ 

0 4 

0 2379 

K.J I/j, ij, Pj, iHj, ^ j 

165 

0 2494 

K, Ly 

0 3 

0 2990 

K, Ly, My 

6 0 


(d) The ^ The (i3)ttit 



Conversion \ 

Relative 

hv X 1 0* e !• 

observed in 

intensity 

0 726 

K, L 

0 3 

0 864 

K, L 

0 2 


■f In these tables are included only those y-rays of which the existence is proved 
by conversion m at least two atomic shells 

t D Black, /"roc Roy Soc 56(1925), 632 || L Meitner, Zs / PAyj 52(1928),637 

tt c D Elhs, Proc Roy Soc 138 (1932), 318 

C D Ellia also reports the weak y-linea 1 623 and 1 802 converted only in the K 
level and fitting the energies of long^rainge a particles 
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(c) ThC^TJlC 


hvX 10® e V 

Conversion , 

observed in 1 

Relative 

intensity 

0 0406 

ii. ij. L„ M.N.O 

strong 

0 287 

K,L^ 

0 65 

0 298 

K 


0 327 

K 

0 14 

0 432 

K 

0 05 

0 451 

K 

0 05 

0 471 

K 


0 017 

K 



if) ThC ThD {p)f 


hv X 10“ e V 

Conversion 
observed in 

Relative 

intensity 

0 2765 

K, Ly, My 

3 2 

0 5100 

K, Ly, My 

1 7 

0 5823 

K, Ly, My 

1 5 

2 620 

K, Ly, My 

0 3 


(g) Ba BaEm (a)|| 



Conversion 

Relative 

hvX 10" ew 

observed in 

intensity 

0 189 

K,L,M 



(h) BaB -> BaC {^)tt 


1 

1 

/ip X 10® e V 

Conversion 
observed in 

Number of 
y-raya con- ^ 
verted in the ' 
first level 

xio-* 

1 

Coefficient 1 
of internal 
conversion 

Number of 
y-quanta 
per di8in~ 
tegration 

0 0529 

Ly, Ly, Ly, My, My, M„ N, 0 

240 (Ly) 



0 2406 

K, Ly, My 

425 

0 364 

0 115 

0 2571 

K, Ly 

21 



0 2037 

K, Ly 

480 

0 186 

0 258 

0 3499 

K, Ly, My, Ny 

530 

0 117 

0 450 


t C D Elha, 1 c 

J In this case also several weak lines converted only m the K shell are included 
because they fit with the fine structure of a-rays 
Ij L Meitner, Za f Phya 26 (1924), 161 
•j'l C D Ellis, Ptoc Roy Soc 143 (1934), 350 
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TABLES 


(t) BaC^BaC (j9)tt 


hvX 10* e V 

Conversion 
observed in 

Number of y-rays 
converted in the 
first level X 10~* 

Coefficient 
of internal 
conversion 

Number of 
y -quanta 
per disin- 
tegration 

0 6067 

K, L., M., N 

40 

0 0061 

0 658 

0 766 

K. I-i 

32 

0 0048 

0 005 

0 033 

K. Li 

4 1 

0 0061 

0 067 

.1 120 

K, L., M, 

12 8 

0 0062 

0 206 

1 238 

K. ii 

3 6 

0 0057 

0 063 

1 379 

K, Li 

09 

0 0014 

0 064 

1 414 

K, Li. Ml 

26 2 


(0 000) 

1 761 

K. Li 

42 

0 0016 

0 258 

2 193 

K, Li 

0 95 

0 0013 

0 074 


{k) BaD -> BaE (j3)l| 



Conversion 

Ilelaiive 

hvX 10“ e V 

observed in 

intensity 

0 0472 

i,, i„ My, Ni ' 



(1) Pa Ac {a)f f 



Conversion 

lielative 

hvX 10“ e V 

observed m 

'' intensity 

0 0954 

' Ly, My, Ny 

6 

0 294 

K, Ly, My 

6 

0 324 

K, Ly. My 

4 


(?7i) BaAc^AcX 


/ii' X 10* « u 

Conversion 
observed in 

Relative 

'intensity 

0 032 

-^27 Aj, N^ I 

2 

0 0437 

•^17 •t'8, 

4 

0 0533 

1 

4 

0 0614 

Ly, My, Ny 

9 

0 1007 

Ly, My, Ny 

7 

0 1491 

K, Ly, My 

8 

0 1954 

K, Ly, My 

3 

0 2539 

K, Ly, My 

4 

0 2821 

K, Ly 

2 

0 3002 

K,Ly 

2 


t C D Ellis, Ptoc Roy Soc 143 (1934), 350 

J Apart from the y lines hated here there are also many Imes converted only in the 
K level (and therefore uncertain) which are, however, used m the construction of 
nuclear level schemes || C D Ellis, ibid 21 (1922), 125 

tt L Meitner, Za J Fhys 50 (1928). 5 L. Meitner, ibid 34 (1925), 807 
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(n) AcX -> AcEm (oi)t 



Converston 

Relative 

hv \ 10“ e V 

observed tn 

intensity 

U 140 

K, Jlfi 

8 

0 153 

K, L„ Afi 

10 

0 167 

K, L,, Ml 

4 

0 200 

1 K, Li 

4 

0 269 

K, Li 

10 

(o) AcC AcC (a), AcC 

^ AcD (j9) 


' Conversion , 

Relative 

hv A 10* € V 

observed in 

intensity 

0 353 

K. i„ M, 

10 

0 460 

K, Li 

5 

0 4S0 

A'. Li 

3 


^ L Meitner, 1 c 



TABLE Et 

a-DECAYING BODIES 


(a) Thonum family 



A sec ‘ 




Nucleus 

(T) 

R cm 

X 10" e V 

Relat Int 

,„Th”» 

1 33 10-1* 

(1 05 10i“y ) 

(2 00) 

4 23 

fi 

„IlaTh”“ 

f 

1 

' J 

1 10 10-* 

(1 90y ) 

(4 02) 

5 420 

5 335 

5 

1 

„ThX“* 

2 20 10-‘ 

(3 04 d ) 

(4 35) 

5 6S25 

1 


B,ThEm““ 

1 27 10-* 

(54 5a) 

4 907 

6 2832 

1 

j.ThA'i" 

4 78 

(0 145 a ) 

5 001 

6 7759 



■) 



6 08J7 

27 2 

" 

1 

1 

0 05 10* 

( ) i 

4 693 
(mean) 

6 044.5 

5 7021 

5 0202 

09 8 

1 80 

0 16 


J 



5 0012 

110 

„ThC'>‘" 

1 


8 533 

8 7788 

10* 

L R 

1 

1 

9 687 

9 4912 

34 

„ L R 

1 


11 543 

10 '5418 

1 

190 


{b) Radium family 


N U( leua 

^ A flfc 

(T) \ 

It cm 

1 A’„Xl0“ci' 

liclat Inl 

.,UJ** 

- 

4 9 10-1* 

(4 5 10“ y ) 

(2 70) 

4 05 


2 10 '^ 
(^10“y ) 

(3 28) 

4 63 



2 9 10-1=' 

(7 6 10* y) 

(J 19) 

4 54 


,,Ra*** 


1 1 373 10-" 

' (1 590y) 

2 26 

3 08 

4 793 

4 612 


B,RaEm*=* 

2 097 10-“ 

(3 825 d ) 

4 014 

5 48798 


B,RaA*‘" 

3 79 10-3 , 

(3 03 m ) 

4 620 

0 1124 


„RaC‘“ 

1 

J 

1 1 78 10-’ 

1 ( ) t 

4 039 

3 969 

5 3008 

5 4458 

94 

113 


*1 Tho data for these tables are essentially taken from W B Lewis and B V 
Bowden, Ftoc Roy Soc 145 (1934), 235 

J In the case of C bodies, where the phenomenon of branchmg takes place, the 
partial decay constants (see Chap V) only are given, the ‘partial lifetimes’ have 
evidently no physical meaning 
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Nucleus 

A 8ec~^ 

(T) 

R cm 

X 10' e V 

Relat Int 

„RaC'“‘ 



6 870 

7 6830 

10* 





8 280 

0 43 





8 941 

0 46 

y] 



9 00 

9 069 

22 0 

if 




9 315 

0 38 

1 


3 5 10+“ 


9 492 

1 35 

f f 

if 


(1 9 10-‘h ) 


0 660 

0 7Si 

0 35 

1 06 





9 908 

0 36 





10 097 

1 67 

a 




10 149 

0 38. 

9 1 




10 329 

1 12 

99 



11 47 

10 509 

0 23 


5 886 10“® 





(136 3 d ) 

3 60 

5 3003 

■ 


(c) Acliniurn family 



A sec 




NiiclcU6 

m 

R cm 

X lO" r v 

Melat Int 


1 80 10-“ 

(1 25 10* y ) 

(3 67) 

5 01 


„UaAc“’ 



6 051 

80 

if 



6 019 

15 

,, 



5 990 

100 

n 



5 968 

15 

>1 

4 24 10-’ 
(189d) 

(4 68) 
(moan) 

5 924 

5 870 

5 

10 


5 817 

5 

,, 



5 766 

80 

,, 



5 744 

15 

,, 



5 719 

60 


. 


5 074 

10 

bbAoX"' 

\ 7 16 10-’ 

(4 37) 

6 719 

6 

>> 

j (11 2d) 

5 607 

4 



5 533 

1 

,,AcEm“- 

\ 0 177 

5 655 

6 826 

10 


j (3 02 8 ) 

5 108 

6 561 

1 


5 147 

6 436 

1 

„AcA““ 

3 5 10+“ 

(2 10-' B ) 

6 420 

7 368 



) 5 35 10-' 

5 392 

6 611 

100 


/ ( ) t 

4 947 

6 262 

19 

,.AoC'«i 


6 518 

7 437 




260 


TABLES 


(d) Lights dements^ 



i A sec 

1 

1 

1 

Nucleus 

{T) 

1 It cm 

1 X 10“ e V 

1 

2 2 10-«» 

(1 I0‘«y) 1 

1 13 

2 05 

1 


t H Hoseman, Za f Phys 99 (1930), 405 Decay constant calculated dn the 
assumption that all isotopes of Sm are active 
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TABLE F 


/3-DECAYING BODIES 


(a) Thorium familyl 


Nurfeu/i 

Xp (acc 
(T) 

X 10® c 

„MsThi‘> 

J 28 10-“ 

(67 y) 



J 14 10-“ 

(6 13 h ) 

2 06 

,jThB3i= 

1 1 82 10-“ 

1 (I08h) 

0 36 

„ThC3" 1 

1 23 10-“ 

[ ( ) II 1 

2 25 

„ThC'2"> 

J 61 10-3 
(J 20 m ) 1 

I 70 


Nucleufi 

1 Xfi (aec *) 

(T) 

E 

■^tn*r 

X 10* e » 


~ 1 37 10 “ 
(~ 25 y ) 

(0 03^) 

,cR.aE“>“ 

1 60 10-" 

(5 0 d ) 

1 22 


(c) Actinium family^ 


A’ Helen 1 


Afl (yee ') 

(T) yW’rv 

i 64 10-» 
i (134 V) ' 


(6) Badium family] 



Xff ( sf'< 

(T) 

■^inax 

X 1 0* p V 

BaAcC“‘< 

TTViai 1 

J 27 7 10-’ 

(24 7 d ) 

(0 13) 

biAcC'“““ 


1 01 110-“ 

(1 14 m ) 

2 32 



2 87 10-“ 

(6 7 1i) 


(<0 

sjKalF" 

4 31 10-“ 

(26 8 in ) 

065 

Nucleus 

ggRaC“>“ 

7 02 10 “ 1 

( ) II 1 

3 17 

i,K‘“ ' 

BiRaC'’“““ ^ 

8 77 10-“ 1 

(132m) 


3,Rb»“'’' 

1 


6 21 10-* 

( )6 0 m ) 

1 6 10 -- 

( ) Jl _ 

2 46 10-3 
(4 76 111 ) 


(0 JO) 


1 40 ' 


Lighter ekrnentsl 


Xf) (yei 1) 

(T) 

1 ,7 10-“^ 
(1 5 10>3 y ) 

5 0 10-3" 
(4 3 10" y) 


li) 


ITlJiX 


X 10® f V 


(0 4), (0 7) 
(0 1), (0 25) 


t The upper energy limits are taken from B W Sargent, Pioo Potj Soc 139 
(1933), 659 

I O Klemperer, ibid 148 (1935), 638 Decay constants are (alculalod on the 
hypothesis that all isotopes are equally active 

[| In the case of C-bodies, where the phenomenon of branching takes place, the 
partial decay constants (see (iihap V) only are given, the ‘partial lifetimes’ have 
evidently no physical meanmg 
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BLES 


(e) Fermi elemerd8'\ 


{c-eimitcra) 


Nucleus 

T 

(A sec “*) 

1 

■'■'mux 

X 10* e V 


0 Sh (1 38) 

10 0 [11 2] 


0 02 s (34 6) 

11 0 [13 0] 

,N‘" 

9 s (7 7 10 -2) 

6 0 [6 5] 

S0>" 

40 H 


,F“» 

12 b (ri8 10-2) 

5 0 [,1 ')] 

i„Ne"= 

40 fl 



11 h (12 10-2) 

1 7 [1 95] 


10m 


uAl” 

137 a (5 lO-J) 

3 0.1 

laAP» 

11m 


i.Si” 

141 m (7 7 10-2) 

1 8 [2 05] 


14(1 (.1 a 10-’) 

1 8 [2 1.1] 

„cr 

37 m (3 1 10-2) 

4 8[1 5, 6 1] 

i.A'' 

108 m (1 1 10-2) 

2 7 [1 5, 5 0] 

i.K'i 

16 h (11 10-2) 

3 5 [1 4. 4 4] 

j^Ca® 

3 ra , 3 h 


nV“ 

J 75 m 



2 .1 h 


i.Cu-” 

5 m , 10 h 



20 m , 23 h 



30 m 


aoAs’* 

26 h 



3.1 h 


aaUr' 

18 in , 2.1,1 m , 

36 h 


4o/l ^ 

4h 


.aMo-" 

30 m , 16 h i 



44 s , 4 m 


.,Ag- 

22 s ,23m 



1 J s , 54 m , 1 h 


aiSb-^ 

2 1 d 


b.Tp'- 

45 m 



Nucleus 

T 

(A sec “*) 

X 10‘ e w 

T12B 

25 m 


..Cb222 

1 ,1 h 


B.Ba* 

80 m 



5 m 


..Pr'‘2 

19h 


.„Nrl2= 

1 h 


BjSm* 

40 m 



8h 



2 in 



1 d 


„Re 

20 h 


77lr 

19h 



50 m 


,,Au2»“ 

2 7 d 


,oTh 

1 m , 24 m 


*2^ 

10 B , 40 H , 



13 m , 100 H 


(/) Curie- Johot elements'f 


(3 Eind/fr*?) 



T 

E 

■*-'iuxx 

Nucleus 

(A sec -2) 

X 10“ e L’ 

,D' 

1 m (1 1 10-2) 

0 3 

.C“ 

20 m (5 8 10-2) 

1 1.1 [1 3] 

,N‘2 

10 m (1 1 in-“) 

1 3 J1 1J 


126 s (1 1 in-') 

17 [2 0| 

.P” 

1 Ibm (10 10-2) 

2 1 [2 4] 

„A|2« 

7 b 



8 m 



195 s (3 1 10-“) 

) 7 

iiCl” 

40 m 


,ISC2’ 

3 h 



t Tlie data for these tables are collected from various publications of Johot and 
Curie, Fenni, and other authors, and many of them may not be quite correct, as the 
chemical identity of products has been established only in a few cases The onei gies of 
spectra are taken mainly from publications of W A Fowler, L A Dolsasso, and 
C C Launtsen {Phys Rev 49 (1936), 561), and N D Kune, J li Richardson, and 
H C Paxton (ibid 368), and represent the observed upper limits of the contmuous 
jS-spectra These authors have also compared the observed shape of the spectrum 
with the formula of Uhlenbeck and Konopinski (p 144) and have thus obtained the 
‘extiapolated’ upper limits whuh should better represent the actual energy of 
disintegration, these values are given, together with the observed limits, m squaie 
brackets 
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